


YIK 519(022)
BBK 22.161
350

3easnoery . b. Bucuiag MATeMATHEA 018 HAYHHAIONMX H ee
npuIoxenns K ¢mamme. — 6-e usg., uenp. W gom, / Ilog ofm, pex.
C.C. Tepwireitia. — M.: ®DUIMATIIHT, 2010. — 520 ¢. — (BuGauoTexa
yuuTens 0 mxoabsuka). — [SBN 978-5-9221-0840-9,

Knura «Brcimas mareMaTHEA AAA HAYMHAKMMX H ee TNPHACKEHHA
K (H3HKes, HanHcaHHAA (UIHKOM-TeOPeTHKOM akajeMukoM f. B. 3eanmo-
BHYeM, paccuHTaHa Ha INKO/MBHHKOB CTapIIHX K/accoB, YYalHXCs TeXHAKY-
MOB H JIHI, 3aHUMaoIIHXCA caMoolpasopalHeM, OHa MOXeT OHITh Tose3Ha
H CTYAeHTaM 1-To Kypca BY30B.

B knure 8 Eambosee npocTol, HarAANHOK W JocTynHoR QopMe ofbdc-
HAIOTCA OCHOBHEHI® MOHATHA ZH(bepeHIHa bHOTG H HHTErPaibHOTO HCHHC-
JAcHHA. Nlanee JawTca cBefeHHs, HeoOXODMMbie OAS NPaKTHYeCKOrC IpH-
MeHeHHs Becmeft MaTeMaTHKY K 3amayam Qu3adKu U rexuHkH, Ha ocuepe
BHCIIEN MaTeMaTHKH paccMOTPeHO GoAbIIoe YHCNO $HSHYIECKHX BOMPOCOB,
B 4acTHOCTH: pafHoaKTHBHMHA pacraz, saepHan UENHAA PEaKUUd, 3aKOHH
MEXaHHKH, PEAKTHBHO® JBHIKEHHE H KOCMHYECKAA CKOPOCTh, MOJEKYIApHOE
ABHXEHHE, JEKTPUYECKHE ABJEHHA, TEOpPHA konebGaHufl, OCHOBH pafHo-
TeXHHKH, Hapsany ¢ MareMaTHvecKHM HCCJA€NOBaHMEM OY€Hb MNOAPOGHO
HanomeHa (H3HYECKad CYIHOCTh paccMAaTpHBAEMEIX ABJEHHH.

Buna ponmymena Munrncrepersom npoceenienuss CCCP B KauecTse
y4eBHOro NocobHsA 1Aa (HSHKO-MaTeMaTHYeCKHX CPeJHHX IIKOA H IpoBe-
ReHHd $HaKyAbTATHBHLIX 3aHATHA.

[Ipn penaxumonroM ydyactuu K.A. CeMenpsena.

ISBN 978-5-9221-0840-9 © SH3MATINT, 2007, 2010



CONEP2XKAHME

llpeaHcAOBHE K MATOMY HI3JZAHHIO. ... ..ovunennennn,

I'napa I
§ L.
§ 2.

§ 3.
§ 4.

§ 5.
§ 6.
§7.

§ 8.
§ 9.

§ 10.
§ 11.
§ 12.
§ 13.
§ 14.

IMonaTRE NPONSBONHOR H HHTeTPANA . . .. ... ......
JUBMXKeHNe, TYTh H CKOPOCTD . .o v v revnnnensnns

IMpoussogHas ¢GYHKUMH — npeleJ OTHOWECHHA MpHpa-
11 (3 17 1 O

OGoaHauenns npoussopHoil. [IpouseonHas crenenHod
PYHKUHM. . . ..o v it it et s e s s mannannan s

IMpubauxeHHoe BHUHMCAeHHe ¢YHKUHH ¢ MOMOLIBLIO MpoO-
HBBOOHOM. . . .. .o ittt i r e m v s v nnraeranenanns

KacatenbHags K KPUBOM. . . . ... .. .. ...vvivin v
PocT H YORBAHHE, MAKCHMYM ¥ MUHHUMYM (pYHKUHH . . . .

Ompenenenvie MyTH NO CKOPOCTH ABHIKEHMA H MJCIAAbL
HOAKPHBOH . . . ... it i i i e e ernnas

OnpefieleHHEH FHTETPAA . . . .« v v v vv i e s ..

CBA3b MeXKIY HHTETPAJOM H npousBopHoft (Teopema Hbwo-
TOHa-JIRMGHHLA) . . .. oot r et i

Hurerpan or npoHsBonHo® . . .. ... ...
HeonpeneneHHbIl HHTETPAM . ... ov v v e iernennnns
CBOMCTBE HHTRIPAJIOB . . ..o\t v viaeenananeenas
CpenHHe BHAUEHHA. . . . ..o o v e v ein e e naenannnnn
PasnuyHbie NpHMepH NPOM3BOAHNX H HHTETPAJoB. . . . . .
BARMIOUBHHE . . . v v v v vvn i mn v ot mnm o s aeranes

I'napa II. BralumcEenne NPOMIBOAHBIX ¥ HHTEIDAAOB . .. .....

§ L.
§ 2
§ 3.
§ 4.
§ 5.
§ 6.

§7.

3uax gugpepenuuana, [Tpouseonnas cymmu $yHKuml | ,
IMponssopnan ofpaTholl yAKUHK . . ... ............
CnoxHas QYHEIMA - . .. ... . ioninnienuncnnnnsn.
INponssogHan npousBeeHHA PYMKUMEA. .. ... ...... ..
CreneHHAA PYHEUHA . . . oo v v v veievrvanaransnns

IMpoussonnbe aareGpandeckHX GYHKNHH ¢ NOCTOAHHBMH
DOKASATEAAMH . . . . . v v v e vt svasnn i nssnrassn

[ToKa3aTenbHAA PYHKUMA . . . v 0o v v v s vonarenns



L T 0 (T T 3 95
§9 JorapudMeL. . . .. ... ... ... 98
§ 10. TpuroHoMerpudecKHe PYHKUHH. . . . . .. ..o ouuenan .. 101
§ 11. O6paTHHe TpUroHOMeTpPHUECKHe PYHKUMH . . . . . .. .. .. 106
§ 12. TiponasoaHan QYHKNMH, 3aNAHHON HEABHO . . . .. .. ... . 109
§ 13. Hurerpan, [TocTAHOBKA 388849H . . . v oo v v v v v ey 112
§ 14, Tipocreiimme HHTETPARKL, . . . .ot vvnrsnnrnasss 113
§ 15. O6mue CBORACTBA HHTETPAMOB . « . . v v v v v v v v venenens 115
§ 16, 3aMeHa nepeMeHHOl B OnpeaeACHHOM HHTEIpane .. .. .. 121
L A 7 126
§ 18. Brrucaenue sHaveHuit pyHKuH# npy moMomy pajos . . . 134
§ 19. Yenopne npuMeHnMocTH pagos. [eoMeTpudeckas nporpec-
- O 138
§ 20, Bunom HeioToHa ans uesnx H ApoOHHX nokasareneii, ., 144
§ 21. Topanox po3apacTanus u yOuiBanna gysxkumt. ... ... .. 147
IMpunomenve krmae IL . ... ... ... .. ... ....... 152

Faapa III. Ipuaomenus ma¢gdepeEnHANLHOTO M HHTETPadb-
HOTO MCYHCAEHNS K HCCAEN0BAHHIO (PYyHRIME K reo-

Ty 1 159
§ L. HecaenopaHne MaKCHMYMOB ¥ MUHHMYMOB  YHKLME
NpH DOMOImM BTOPOH NPOUSBOAMOHA . . ... ............ 159
§ 2. JpyrHe BHAH MaKCHMYMOB U MHHHMYMoB. HanoMu 1 pas-
12 - - 167
§ 3. BuuncaenHe maomazedt . ... ... ... 175
§ 4. Cpennne 3HAUEHHA. . . . . .o uvevunr .. . 180
§ 5. JavHa AYTH KPHBOH M KPHBH3HA. . . . ... ..ovuvnonnn 182
§ 6. [pu6auKeHHOE BHYUHCHEHHS ANHHBE AYTH. . . o v v v v n, 185
§ 7. Buancaenue o6bemop, OfbeM W NOBEPXHOCTH TEJNa Bpa-
1101 - N 19
§ 8. Kak Hafio CTPOHTD KPHBHIE , . ., 0\ o e oee v engennsen 194
I'napa IV. Oyuxnmu mrpadmxsr . . . .. .................. 198
§ 1. OYHRKUMOHANBHAA 3ABHCHMOCTD. « + 2 v v v v v v v evnvcnns 198
§2 KoopauHaTRl . ... ... ...ttt 201
§ 3. eoMeTpuuecKHe BeJMYMHE, BHpaXEHHLIE 4epe3 KOop-
17121 o S 204
§ 4. I'paduyeckoe uaolpamenne pyukuuil. ¥YpapHenue npaMost 208
§ 5. TIapabosia . . .. .. ..ov vt inine i innanannns 213

§ 6. KyGuyeckan mapaGoqa, ranep6oaa, KPyT . ........... 219



Codepxanue 5

§ 7. NaMenenne MacmraboB KpuBoOf. . . . ... ..........., 223
§ 8. [Mapamerpuueckoe 3aganie KPHBOH . . . .. ... ... ..... 230
Fnasa V. Britekanue poAbl. PagmoakTHpHIN pacnan u gexe-
une saep. Horxomenne cpera . ... .. .........,. 233
§ 1. Burekanne poau us cocyaa. [locranoBka sagaum . ... .. 233
§ 2. Pemenne ypaBHeHHA B cAydae, KOTAa NpOU3BOAHAA 3aBH-
CHT OT MCKOMOM QYHKOHH . . . . . ... ............... 237
§ 3. PaguoakTUBHEM PACTAN . . . .. v v e i v e r e 239
§ 4. Hamepenue cpexHero BpeMeHH MUIHH pPaRHOAKTHBHHX
BTOMOB . . . it ot e te e e s e s aeaaneaantaanenes 243
§ 5. TlocnenoBarensHuft pacnayn (pagHOaKTHBHOE ceMelicTro) 252
§ 6. Hccaenopanne pellieHHA XA pafHOaKTHBHOTO ceMelictea 2565
§ 7. Llennas peakuus OEACHHA YPAHA. . . . . v . v v v e nrnnns 260
§ 8. PasmuOxeHHe HefiTpoHOB B Soabmol Macce . ... ...... 262
§ 9. Buaer HEATPOHOB . ........0 v iiiiin i, 265
§ 10. Kputhueckan Macea ... ... ovvivt it iiniennnn 267
§ 11, TionkpuTHuecKad H HAAKPUTHYECKAd Macca [pH Hempe-
PHBHOM MCTOUHHKE HEHTPOHOB .. ..........0.vuu.n 270
§ 12. 3HaueHHe KPUTHYECKOM MacChl . .................. 273
§ 13. Tlornowmenne ceera. [locTaHoBKa 3agaun U rpyfas oueHka 274
§ 14. YpapHeHHe NOTAOLIEHHUA H €TI0 pelleHHe. . . ... ....... 276
§ 15. CooTHowmeHHe MeXIy TOYHHIM U TPyOHIM pacyeTamu . ... 277
§ 16. DpdexTHBHOG CEUGHHE . . . . . . . ... evvrrenennnn. 279
§ 17. OcnatsieHHe NOTOKA 3apAXKEeHHHX YacTHL o- ¥ B-ayueii. . 281
Fnmasa VI. MexaHHRA ................0uiiirienennnnns 284
§ 1. Cuaa, paGoTa, MOIIHOCTD . . . .« o v v v v ver v nes 284
§ 2 BHEPIMA . . . oottt e e e 292
§ 3. PaBHOBecHE H YCTORUMBOCTB . « « - v v v v e v e veneannnn 299
§ 4 Bropofizakon HeloToHa . . ... ................... 306
§ 5. AMOYABC CHABL . .o v v vt en it nans 308
§ 6. KuHeTHueckast SHEPIHA . ... ... .. cooruneenrnass 313
§ 7. aHKeHHe Noa AcHCTBHMEM CHAL, 3aBHCAIMER TOABKO
OT CHOPOCTH. « o« v v e veenenemnennnaenanesnnss 318
§ 8. Iauxenue nop geficTeeM ynpyrof CHIB! .. ........, 325
§9 KodeGauusl . . ....coivivnvnnrierrerarannnnens 331
§ 10. Sueprusa xoxeGanuil. 3aTyxaomue KoJeGaHud . . ... ... 337
§ 11, BunyxcneHHBe KOASOAHUA K PE30HAHC. . . . o v v v v e v v 342



Codepaearnue

§ 12.

§ 13.
§ 14.
§ 15.
§ 16.

O ToyHHX ¥ NpHOMKEHHHX pelleHHAX (H3HYECKHX 3a-

T L 345
PeakTtusnoe geuxenue u gopmyna K. 3. Lnoakosckore 352
TpPaeKTOPHS CHAPAMA . .. .. v .o vvnvninnennvenasns 362
Macca, USHTp TAKECTH U MOMEHT HHEpLUHH CTepXHA ... 366
Kone6anus mOZBelICHHOTO CTEPHRHA . . . .. o ..o o vnn. . 374

F'aapa VII. TennoBoe ABHMeHHEe MOJEKYI H pacCOIpeAcicHHE

§ L
§ 2.
§ 3.
§ 4.

§ 5.

§ 6.
§7

IAOTHOCTH BO3OyXa B arMoctepe . . ... ........ 377
YenoeHe PABHOBECHN B ATMOCHEPE. o .. v v v v v n s 377
CBA3p MeXAY NVIOTHOCTHIO M JABJEHHEM . ... .. ... ... 379
Pacripesiesienie MAOTHOCTH . . . . o o ev v enunanannns 381
Monexynsipro-KHHETHYECKa TeOpHA  pacnpefejieHHA
IVIOTHOCTH . 4 vt v v vt o v ana e nannnnsnans e 384
BpoynoBcKOe ABHXKEHWE U pACHpEACACHHE MONEKYA Mo
KHHETHUECKOM SHEDTHH . . o oo v vt v v e v v vnan v v suan 388
CKOpOCTH XHMHYeCKHX peakusft . . ... ............. 391
Henapenne. Tok sMHCCHA KaTopa . .. .. ... .oone.n. .. 393

I'nasa VIII. 3aenrpuueckse menm u Kolebarelbnsle SEICHAN

§ L
§ 2.
§ 3.
§ 4.
§ 5.
§ 6.
§7.
§ 8.
§9.

§ 10.

§ 11

§ 12.

§ 13.

§ 14.

§ 15.
§ 16.

BHME . .. oiinn e iarnenanae s 397
OcHoBHBle MOHATHA H SIHHHIE H3MEPEHHA .. ........ 397
Paapan, eMKOCTH Yepes COMPOTHBACHHE . . . . ... vo.rn .. 406
Konebanus B uelld eMKOCTH ¢ HCKPOBHM NpoMexyTkom 410
OHEPTUA KOMICHCATOPA, « v v v v v vv v e noneronses 413
Ilenb ¢ HHAYKTHBHOCTBIO - .+« oo v v ove v neeeesnnnn 419
PasMukatue UenH ¢ HHAYKTHBHOCTBIO . . . . . v vvev e n ., 422
DHEPTHS MHIYKTHBHOCTH . o o v v v v v e v vavnernssns 426
KoneGaTebHEE KOHTYP . . oo v o v v v et vevnavananns 431
3aryxaomme KONeOaHHA. . . . .. oo ie it 436
Chny4ail 60ABINONO COTIPOTHBACHHA .o\ v v v vvavesson. 440
TlepeMeHHBIH TOK. . . . .. .ot iiii it ei et 442
Cpentve BeSHYMHB, MOMHOCTD H COBHT ¢assl .. ...... 447
Kose6atensHuil KOHTYp B el NepeMeHHOro ToKa. Peso-
HAHC HAMPAMEHHE . . .. 0 vvvninvnnnnnniuessns 449
TlapannenrHoe BK/TIOUEHME. WHLYKTHBHOCTH M E€MKOCTH.
Pe30HAHE TOKOB . . . . ...\ o i ee e inrrerns 453
Tox cMeleHU A 3JIEKTPOMATHUTHASA TEOPHSA CBETA . . . . . 456

Heauneiiioe conpOTHRNEHHe H TYHHEJAbHHEH THOA. . . . . . 457



Codepxcaniie 7

Jlu6apnenne, 3ameuarennHas AeasTa-pymunma Hnpaxa . ... 462
§ 1. Pazauunne cnocoGH onpefeeHHs PYHKUHH. . .. . .. ... 462

§2 IOppak Hero PyHRIMA . . . . . .. ..o viinenennnnnn. 463

§ 3. PaspnAnie HYHKIWA X HX NPOHSBOIHHE . . .. ... ..... 466

§ 4. Tipeacrasienne geasTa-PyHKunH QopMynamu. .. ...... 469

§ 5. TiprMeHeHUA NEABTA-DYHKIHH .. . o ovv oo vnurnns 474
JaknwueHUe., UTO HAMBIIEP . . . . .. .. .o vninin s annenns 480
OOTBETH H PCOIIGHHA ... .. i vt et vra s traronacnnnns 486
MOCHECHMOBHE . .. ittt ettt ier s vasanaoasansas 517
llpnaoxenue. Jlarmuckuit andanur. I'peuecknit andasnur. .. 519



NMPEAHUCJIOBHE K ITIATOMY H3TAHHIO

¥Yxe B 3arJaBMM KHHTH BRIDaXKeHa 3afiada — AATh YHTaTeNIo nep-
BOE NpeACTaBAcHHE O OHG}epeHHAAPHOM W HHTErpajJbHOM HCUUC-
JIEHHd H, TIPHMEHAS 5TH METOAb K BAXHEHIWHM paspmenaM (PHSHKH,
MOKA3aTh 3HAYeHHe H CHUJY BHCILeH MaTeMaTHKH,

[lonaTHa npousBoAHOH H HHTerpaia He HAMHOTO ClIOXHee TAKHX
HOHATHH, KaK ¢HEH3BeCTHAA BeJAUYHHA» WJIH ¢Mofo6He TPeyrofbHu-
KOB», KOTOpHE He3n(/eMO BXOAAT B UIKOJAbHYIO nporpammy. [aero
nopa cAesarh NMOHATUE MPOHSBOAHOA H HHTerpajaa JOCTOSHHEM BCS-
KOr0 KYJIbTYPHOro 4esioBeKa, 9eM Ohl OH HH 3aHHMaJc4.

HoBuie noHATHS BBOAATCS B NMepBoit rAaBe MaKCHMAJLHO MpO-
CTO 4 ecrecTBeHHO. Jlasbile ciaeayer rnaBa, MOCBSALIGHHAA TeXHHKe
BLIYHCACHHH B BHcWek Marematike. B rpertweli riape H B raaBax
€ MATOH MO BOCLMYIO HAYT NPHMEHEHWS K MeOMeTPHH, K Mpoueccam
AlepHHX MNpeBpalleHHA, MeXaHHKe, MONEKYAspHOH ¢(H3HKe, 3JeK-
TpuuecTBY. UMTaTedalo, ZaBHO KOHUHBIIEMY MmKoJy, GyZeT mo/ieaHa
rnasa 4 o ¢pyskuuax H rpapuxax. Ho6apneHue, HaNPOTHB, BHIXOAUT
32 paMKH sJieMeHTapHOro Kypca. Hakownel, B 3ak/ioueHHH OYeHb
CXEMATHYHO OXapakTepHsoBaHH Oojiee CJIOKHBIE 3aJaud MaTeMaTH-
uecKoh (pHSHKH.

3a rogul, mpoweznive nocae nepeoro Hspaeua (1960 r.), ormy-
MeJIH AMCKYCCHM, B KOTOPHX aBTOpa OGBMHANH B MaTeMaTHuecKoil
HECTPOroCTH H UYTh /I He B pa3BpallleHdH MOJOAEXKH NPHOJH3N-
TeJIbHLIM, JIEPKOMBCJIEHHBIM.

B CyImHOCTH CTAJKMBAAHCH [Ba PasHMYHEIX TNOAxXoma K oby-
YeHHIO0.

Bo mHorHx yueGHMkax HanoxeHde Bejerca B ¢opMe, Hamo-
MyHalolWeH TUCIYT ABYX YYeHHX., YyaiMica NpeAcTaBJseTCs Kak
NPOTHBHHK, BHHCKHBAIOWHA BCeBOSMOXHHE Bo3paxkeHHS. [lepmaror
noc/efioBaTeNbHO, CTPOro JIOMHYECKH pasGupaeT 3TH BO3paXKeHUA
OfHO 33 APYTdM H HEONPOBEPXKHMO JOKASHBAST MPABHARHOCTEL CBOHX
no/oXeHuH.

B npeanaraeMoli KHHre y4aiiHACA DacCMaTpPHBAeTCA KaK ApYT
H COIO3HHK, KOTOpBIA rOTOB NOBEPUThL NEAArory HAH Y4eGHUKY B Xo-
YeT MPUMEHUTRh K MPHPode, K TeXHHWKe Te MaTeMaTHYecKde MpHe-
MH, KOTOpHe eMy npeasaraior. [ToHuMaRue NPUXOAWT B pe3ynLTare
aHaJIH3a NpHMepOB ¥ mpHMeHeHW#A. B crporo nordueckoM moaxone
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BOMPOC O 3HAYEHWH H TNOJIh3e H3YyUaeMHX TEODEM OCTaeTc B TeHH.
B npeanaraemoit KHure HA MepeaHeM NAaHe MOKAa3aHH MMEHHO Ma-
TeMaTHYeCKHe HAEH H CBA3b HX C H3Y4eHHEM MpPHPOAH.

Moxer GriTh, HEOCTATOYHOE BHHMAHHE K CTPOTHM AOKA3aTeNb-
CTBaM eCTh MpOABJNeHHe MOTPeGHTEALCKOro MOAX0na K MaTeMaT-
Ke €O CTOPOHH aBTOpa-(usuka? MHe KaeTcs, 4TO 3TO He Tak;
NPOABHIXEHIAE MATEMATHKH BflepeN COBEPIIAETCS TAKKE C fIOMOLIBIO
MHTYHIIHH, B TepMUHAX OOMWLMX Mpaedl, NONPOCTY rOBOPA — C MOMO-
WbI0 BAOXHOBEHWS, & He XOJOAHOTO pacuera. ToAbKO MOTOM pabo-
Ta o6MauaeTcs B OGpoHIO QOPMYA W ULEMb CTPOTHX AOKA3ATENLCTB;
B yu4eOHHKAX 4acTO OKA3HBAIOTCH SaNpATAHHBIMH, 3aTYIIeBAHHLIMH
HAeH, BIOXHOBAABIIHE TBOPLOB.

BoctMuaecaTHNeTHH MaTpUapxX coBpeMeHHOH MaTeMaTdkd Pu-
xapa, Kypaur nucan B 1964 ropy, uTo OU€Hb AOAIO MaTeMaTHKH
npHHHMa/Id reoMerpHio EBkAnaa 3a ofpasell CTpPOroro akCHOMATH-
4ecKOro Mogxofa, cTporoft noruueckol menykuuu (BuBoza). Ho Bot
yTO nMHmeT Aajbite Kypaur:

s¥nop Ha 3T0T [aKCHOMATHUecKHH, JOTHUeCKHi] acmekT
MOJHOCTBIO AE30PHEHTHPYET TOro, KTO MPeANOJOKHT, UTO CO-
3HaHHe, BOOODAXKeHHE, COMOCTABJNEHHE H HHTYHIIHS HIpaloT
TOJIbKO BCTIOMOraTeNbHYIO PO/ib B MaTeMaTHUeCKOM TBOpPUECTBE
H B HacTOAIEeM NOHHMAHHH.

B maremaTH4yeckoM 06pa3oeaHuH JeHCTBHTENBHO AeNYKTHB-
HHE cnocol, HAaUHHAKIME ¢ NOTMaTHIECKHX aKCHOM, MO3BOJIA-
er GulcTpee 0603perh Goaniyio TeppHTopHio. Ho koHCTpyKTHB-
HHit cnoco6, HAyWHE OT 4acTHOro K obmemy H H3beralomui
JOrMaTHYECKOro NPHHYMAEHHA, Hape)KHee BEIET K CAMOCTOA-
TEJBHOMY TBOPYECKOMY MBLILIICHHIO?.

Hrak, BooGpaxenHe H HUHTYHuHIO KypaHT cTaBHT Ha nepsoe
mecrol

[TpecaosyToe npoTHBONOCTaBAEHHE JAHPHKOB W ¢u3ukoB (a 3a-
ORHO M MaTeMaTHKOB) NMPHAyMaHO No3ToM B. Cayukum, T.e. «IH-
pHkOoM». B MareMaTHke, KaK H B JAPYIHX eCTeCTBEHHKIX HAaYKax,
Gosible MO33HM, YeM AyMaloT NpodeccHoHaan-aHpUkH. Hcropus
HAayKd TOKA3HBAeT, YTO XOPOIIasf MATEMATHKA UMeEeT MPOpPOYecKUH
Jap: MaTeMaTHYeCKHH AHAAW3 H3BECTHOrO OTKPHIBACT NMYThb AAJbLIE,
B HOBHe HEH3BECTHHE OGAACTH, BENET K CO3IaHHIO HOBHX (H3HYe-
CKHX NMOHATHA,

B «Buicieii MaTeMaTHKe A/ HAUAHAIOLHX» A CTPEMHJICS K KOH-
CTPYKTHBHOMY NOAXOAY, K BRIABJACHHIO CMHC/IA H €AW MATEMATH-
YeCcKHX MOHATHH, cTpeMHAcs XOTA 6H OTYACTH NepesaTh AYX TOTO
repouyeCcKoro nepHofa, Koraa 9TH NMOHATHSA POXKAAIHChH.
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[Tocae Buxona 1-ro mzganua B 1960 rogy nmosiBHNHCH mepeBOAH
Ha GOoNrapcKdii ¥ ANOHCKHA $3bIK, FOTOBUTCHA H3AaHWe HA (paH-
LY3CKOM.

B cBsiam ¢ TeM, YTO KHHI2 PeKOMEHAOBaHZ B KauecTBe yueGHOro
nocoGHA, AaHHOE — MATOE — H3JaHWe OCOOEHHO TLIATEJNBHO mepe-
AeJaHO ¢ MejarorHYeckoll TOYKH 3peHHA, NMPOH3BeNeHH HEKOTOphle
MepecTaHOBKM M cokpaueHus. Ilonaraio, urto KHMra MOMeT GHTb
NoAe3Ha He TOMABLKO YYAlIMMCA d TNPENOZABATeIAM MATEeMaTHKH, HO
H mpenofaBareAdaM (HUIMKH B CTApIIHX KAaccax MIKOAH H Ha 1-M
Kypce BTY30B.

B KoHUe KHHMH NPUBEACHH ABE RONOJHHUTEJbHEHE IVIaBhl: ¢«3ame-
yareAbHas fAenbra-pyHkuus lupakas u «Uro pambiue?s. Koneuno,
9TH IAaBH HE NPETeHAYIOT HAa NeJarorHYHOCTb, OHU HAMHCAHH B CO-
BCEM MHOM CTHJ€ H JA0T TOABKO caMoe ofuiee, N0 Heo6XOAHMOCTH
NOBEPXHOCTHOE MpEACTaBACHHE O Gosee CAMKHHX Belax.

B 1965 u 1967 ropax aByMs H3JaHHAMH BHIIAA KHHra
¢DNIeMEHTH TNPHKAaaHO% MaTeMaTHKHs, HANMHCAHHAasA COBMECTHO
¢ A Jl. MpwkucoM. 3Ty KHUTY MOXHO pPacCMaTpHBaTh Kak
npofomKeHre <BHcuelt MaTeMaTHKH AJA HAaYHHAIOIIUX®, MOJE3HOE
ana cryaentos 2-ro kypea. Haxkomen, B 1970 roay Taxxe
¢ A Jl. MBIDKHCOM rOTOBUTCA mnepsas 4acTb <MareMarnuyeckolt
buanKu».

B cospanuH <«Brciuelt mareMatixd A5 HAYMHAOIMMX» HA paa-
HHIX 5Tanax e pag JMl 0Kasan MHe GOJLWYIO NOMOILG, U A Paj
BO3MOXXHOCTH BHIPAsUTh raySokyio GaarogapHocTh 3a 310 B.JI. Ma-
mynnoey, K. A, Cemenzsery, H.A. Amurtpuesy, H.H. Meiimany,
P.C. T'yrepy, JI.1. Llnady, I'.H. Bapen6narry, K.I'. Llpanry,
H.M. frnomy, B. 4. 3eapgoeuuy u umtateasm E.D. Haswposy,
I1.I1. Cknaposy, A.I. Cokonory. Hageioch, uTo Bnpess BHHMATENb-
Hbl€ UHTATEJH, 3AMETHBIINE OMMOKY WM NpeAJaraomue yryJimeHue
KHHTH, OyAyT o6pamarhcs B H34ATeALCTBO CO CBOMMH 3aMeuyaHHAMM.

Asryct 1969 r.
Axagemur 4. B, Jearsfosuy



Fnasa I
TMMOHATHE NMPOHU3BOMHOH M HHTETPAJIA

§ 1. JIsnikeHHe, OYTh H CKOPOCTh

PaccMoTpuM nocTynaTtesbHOe ABHXKEHME TeNld BAOJAL HeKOTOpoii
npsAMON JAMHUM; paccTosiHUe ONpeaeJNeHHON TOYKH TeJa OT ompene-
NeHHo#t TouKM Ha 9ToH NpAMoi 0603HAYUM 2, MPHYEM B OZHY CTOpO-
HY 3TO paccrodHde GyaeM CUHTAThL NMOMAOKHTENLHHM, 2 B APYTYIO —
oTpHiaTeNbHEM, [IycTh, HanpHMep, NpAMasd, BAOAL KOTOPOH ABHXKET-
Al Teso, pacnoJioAKeHa BEPTHKAALHO, TOUKH Bhlille () COOTBETCTBYIOT
NOAOXUTEALHBM 2, TOUKH HHXe O — OTPHIaTe/IbHEIM 2.

[Ipu pBuMeHMH KOOpPAMHATAa 2z SaBHCHT OT BpeMeHH (MH Gy-
BEM COKpALIEHHO TOBOPHTh: ¢KOOPAHHATA 2» BMECTO «paccTosHHe
onpefefieHHOR TOYKH TeJla OT oNpenefeHHOA TOUKH Ha NpAMOf»),
JleuxkeHue Tesla onpenenseTcs 3aBHCHMOCTHIO 2 OT BpeMeHH i, T.e.
aapaHueM QYHKRUUM z(1). 3Han yHKwA0 z(t), MOXHO HaliTH moso-
MeHHe Telia B Moboit MOMEHT BpeMeHH.

®yukuuo z(1) MOXKHO H306pa3uTh rpaduueckH, OTKAAHBAs MO
ocH abcumcc BpeMsi (och £), a2 MO OCH OpPAZHHAT — BeJHUYHHY 2,
XapaKTePHIYIOIYIO TOJIOKeHHe Tea.

Ipu paBHOMepHOM ABHXKEHHH C MOCTOAHHON CKOPOCTRIO ¥ MYTh 8,
npoAneHHNE 3a BpeMs t, paBeH NMPOH3BeaeHHI0 5 = vi.

OGosHauuM 2y koopauHaty Tesa B MoMeHT ¢ = (. [lyrs, npoii-
AeHHuI 32 BpeMs ¢, pasen pasHoctd 2(3) — 2. 3HauMT,

z(t) = 20 + ot. (1.1)

ChefioBaTesbHO, NMpH PABHOMEpPHOM NBHXeHHH 3aBHCHMOCTb KOOPHH-
HaTH OT BPeMeHud faeTtcs NHHedno# ¢yHkuHedl. Ipaduk 3aBHCHMOCTH
z(t) Npu paBHOMEPHOM HBHKEHHH MpencTabiser coGoft NPAMY Au-
HHIO Ha KOOPAMHATHON IIOCKOCTH, ¥ KoTopoit Mo ocH abcuucc (ropu-
30HTaNbLHON) OTNOXKeHO BpeMs i, a2 N0 OCH OPAURAT (BepTHKaJLHOM)
OTJI0XKeHa KOOpAHHATA 2.
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lpn HepaRHOMEPHOM ABHXEHHH 3aBHCHMOCTB 2(t) BHpaxaeTca
Gosiee CAOKHBIMH (OPMYJaMH H COOTBETCTBYIOIIMHA rpadMk npen-
cTapAeT coboil Ty HAK HHYIO XPHRYIO.

Pa36epeM moApoGHO cAeAyOIYIO 3anady: 3ajaHa GyHKuus z(t),
T.€. 3aBHCHMOCTb KOODAMHATH TeJlA OT BpeMeHH, HYXHO HafiTH
CKOpOCTb ARHKeHUS Tesa v. B obmeM cayyae HepaBHOMEPHOro JiBH-
AeHHA CKOPOCThb He OCTaeTCs NMOCTOAHHOMH, 0HA MeHAeTCs ¢ TedeHHeM
BpeMeHH. 3HAUHT, CKOPOCTh ¥ €CTh TaKXe (yHKuMA BpeMenH v(t),
M 3afa4a 3aKJI04aeTcs B TOM, YTOGH BbpasHTh v(t) yepes H3BeCT-
Hylo OyHKunio 2(t).

B uacTHOM cayuae DaBHOMEpPHOTO IBHXeHHfI (€ MOCTOAHHOM
CKOpPOCTbIO) Bee mpocTo. CKOPOCThH ONpeleaneTcss Kak NMyThb, Npo#-
AeHHHA 33 efiHHHLY BpeMeHH, Tak Kak CKOPOCTb NOCTOAHHA, TO
Ge3pa3aiuyHO, KaKOHW HMEHHO Y4YaCTOK MYTH H KaKofl IpOMeXyToK
BpeMeHH BLIOpaH AA4 onpefieleHHs CKOPOCTH.

Hafinem nyTb, npofifeHHBfi 3a OMHY CEKYHAY OT MOMEHTa t) ¢ IO
Mou(eu)'ra 1+ 1 c. Dror nyThb paBeH pasHOCTH KOOpAHHAT z(i + 1)
H z(t1):

2+ 1) —2t)=ln+v -1+ )] -[0+vi]=v

H YHC/IEHHO 0Ka3aJIcfi PaBHBIM CKOpPOCTH. MOXKHO B3ATH NPOH3BOJIb-
HHA MPOMEXYTOK BpeMeHH MeXay i) ¥ o M pasfesiuTh NpofifieHHbIH
NYTb zg — 2] Ha BeJHYHHY IpPOMeXyTKa iy — ¢:

n—n _ (30+"t2)—(20+”tl)=v. (1.2)
te—1h ta—4h
HmeHHO moTOMY, 4T0 CKOPOCTDb MOCTOAHHA, MBI MOrJH BHOHpaTE AN
ee BuuHCAeHHA Jiofoll HHTepBan {y — £y, 1 OTBET He 3aBHCEA HH OT
MOMeHTa t|, HY OT BeJMMHHB 3TOro MHTepmaia. B oftiem caydae
ABMKEHHA C MEPEMEHHOH CKOPOCTBIO 3TO yXe He Tax.

Ipexxne uem nepexoauTe K Gojiee oflleMy caydaio, yaoGHo me-
peMeHHTb o6o3HaueHun. Hasosewm ¢) =i, tp = ¢ + At, Tak uro pas-
HOCTB tg — ¢, T.e. MPOMEXYTOK BpeMeHH, oSo3naueHa At (puc. 1).
IMopo6Ho aTOMYy 0603HauMM Az pasHOCTb

2(ts) — z(ty) = z(t + At) — 2{t) = Az
B 31HX 060SHaYEHHAX CPEIHAS CKOPOCTb vep B MHTepBante Af or i
20 t+ At paBHa®)
Az
Ucp = 'B"E. (1.3)

*) OTMeTHM, 9TO A — 3T0 He MHOXHTENb, @ 3HaK, 3aMEHAIOIHA COBO <MpH-
pallieHHes, TAK YTO COKPallaTh A B YHCJHTeJNe H 3HaMeHaTede APOOH Heabad. CaM
suak A — 9710 mponucHas OyKBa eneabras rpeueckoro andaBxTa, TaKk uTo Af
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Mel roBopHM 37ech O CpeiHell CKOPOCTH MOTOMY, YTO B O6IIEM Cay-
1I#e CaMa CKOPOCTb MOKET MEHAThCA Ha MpOTAXKEHUH HuTepBana At.

z+Az
z}
z
z(¢;)
Az
z(t) t
e At
K A F 0 ¢ t+Af LG
Puc. 1. Puc. 2.

PaccMoTpuM BTOpOit npuMep, Korma z(t) 3amaetca dopmynoit
2(t) = 2 + bt + ct2. (1.4)

Ha puc. 2 mpHBeaeH OmHH H3 BO3MOXKHHX Cpa(pHKOB, OTBeUYalOMHX
dynxnny Buga (1.4). BuuucauM cpefHIO CKOPOCTh ey Ha HHTED-
gasie At no popmyae (1.3). Ias storo sanumem:

#(t) = 20 + bt + ot
#(t + A) = 2o+ bt + At) + ¢t + A%
Az = z(t + At) - z(t) = bAL + 2ctAt + c(At)2.
OTrclona noayvaercs

vep = B2 = b+ 2et + eAt, (1.5)

CpapunM pesyaeratel (1.2) u (1.5) mna cpeauelt cropocTH mnpH
ABHXKeHHH mo 3akcHy (1.1) # no sakony (1.4). Bropoit mpumep
OT/NIHUAETCA TEM, YTO B HEM CPefiHAA CKOPOCTb 3aBHCHT H OT CaMOl0
MOMEHTA ¢, ¥ OT NIPOMEXYTKa BpeMeRH At.

Kak e HaliTH MCHOBEHHYIO CKOPOCTDB?

CropocTe MeHAeTCA MOCTeNeHHO, NMOSTOMY 4YeM MeHbllle Npo-
MeXYTOK BPEMEHH, B TeUeHHe KOTOPOTO NpPOH3BOAHTCA H3MepeHHe
NpoiAeHHOTO NMYTH, TeM MeHblle ycleeT H3MEeHATbCSA CKOPOCTh, TeM
6nuxe GymeT cPefHAs CKOPOCTb K ee MrHOBEHHOMY 3HAYEHHIO.

YHTAETCA «OENLTA T9», Az — ¢HenbTa 39T»; 9acT0 YHTawt A — «npupalieHne
ppeMeHH», Az — «pHpAIIEHHe NYTH»,
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B ¢opmyae (1.5) vep comiepXKHT ZBa YieHa, He 3aBHCAIIHX OT
Be/INUHHE MpoMexXyTKa Af, 0 OfHH YJeH, MPONCPUHOHAMBHHEA Af.

IIpu oueHb MaseHbKHX At 9THM uZeHOM MOXHO mpeHeGpedb, a
Uep TMPH 3TOM JiaeT BEJIMUHHY MTHOBEHHOH CKOPOCTH

Unry = b""" 2ct. (1.6)

BunmMaTesbHH# wHTaTeN b, BEPOATHO, YXKe Y3HAJ B BHpPaXKeHH-
ax (1.4) u (1.6) usBecTHRe H3 WKOJNBHOTO yyeGHHKA bH3UKH dop-
MYJH 0J8 PaBHOYCKODEHHOTO JBUMKeHUA:

v(t) = vot + at.

Jng sToro HYXKHO JAHWIbL BMecTO b MOACTABUTE Yy — HAYAJABHYIO
ckopocThk (T.e. ckopocTb B MoMeHT ¢ = 0), a BMecTo ¢ MOACTABHTH
a/2, rae a — yckopeHue.

Mbi BHIYMCAHWIH MTHOBEHHYIO CKOPOCTb B MOMEHT t, HCXOAsA W3
cpenHeli CKOPOCTH B nmpoMexyTke oT ¢ go ¢ + At. [TlonpoSyem Teneps
BHYHC/AHTD ee, BHOUpas MpoMeXyToK HeCKOAbKG nmo-uHoMy. Haitmem
CPEIHIOI0 CKOPOCTh B NPOMEXYTKE oT ¢ =t — 3At/4 mo ty =t +
+ At/4; pANTeNBHOCTh MPOMEXYTKA MO-MPeXKHeMY paBHa ty — t) =
= At. N3 popuyan (1.4) noayqam

2(t) = 20+ b(t— #) + c(t - 3TM)2.

2
Atr) =20 +b(t+ ) +e(t+ ),
2(tg) — 2(t1) = bAL + 2ctAL — % (AD2.
Orciona caepyet, 4to

_ 2t} —2(tr) _ _1
Vep = — =b+2ct 2cAt. (1.8)
Ecnu cpasHute ¢opMyast (1.5) u (1.8), To BHAHO, 4TO cpegHue
CKOPOCTH Ha HHTepBane oT ¢ go At W Ha uHTepBaZe or ¢ — 3At/4
no t+ At/4 oTauuaiotes Ha Beauuuny cAt[l — (—1/2)] = 3cAt/2.
Ho ecan Mb XOTHM HAaHTH MTHOBEHHYIO CKOPOCTB, TO Hy:HO GpaTh
O4eHb MaJleHbKHil WHTepBaJ Atf, npu 3TOM pasjuuHe NpoOMajager,
H MBI CHOBA MOJyYaeM A/l MTHOBEHHOMN CKOPOCTH Uyry = b+ 2¢f.
Mu paccMOTpenu NOHATHE MCHOBEHHOH CKOPOCTH AAA ABYX KOH-
KPeTHHX MpPHMEepOB: /ISl PABHOMEPHOTO H AAfi PaBHOYCKOPEHHOrO
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AnvKeHHs. B caepyiomeM mnaparpage Mnl fAaguM 6Godee TOWHOe
oripejesieHHe MrHOBEHHOH CKOPOCTH NPH MIPOM3BOJBHOM 3aKOHE IBH-
MEHHA.

§ 2. IlponssoaHas PyHKIMH — Hpeaes
OTHOmMEHUN MpHUpameHHi

B npeamaymem naparpade B cBA3M ¢ 3ajauyefi 0 MrHOBEHHOMH
CKOPOCTH MH fIPUIIIH K PacCMOTPERHI0 OTHONEHHI BHAA

2(t2) — 2(t)
£ —

NpH oveHb GAMIKUX Mexay colol sHaveHHAX {g H 1.

Bupaxehne <¢oueHb OGAM3KHe» ABAAETCA HeonpeAeeHHLIM,
vectporeM. TouHas ¢QopMyJAHPOBKA TaKoBa: HeOGXOAMMO HAHTH
npedes, K KOTOPOMY CTPEMHTCA OTHOIIeHHe

z(ts) — z(t1)
to — 1) (2 l)
npu t, crpemawemca K ¢;. Mcnonbsya ofosnadenns At u Az, s1o
OTHOLIEHHE MOXHO Mepefucarh B BUJE

A
'vcp = F‘:. (2.2)

B dopmyae (2.2) peanunnn At 1 Az 3aBHCHMH: MOXKHO BHOPATh
A06o# npoMexyTok BpemeHH Af, Ho moche TOTo, Kak NMPOMEXYTOK
BpeMeRH Af, cToAWHl B 3HaMeHarteJe, BHOpAaH, MofpasyMeBaercHd,
470 Az B uucAuTeNe — He /oGO OTPe3cK MyTH, 4 HMEHHO TOT,
KOTOpHIH COOTBETCTBYeT npoMeXXyTKy BpeMenn At. B dpopmyae (2.1)
3T0 OBJI0 OUEBMAHO H3 CAMOr0 HanMCaHUd apryMeHToB (yHKUMH
z(tg), z(t1) B uncautene, popuyaa (2.2) ects npocto Apyras sanuck
tpopmyan (2.1).

HHTepecyioman Hac BEIMYHHA MIHOBEHHOH CKOPOCTH v(t) B MoO-

Az
MeHT ¢ ecTh NMpeneN OTHOLIeHUS At npu At, cTpeMaieMes K HYAO.

QOueBngHo, crTpeMacHHe At K HYAI0 PAaBHOCHABHO CTpPeMJEHHIO io
K ¢1, DocKOABKY At = tp — ¢). [IpuBeneHHas GopMyNHPOBKA 3ANHCH-

BaeTci TakK,;
. Az
o(t)= Jim (7).

Bykes lim (HauaaepHne GYKBH JaTHHCKOrC cAoBa limes — aumec —
npexen) o603HAYAIOT <lIPEAeJI»; BHH3Y 3aMHUCaHO, 0 KAKOM HMEHHO
npefese HAeT peub — NpH Af, CTpeMslIeMCA K HYJM, CTPeJKa
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Az
3aMeHseT CJIOBO «CTPEMUTCA®, B CKOOKAX yKaszaHa Ta BeJAHYHHA —,

npefea xoTopoll HIIeTcs, at

Yro 3HaUMT <mpepen», «cTpeMAeHHe K npefienys? Te pacuerh,
KOTOpHE Mbl NPCH3BOIHJM B MpeinAyileM naparpade, Xak pas
H CAYXUJIH HarAAAHHIM NOSICHEHWEM STHX MOHATHH. MW BHZenw,
YTO {IpH MAABIX MPOMEXYTKaX Al BEeHUHHA Uy BO BTOPOM NPHMEPE
OTJIHYANACH OT 3HaYeHUA Uyry HA MAJYK) BEAHYMHY, [IPONOPLHOHANB-
Hywo At. Xota kosddpHIHeHT NponopUHOHANbLHOCTH Npy At Mor GHTh
Pas/HYHBIM TIPH pasHHIX cnocofax BHGOpa MHTepBaja, AAA MAaJABHX
sHavyenH#t Ai B BHPAXKEHHH ANA Ucp MH BCEIIa MONIH mpeHeGpeysn
useHoM ¢ At.

Hrak, oTHoleHHe

Az _ alty) - a(t1)
At t2 — ¢

CTPEMMTCA K OIpeNe/ieHHOMY npeaeday, koraa At = £y — ¢) cTpeMuTes
K HyAo; npu Af, cTpeMauleMcA K Hymo, tp M ¢} HeorpaHUYEHHO
cOmpKaioTen Mexxay coSolt, H ofliyl0 KX BeIHYUHY MH 0603HAYAEM
(xorma At = Q) o =1 =1t

Ipenen oTHOWEHUSA, T. e. MTHOBEHHas! CKOPOCTb ¥, €CTb Olpefe-
JAeHHan QyHKUHA L, Az

lim —

At—p At

IToyeMy mpH BHYHCAEHHH CKOPOCTH MO 3afaHHOH dopmyne z(i)
NPHXOAUTCA NPOBOAUTL TaKOA AJHHHHIA pacyeT, HaXoIuTh Az And

= v(t).

. Az
pasAHUHEX At U 3aTeM TOJIBKO HAXOAMTh Ipexed Al%mom? Henpas
oy

JH cpasy B3fATh 3HaueHHe At = 0? Ilpu sToM MH noayuHAn GHl
Az =0, TaK Kak At =1y — 1), H ecan tp = 1, T0 M 2(iy) = z(¢))
u Az = z(tg) — z(t;) = 0. 3HauuT, NpH TakoM Ge3fyMHOM crocobe

¥4
JeficTBUH MBI NOAYUHAH OBl A =g T He noayunau Obl HHKAKOTO
onpefeseHHOr0 0TBETA,
Ipy BHMHCAEHHH CKOPOCTH BCS CYTh 3aKJI0UaeTCHA B TOM, YT00b

GpaTh Manbie At U coomsemcmeyrowue um maane Az. Ipu szou
¥4
NoAyuaeTcs KaxAHHA pas BMOMHe ONpexefeHHOE OTHOUICHHE A
Korga At yMeHbIIaeTcs, CTPEMUTCA K HYMO, TO Az yMeHbHIaeTcs
NpUGAH3UTENAbHO IPONOPIHOHANLHC BeauulHe At, a 103TOMY OTHO-
IIeHHe OCTAeTCs MPUGAHU3HTENbHO MOCTOAHHEM.
Az
Omnrowenue A CMPEMUmCR K onpedeseHnomMy npedesy npu
cmpemaenuu At K vyno.
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BesuunHa 3TOro Npefiefia — M2Ho8eHHaR ckopocms v(t) B cay-
yae ABMXKEHHS WM B oblIeM cydae npou3sodnas GyHkumun z(t) —
32BMCHT OT BHAa GyHkuuu 2(t) ¥ OT 3HaYeHHs NepeMeHHOA i.
B creaylomem naparpade MH nposefem anrebpaHyeckH BHIYHCNEHHE
NpOH3BOAHON HECKONRKUX npocTefmux PyHKuuf U gAq HUX Haiiaem
TOYHOE 3HaYEHHE Npelea, T.e. NPpOoH3BOAHOM.

§ 3. O6o3nauenns NPou3BoAHOIM,
Ilponssoanan cTeneAHON HyHKIHH

[Ipenen oTHoweHHA MpHpalleHHA GYHKUNH K NPUPaIleHHIO He3a-
BHCHMOH NepeMeHHOlN NpH CTPeMIeHHH K HYJI0 NPHPAlLleHHA He3aBH-
CHMO# NepeMeHHOA HMeeT MepBocTencHHoe 3HaueHHe M AAA BhiCcmed
MaTeMaTHKH H AJiA ee MPHUNOXKeHMH: BHING MH BHACHH, HallpHUmep,
YTO TaKOe BaXKHefiee NMOHATHE, KaK MTHOBeHHad CKOPOCTH ABHXKe-
HHA, HAXOZAMTCA MMEHHO ¢ NOMOLIBIO NMpejesia TaKoro OTHOIEHHS.
MosToMy npesen 3TOro OTHOUIEHHA HMEET CMENHaJbHOe Ha3BaHHE:
«TIpOM3BOAHAA QYHKUNA» HAH, KOpOve, <«NpoH3BONHAA». [lepBoe Ha-
3BaHHe CBA3aHO ¢ TeM, YTC ecsiy 2 ecTb (yHxuus ¢, z(t), To H npemen

OTHOLIEHHA AlimoA—: = v TaxxKe ecTh QyHKuHA (Apyras) v(l) nmepe-
—

MeHHOH { — 3aBHCHT OT 3HAUeHHA £, K KOTOPOMY CTpeMATes 1) H 1y,
HAH, KaK WHa4Ye FOBOPAT, ¥ 3aBHCHUT OT 3HauyeHUA t, «MpH KOTOPOM
GepeTcsl MPOH3BOAHAS 2».

Jlns npou3BoAHOA HMelOTCs CleudaibHEe 0603HAYeHHA.

OnuH cnocob 0603HAYEHHA:

dz . Az

dt  At—0 At

dz
Ilpu 37OM BesAHuHHA o (uuTaeTcs: «A3-33T MO A3-T3») pac-

CMaTpHBaeTCAa He Kax IlpOﬁb, a NnpoCTO KaK COKpalllcHHasA 3allHCh

npenesa, crosiero cnpasa. Beawunna 7 danucana s dopme Apobu

J.EI![ TOrO, qT06b HAMOMHHATh, YTC 3Ta BeJHYHHA nmonyyeHa 13 IlpOﬁH
z

A; TIYTeM nepexoia x npesiey.

Jlpyroe 0GO3HaueHHe NPOM3BOIHON — € NOMOIIBIO IITPHXA,
v = 2'(t), uny, Hanpumep, Ana byHKuHN Y(x):

Y =v(e)= g = Jim 5
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B MexaHHKe HHOrZA MPOH3BOAHHE IO BpeMeHK 0603HAYAlOT TOY-
KOH CBepxy,

He OyaeM.
Huoraa BMecTo 3Haka (YHKIHH MOACTAaBJSAIOT €¢ BHpaXKeHUe!

2 dz
TaK, HamphMep, eclH z = at® + b, TO MOXHO MHCATb BMECTO —

p &
f(_adtLb) unu (at? +b)'.

Hafinem anreGpanyecKH nNpoU3BOAHYI0 0T GyHKIHH

i £, HO MH TaKMMH 0003HaUeHHAMH TMOJb30BATHCA

IPAMO
z=1
J1q 3TOrG COCTAaBMM OTHOLUEHHE
Az _ (t+A?-#
At At '
PackpoeM B uHcaHTENE CKOOKH:
(t4 At)? — 12 = 2 4 AL+ (A1)2 — 2 = 2t At 4 (At)%
CocTaBUM OTHOIIEHHE

Az _ 2-At+(A)?
At T At

Tenepr nerko HafiTH mnpeRea: OYEBHAHO, YTO eCHH BelHYHHA
NpeAcTaBAseT oGOl CyMMYy claraemoro, He sapHcamero ot Al
(B manHOM cayuae 2t), u camoro At, To npH crpemaeHun At k Hymo
OCTaHeTCA MPOCTO cJlaraeMoe, He sapHcamee ot At:

dz d(t2) Az
@ dt Al?—l»lo At

PaccmoTpuM ellle npuMep:
z=1
Az = (t+ At)® — % = 1? + 32AL + 3t(At)? + (A1) — 83,

% = 312 4+ 3¢- At + (AL)?,

=2t + At

= lim (2t+ At) =2t
At

) _ 2 ) 9
G = fm [3 +3t- At + (At)] = 3¢,
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B 3ThHX npumepax npefien MOXHO GHAG Jerkc HallTH, TaK Kax

dz
IPH BHYHC/IEHHH OTHOWEHHA — BeJHYMHA At coxpamanack. Pac-
CMOTpHM GoJsiee CAOKHHIH npuMep:
1 1
L=l Br_ErA %
' At At
MoxHo a1 npeHeGpeub seAHuHHOR At B nepeolt Apo6H, B BH-

pa)keHHH , Korja Mu mepeiifieM x npegeay? Het, noromy uro

t+ At
ellle He MPOBEZiCHC COXpalleHHe ¢ BeJMuHHOA Af B 3HaMeHarene.
3amenss 77 A Ha 7 MPH MasoM At, MH coBepiaeM Maayio OmUGKY

Az
B OHOM H3 ¢JlaraeMhX YHCAHTEAA npoﬁu O,IlHaKO y 3Tol ApobH

MaJH H YHCJHTENb H 3HAMeHaTedb, €CJH Mano At. TlosToMy Manan
ouubKa B YHCAHTENE HeAOMYCTHMA,
[NokaxkeM npaBHABHHIA cnoco6 melcTBHA:

Ay L _1_t-(+Ay _ A
t+AE t t(t+ A tt+ Ay’

Az i

At - Ht+ Ay

Teneps MoxHO HaiiTH npefes (NPOU3BOIHYIO), onyckan At B 3naMe-
HaTe e: 1
dz  9dlz

dt dt Aol t(t+ At} £
Ha 3Tux npuMepax MOXHO YBHAETb O4eHb BAXXHOE, OCHOBHOe C80H-
cmeo npedeaa. TIpy yMeHBIIGHHH BeAMYHHH Al pasHOCTb MeXAy

Z
3Ha9yeHHeM OTHOULICHHA E H MpelesiOoM STOrC OTHCOIEHHA (paB-

HbIM NpoH3BomHOA) lim MOXKHO ClleslaTh, KAK OBOPHTCH,

Az _
At—0 At @t
«CKO/Ib YTOAHO MaJZOH», T.€. MeHblle Mio6oro 3aZaHHOTO YHCAA.

IToacHuM sT0 npuMepoM. Hlaa z = rt

d__1 8z 1 _
@~ £ At t{t+ A
BospMem, Hanpumep, t = 2, fit_z = —0,25. MoxHo ay Bubparh

Az
takoe At, uTo6u 7 OTIHYAJIOCH OT CBOSTO Mpefiela MeHbIE YeM Ha
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0,0025? 210 aHauuT, uT0 Al Hy:KHO BHOPaTh TaK, YTOOH % Aexanc
B npenenax mexay —0,25 + 0,0025 = —0,2475 u —0,25 — 0,0025 =
= —0,2525. IoncTapnss BHpaKeHHe At npH i = 2, naligem, uto At

AOMXHO OHTB 0o abcoloTHOR BeanunHe MeHbme 0,02,

Touno Tak Xe o6CcTOMT Zedo M AAA APYTHX (yHKuMHA: cTpeMie-
HHe K npefeay npu At — 0 osHauaet BO3MOXHOCTL BHGopa At, npu
KOTOpOM HOCTHraercs Jwobas creneHb NpHONMXKEHHA K npeneny.

OcofleHHO MpoCTC HAaXOAMTCHS NPOM3BOAHAA B YACTHOM CJaydae

z = t; oueBHAHO, NpH 3ToM Az = At, A= 1 — oTHoweHue papHo |
ana mobux (Gonpwux B Maawx) At, a sHauuT, U B npegeae. Urak,

dz dt

2=1 —=—

dt dt

Haxkoueil, nocroanHylo BeauuuHy z = C' ToXe MOXHO paccMar-

pHBaTh KaK YacTHHI cayyall GYHKUHH, HO B 3TOM c/yuae, QUeBHAHO,
Az =0 npu mobux At, clezoBareIbHO, HMEET MeCTO!

=1

z= C‘; E = "a-i- =0,
Ecnu ¢pyHKOHIO YMHOXHTb Ha MOCTOAHHHA MHOXHTeAb, TO Ha
TaKoH JKe MHOXHTeJNb YMHOXHTCA H e MPOH3BOAHAA, HANPHMED:
dz _ d(3t%) . dt

= 2. —_ e I =
z = 3t% 7 o 3 = 3-2t =6t

B ofwem pHge,

—a. e _,. %
ecu z2(t) =a-y(t), TO z-% %
OueBHAHO TaKXe, YTO NIPOH3BOAHAA CYMMH ABYX (QyHKUMHA paBHa
CyMMe MPOH3BOAHHIX 5THX ABYX GYHKUMH:
= , Gz _dz_ dy
) = a) +ylt)y; E=T W,

Hcnoabsys o6a 3TH npaBuaa, MONYYHM, YTO NMPOUSBOIHAA CYMMbl
HeCKONMbKHX (yHKUMI, BIATHIX ¢ MOCTOAHHKMH (Ho, BoOSLIE roBOPA,
pasAMYHEMM) KoshduleHTaMH, paBHa CyMMe MPOM3BOAHEIX 3THX
$yHKUMHA ¢ TeMH Xe KoapPHUHeHTAMMU:

2(t) =a-2(t) + b- y(t) + - u(t),
% =a% +b% +c%.
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Kaxxpaoe H3 >THX NpaBHA JE€rKo HOKaszaTb, COCTaARAAA Az =

- z(t+ At) — z(t); o™ npaBuaa, KOTOpHe CNPaBefIHBH AAA %

dz
npu ao6om At, cnpaBeAJHBH H LA Mpenena, T.e. LA e

Tenepr nerko HafATH NpPOH3BOAHYIO OT MHorouseHa. Ilpeasaph-
TCJAbHO BHINLIEM PANOM BCe HafileHHbie BHILE NPOU3BOIHbLIE:
2
oo Zoyy %) gy 40 _gp

=% &=V &

B § | Mu paccmaTpHBaAH

2(t) = 2o + bt + ct>

‘“"2) =0+b-1+c-2=b+2t

v(t) = Z=z b +e—=
3T0 H ecTh Ta ¢opuyﬂa ANA MrHOBEHHON CKOPOCTH, KOTOPYIO MH
TaM MONYYHJH,

TexHuKa HAXOXACHHA NPOM3BOAHBIX (MM, KaK MOBOPAT HHadve,
Jucppepenyuposanus Gynxyuil) NoApoGHO HaNoXKeRa B HaYale clie-
Ayrolel YacTH.

3aGeras Bmepen, MOXKHO OTMeTHTb, 4To AHGpepeRUHpoOBaHHe
¢yHKuMH, 3aZaHHHX QOopMyNaMU, OKASHBAETCA CPaBHHTENLHO Mpo-
CTHM M JIeTKHM ZefoM, OoJsiee JIerKUM, HalpHMEp, 4YeM pelleHHe
anreGpanuecknux ypasHeHnil. DopMysH AN NPOH3BOAHHIX HHMKOTAA
He MoAyuvaloTca GoJiee cNOXKHBIMY (Godee CJIOKHOTO TUMa), yeM Gop-
MYAH AAA caMuX PyHKuMH; Tak, HanpuMep, ecay QPyHKIUS ABJIAETCH
MHOTOWIEHOM:

y=a+bx+ca:2+la:3+fa:4,

TO NMPOH3BOAHAA ¢ ToXe ABMACTCA MHOIOYJACHOM:

= =b+2cz 43Iz’ +4f2

(3T0 OTHOCHTCH K MHOroufieHam JioGoit crenenu)., Ecan dynruus
ABasieTcA adreOpandeckofi Apofbio, To H MPOHU3BOAHAA ABJAETCA
Ipo6elo. Ecan QyHKUMA COmEpPKUT KOPHH HAH ApoGHHE CTeneHH,
TO H NpousBoAHasA comepKHT HX. TIpon3BOfHKE OT TPHIOHOMETpH-
yeckuxX QyHKuuH TakxKe ABAAIOTCA TPUIOHOMETPHYECKUMH (PyHKUH-
AMH. A B HeKOTOpHX cJydYasiX, HanpHMep, Afd JorapHpMHueckoi
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¢yHKUMH, Npou3BOAHAA OKa3biBaeTcs (yHKuUMed naxke GoJee mpo-
CToro THNA (B JaHHOM cJy4ae ajreSpauueckoil ApoGhio).

JIAs HaXoXKAeHUS MPOUSBOAHHX He HAAO OCTPOYMHSA UJIH BHAYM-
KM, 3373494 BCeTAA pellaeTcsl aKKyPaTHHIM, NOCJAEAO0BATeIbHHM IPH-
MeHeHHeM MpPOCTHIX NpaBHJA, KOTOphe GYHyT H3Ji0KeHH B riase Il

[Npouseopsibie pasanyHHX Gosiee CIOXHHX GYHKHUHA paccMaTpH-
BalOTCH B CAeAyIomWeH rnase KHUrn.

Bce (yHRUEH, KOTOPHE ML PacCMaTpHBaAH A0 CHX IOp, 3aja-
Baauch opMynamu. He ciiepyer gymarh, 4To 9T0 06dA3aTebHO AJA
TOT0, 4TOGH CYIeCTBOBaZa Npou3BofHasA. Hampumep, MH moXeM
CYMTATh 3aBUCHMOCTL NMYTH OT BpeMeHH H3BeCTHOH H3 OMLITa, B BHAE
oueHb noApoSHux Tabmuil. ACHO, YTO ¢ NOMOMIbIO STHX TaOAHIL MOX-
HO BHIYHCJATH MIHOBEHHYIO CKOpOCTB (T.e. TpPOH3BOAHYIO) MO TeM
JKe CaMHM MpaBuJiaM, HO KOTODHM ME! JeNand 3T0 A (QyHKiMA,
3afiaHHHIX (POPMYIAMH.

Beuay BaXHOCTH faHHOTO mnaparpaja NOBTOPUM OCHOBHHE
BEIBOJIH.

1) NpousBonnas pyHKUYA onpeaeaseTcs Kak npees OTHOMIEHHNA
npupaleHHs (YHKUHH X MpUpallleHHI0 He3aBUCHMOH nepemeHHOH
NpH CTPeMNEHUH K HYJIO NMpHpallleHHs He3aBHCHMOH NepeMeRHOI:

% = Aim, (%)

2) MreoBeHHaf CKOpOCTb OBH)KGHHS TeJa paBHA IPOH3BOAROA

KOODAMHATH Tesa N0 BpemeHH. [lo aHajoruu roBOpAT, YTO NPOH3-
d

BOAHManA Ey AaeT CKOPOCTb M3MeHeHHA ()YHKUMH Y NPH H3MEHEHHH

nepeMeHHOM (aprymeHTa) & M B TeX CJy4asX, KOTAa & He ABJAETCHA
BpeMeHeM, a ¢ He SIBASieTCA KOOPAMHATOH.

Ynpamaennn

1. Haiitu anreGpaudecky npoHsBoAHYIO GyHKUHA: ) z =2 H 6) z =13
sagaBasich 4 =1t — ?t. =1+ Tt; IpH 5TOM MOMeHT i, AJASL KOTOPOro

HAXOJHTCA NPOH3BOAHAA, NMPH JMoGOM t JIEXKMT B cepefiMHe IIPOMEXYTKa
BpeMeHH ot ) A0 is.
Haiitv npoxseoguble 1A dhyHKIHL:

2. y=2zt 8. y=(z+1P 4. y= % 5. y=a+%. 6. y=+7.
xr
YxaszaHue K 3afade 6, YMHOKHTD YHCAMTENh H 3HAMEHATENb BH-

parkeHHA —-—':H'Ax_‘/i HA CymMMy /T + Az + /T .
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§ 4. MpubamxenHoe BhIUMCACHHE HyHKIAH
€ IOMOIBIO MPOHIBOAHON

HPOMBOAHM éz— onpepesdeTca KakK Ipefes OTHOIIEHHA NpHpa-

dz
WeHH#H K‘: npu At — 0. Ilpa Atf, He paBROM HY/II0, OTHOLICHHE
NpHpaIEeHHi —i—? He paBRO NPOH3BOAHOH %, HO 3TO OTHOLIeHHe NpH-
6/1UXEHHO paBHO % H NpHGAHXeHHe TeM Jaydiwe, yeM MeHbme At
MoaToMy NpHGJAHKeHH O HanKmewm *):
Az  dz dz
il 2(t); Az s - At = 2 (t)At. (4.1)

Orclofia RafifeM H NpUOIHKeRHOe 3HAaYeHHe QYHKuUH z(E + At):
2t +A) = o(t) + Az a(t) + 5 - At = 2(t) + Z(H)AL. (42)

OGparHTe BHMMaHHe Ha TO, 4T0 B Qopmyae (4.2) nepemél 3HAK
paBeHCTBAa TOYHHE N0 onpefedeHH0o Az, BTopolt — NpHOIHXeHHHIH,

BepueMcs x o6osnauenuaM fo = ¢t + Al, {; =, KOTOPHIMH Mbl
nosb30BalHCh panbile. [Tomyumm:

2(to) = z(t)) + z’(tl) -(ta = 1y). (4.3)

TaruM o6pasoM, NpH Manoi pasHoCTH ¢y — iy, T.e. NpH 2y, Gau3-
KoM K t1, Gynkuua z(f) moxer SHTh BeparkeHa NPHONHXeHHOH
(opMysofi, B KOTOPYIO BXOSAT 3Haue€HHe QYHKIHK z(f)) H ee npous-
soaHolt 2'(t)) npu t = ¢;. OTMeTHM, 4TO B 3Ty dopMYIy fo BXOHT
B nepBoft cTeNeHH, HJM, KaK FOBOPAT elne, JHHeHAHO,

*) ¥YraepafeHue, 4TO NPHOIIKEHHOE PaBEHCTBO
Az = z(z + Az) — z(z) = 7' (z)Az
CTAHOBATCA TOUHEM B mpefene npy Az — 0, Hympgaerca B pasbachenmn. Ilpu
Az — 0, ouesunno, u Az — 0. IosTomy nprb/mkeHHOe paBencTso Az =¥ a - Az

npH Az —» 0 CTAHOBHTCA TOUHHM NMpH NOGOM G, TaK KaK 370 paseHcTRo AgcT 0 =0,
Ho M yTeepmpaaem Gonbiie; npH koseuHoM Az Hs Az = Z'(z)Ax caeayer, uto

2Lt (z). M yTeepMI2EM, UTO B 5TO CASACTBHE HS MPUGAHEHHOIO PABEHCTBA

Az =2 2'(2)Ax ToMe CTAHOBHTCA TOMHEIM B npeaese npn Az — 0. 310 crenyer ua
onpefiencHUA upoHssoAHol 2’ (z).
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Ipuserem npumep. [ycth z = ¢, U Rac HRTEpeCYIOT 3HAYCHHS 2
npu £, 6nuskoM k 1. BuBepem £) = 1, torma z(t)) =8 = 1, 2()) =
= t? = 3t% = 3 u npubIHXeRHas GopMyaa HMeeT BUJ

2(ty) =t3 = 1 +3(ty — 1) =3t — 2.

CpaBHEM ToyHOe M NpubawKeHHoe BHpaxeHus (Taba. 1).

TaGargal
Ly 1] 1,01 1,02 1,05 1,1 1,5 2
£ 1] 1,0303 | 1,0612 | 1,1576 | 1,3310 | 3,375 | 8
3-2(1| 108 1,06 1,18 1,30 2,60 | 4,0

[pusenem ewe mpumep z = /. Hafinem sHauemus QyHKnHH

npu ¢, 6muskom K 4. B sTom cayuae 2(4) = v4 = 2. IpousBoanas

_ L ===z
/(t)=3 7 (em. ynpaxrenne 6 x § 3). IosTomy 2/'(4) = 5vi 4

W npHOGAHKeHHaa Qopmysa HMeeT BHA
z(ty) = /Ty =~ 2+ 0,25(t; — 4) = 1 + 0,25t,.

CpaBHHMM H B 3TOM C/ydae NPHOITHKEHHOE U TOYHOE BHpPAMKEHHA
(Taba. 2).

Tatauua 2

ts 4|5 |6 |7 |8 |9
VB | 2| 224|245 265|283 |3
1+0,25t, | 2| 225 [ 250 [ 275 [ 30 | 325

IlpenctaBuM ceBe, uTo At ecTh MPOMEXYTOK BpeMend, z'(t) —
MIHOBEHHAs CKOpOCTh, Az -- MpHpameHHe myTH, T.¢. MyTh, TPOH-
menubift 3a Bpema At. dopmyna

Az =2 (t)At (4.4)

03HavYaeT, YTO MyTh paBeH NPOH3BEJEHHI0 MTHOBeHHOM CKOPOCTH Ha
NpoMexXYTOK BpeMeHH. Ho Benp MrHOBeHHas CKOPOCTh caMa MeHs-
ercst co ppeMmeHeM. [Toaromy (4.4) BepRO JHIWIL B TOM caydae, Korfa
MTHOE€HHasi CKOPOCTh He YCIeJa 3aMeTHO H3MeHHTheA 32 Bpems A,
CrnienoBaresibHO, 4eM GHCTpee MEHReTCa BelHYMHa 2'(t), TeM MeHbLIe
At moxHo Gpats B opmyae (4.4). U HaoBopoT, ueM MepneHHee
MeHseTcs 7' (t), Tem Sonbie MOXHO 6paTh At, T. . BeIMYARA NpHPa~
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uieHun At, nas xoroporo topMyaa (4.4) paer ellle Maaywo OLIHGKY,
$OBHCHT OT CKOPOCTH H3MEHeHHH MPOM3BORHOH Ha mpoMexyTke Af,

PaccMoTperHEe npHMepH NMOATBepHAlOT STOT BHBOA. B nepsom
NpiMepe MpH H3MeHeHHH t or 1 no 2 (At = 1) npoussonnas 2/(t) =
« 32 namenserca or 3 no 12 (r.e. B 4 pasa). Bo BTopoM npumepe
NP1 n3MeHeHUH ¢ oT 4 no 9 npoussoanas z'(t) = o/f oKeaeTc oT
0,25 no 0,167 (1. e. npumepro Ha 30 %). ITogToMy BO BTOpOM Cayyae
¢opmyna gaer XOpOUIMHA pesyabTarT Npu GOABMIKX 3HayeHHAX Af.
[Toapo6Ho Bonpoc o rpaHHuaX NpHMeHeHHS (GOPMYIH (TpH 3afaHHOM
TpefyeMol TOYHOCTH) H O BO3MOXXHOCTH €e YTOUHCHHf pa3o6paH
B NoCAefAHUX naparpadax BTOPOH IVIaBHl.

Bce ckasanHOe B paBHO{ Mepe OTHOCHTCH H K TIOJNOXMTEJNLHBIM
W K OTpHUATENbHHM NPHPAUICHHAM; NpPHMED C OTPHUIATENLHEMH
NIpHPALIEHUSIMH JaH B YNpaXKHeHHAX.

Yopamuenna

1. Haitra (1,2)2 (1,1)% (1,05)% (1,01)% noassysice tlmpmy.noﬁ (4.3).
CpaBHHTE NOMyYEHHHE Pe3YILTATH C TOYHHIMH.

2. Oas GYHKIOHU 2 28 2 + 20¢ — 5¢% HaliTH NPH TOMOIM NPOH3BOA-
noit (1,1}, zd 05}, z(0,98). CpasHHTE ¢ TOMHHMH 3HAYCHHSIMH.

VrkaszaHuue, B nocreasem cnyyae Baste ¢ = 1, At = —0,02.

§ b. KacaTteapHas K KpMBOMH

C noMOIIBIO TIPOM3BOJIHON MOXKHO PeNIMTh BaXKHYIO 3afayy aHa-
NWTHYECKOH TeOMEeTPMH — 3afauy O HAXOMACHMH KacaTeJbHOH
K KpuBOH, 3afiaHHO/ ypaBHennem Yy = f(z). Koopaumati Touku
KacarEHs A CUMTa0TCA 33ajaHHEIMH: T = Tp, ¥ = yo = f{(xo).

Hajitn xacateabHyl0 —- 3T0 3HAuMT HaliTu ee ypasHeHue. Oue-
BHIHO, YTO YPaBHEHHMe KacaTeJhHOH — 3TO YpaBHEHHE NpPAMOH,
npoxonsimeit yepes TOYKY KacaRdA. YpasHeHHe Jio0oi npsuoit, npo-
xopsumedi yepes aafaHnyio Touxy A(xg, Po), MOXKHO HalHCaTh B BHAE

¥ — yo = k(z — zo).
Jlna Toro uroSH HaliTH ypaBHeHHe KacaTe/bHOH, 0CTAeTCA Ompefe-
JUTb BeJHUMHY k — yraosolt koathpuuueHT KacareanHolt (ee «Kpy-
TH3HY»). Jlas storo cnepea Hafinem yraoBo# kosdgHUKeRT npAMOH,
NpoxoAsilleli yepes ABe 3afiaHHHIE TOYKH A, B paccmarpHBaeMoit
kpuBot (puc.3); Takyio npaMyio HasmBaloT cekymedi. Korga atu
ABE TOUKH KpHBOH cOAMIKalOTCH, TO MpAMaA mpHOIKaeTca K Ka-

careqpHof. Ha pic. 3 nokasasw ABe cekymiHe depes TOUKH A U B
u uepes A n B, npuuem B’ nexxut Gianxke K A no cpasBrenuio ¢ B.
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Uem Gamke BTOpas TOUKa K Touke A, TeM GuHxe cekymas
K KacaresbHOH. [ToaToMy yraoBod kKos(pduipeHT KacarelbHOR paBeH
npeaeny, K KOTOpOMY CTPEMHTCH YIJIOBOM KOS((HuHEHT ceKymiel
IpPH CTPEMJIEHHH K HYJIO pacCTOSHHA MeX(ny HBYMS TOYKaMHU mepe-
CeUeHHA CeKyllel ¢ KPHBOR.

> O K
Prue. 3. Puc. 4.

Yraosoit KosdupHnMeHT cekylieft Jerko BHIPa3dTh Yepes 3Haue-
HHS QYHKUHMH B TOYKAX NepecedeHHs.

BospbMeM B KauecTBe OAHOU M3 TOueK NepecedeHUs CeKyIedH
¢ KpHBOH Touky A(Zg,3p), B KOTOPOH MH XOTHM NpOBECTH Ka-
caTefIbHYI0 K KpPHBOH, KOODAHHATH EBTOpo#f TOUXH nepeceyeHHs B
0603HauHM T, Y.

Tak XaK aTH TOYKH JI€)KaT Ha KPHBOH, ypaBHERHE KOTOpOH €CTh
y = f(z), To ¥ = f(zo) 1 g1 = f(z1). Kak BupHo u3 puc. 4, yrioBoi
ko3¢ punrent cexyumelt k. pasen

—torn < B W _ f(21) — fzo)
ke = tgo T — %o T —To
Bripaxkenue yryioBoro kosdupuunenta npsamodi, mpoxoasiel ye-
pes ABe AaHHHIE TOYKH, paccmaTpuBaercd B §§ 3 u 4 rnaeu [V.
Yro6H noAyuuTh YrAoBoH KO3(pOHIUHEHT Kacamesvnoill B TOUKe
r = Tg, HYKHO Opath TouKy B Bce GauMxe K A, T.e. HYXHO,
a9To0H Z) CTPEMUAOCH K Zg. ClenoBaTeNsRo, YIMOBOH K05(dHiHeHT
KacareJbHofi k paBeH npeneay k. NnpH |, CTPeMALEMCA K Lp:

f(z1) = f(zo)
wl—'wo ) — Iy

OGosnaunM Az pasHOCTb ) — Zo, Z) = To + Az H cO0TBeT-
CTBEHHO

Af = f(z1) — f(@0) = f(zo + Az) — f(wp).
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i 9Tux ofo3nayeRHAX yTaoBHe KO3(hPUIMEHTH ceKkywel k. H Kaca-
Te6HOH & BhipassTcs dopMynaMu:

_Af _ e Af
k"_E’ k_A]iEl»oAz'

(iegosare/bHO, YIVIOBO# KOS(KpHLHERT KacaTedbHOR ecTh npous-
andnas GyHkunu f(z)

k=% — pzp).

7 = [ (z0)
Mbi sHaeM, 4to npousBonHaf dyHKuuM f(z) cama sBaserca GyRK-
e . Tak Kak MB MCKaJH yroBoi Kos(QUIHEHT KacaTeNbHOA

i Touke A(Zg, ¥}, TO MPH BHYHCACHUU Npeena Ry MH CUHTANK 32-

KpelJIeRHHM 3HadeRHe T = . IlosTOMY B OKOHYaTeabHOU hopMye
H cronT f/(x0), 3HaUeHHe MPOM3BONHON MpH Z = Zy.

PaccmoTpuM npumep napaboau, y = 2% T.e. f(z) = z2 Cocra-
MM ypaBHeHHe KacaTedbHOH B TOUKe zg = 2, ¥y = f(zo) = 4.
Mu 3HaeM NpOH3BOAHYIO

CaenoBaTesibHO, B HHTepecyiollielt HaC TOYKe YIVIOBOH KOS(QHIHEHT
KacaTeJbHOMA
k= f’(a:o) =259 =4.
YpasHeHHe xacaTeabHOR:
y—yo=k(z—20), y—4=4z-2), y=4z—-4.

Bes momoIOM NPOHSBOAHWX TPYAHO MNPOBECTH KacaTelbHYI0 K
KpHBOM, 3aAaHHON ypaBHeHHeM Yy = f(Z): HYXHO BHUYHCAHThL $0Jb-
loe YHCAO TOYEK KPHBOMH, ¢ MOMOMBIO JeKana MPOBECTH KPHBYIO
10 3THM TOYKaM H MOTOM Ha IIa3 MpHCTaBAATh JHREAKY K KpUBOH
B 3afaHHOH TOYKe, BHHMATeJBHO Clefd 3a TeM, YToOH He nepe-
cedyb KPHMBYIO BOAMSH TOMKH KacaHudA. C NOMOIUBIO NPOH3BORHEX
MH HaxXOAMM YpaBHeHHE KacaTe/IbHOM, N0 STOMY YpaBHEHHIO Haxo-
AMM JiIBe TOUKH, Jexampe Ha npsaMoli, saianHol ITHM ypaBHERHeM,
¥ NPOBOAHM TPAMYIO (KACATENBHYIO) ¢ MOMOMIbIO JHHEHKH 1O STHM
ABYM TO4KaM. B kauecTBe OfHOH TOUKM €CTECTBEHHO B3ATh CaMy
TOYKY KacaHHd A(Zo, ¥p), BTOPYI0 TouKy C Ha mpsMoil MOXHO B3ATh
Aanaexo oT A, Toraa ¢ GonkmOH TOYROCTHIO ONPEAENHTCA HAKJIOH
¥ MOJOXEHHe KacaTeqbHO# Xaxk mpaMol, npoxofsmel uepes Hpe
ToukH A u C.
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Tak, ranpHMep, BHILE MK HalllK ypaBHeHHe NpPAMOA, KacaloueH-
¢ napaGosik y = 22 B TOUKe %o = 2, Yo = 4. DT ypaBHeHHe HMeeT
BHA ¥ = 4z — 4. Haiinem xoopauHaTH ABYX TOYEK Ha 3TOH MPAMON:
npa & = 2 HafineM y =4 -2 — 4 = 4; 570 eCTb CaMa TOYKa KacaHHA
A(2,4), ee KOOpIMHATH MOXHO GHJIO H He BHUYHCIATh, KACaTe/MbHaNA

o0s13aHa NpoHTH yepes Hee. B KauecTBe BTO-
v po#i Touku (C) BHOepeM TOUKY Nepeced4eHHS
KacaTeJbHOK ¢ 0ChIO I: moAoXKKuM T = (), Rafl-
meM y = —4, TaK uro C(0, —4) (pnc. ).

OTMeTuM MoGONHTHOE O6CTOATENBCTRO: mpu
z =0, y = —gp Touka C mepecedeHHA KacaTelb-
Holf ¢ ochIO Y JeXHT HHXe OCH T Ha CTOJR-
2- KO e, HA CKOJNIbKO CaMa TOYKA KACAHHA JeXHT

A(2,4)

r BHIIE OCH £. 3To He caydyalfiHo, TaKoe MPaBHJO
R CNpABENTHBO LA BCEX KACATGNBHHX K KBazpa-
0 %  TuuHuM napaGofam ¢ ypaBHeHHeM Y = ar2 B ca-
v MOM Zefie, eC/Ii KacaTesibHad [POBEAEHA B TOUKE
‘;; A(zp, 1o = az?), 10 ee ypasuenne ectb
1 ¥ — to = 20z0(z — 29),
H npH z = 0 noayvaem:
fco.-9 ¥ >
y—to= —2a$§,
Pue. 5. Y =0~ 202} = 30 — 20 = ~to-

TaxuM 06pasom, KacaTejbHas NPOXOAMT 4vepes TOUKH A(Zo, Yo = axl)
u C(0, y = —yo = —az}).

Ilpu nmocTpoenHH kpHBOH NO TOYKAM TPYAHO TOYHO TPOBECTH
KPHBYIO, €CJIH BHYHCAeRO Mano Todek. C NOMOIIBI0 NPOHSBOAHKIX
MOXKHO 3apaHee NPOBeCTH KacaTeJbHHle K KPMBOH B 3THX TOYKaXx;
NOcJe 3TOro Jerde H TO4Hee MOXKHO NMPOBECTH CaMy XpPHUBYIO.

HarangHo scHO, 4To B TOYKAX MaxkCHMyMa H MHHHMYMa KpUBOH
KacaTeJIbHaf T'OpH30HTA/bHA. YpaBHeHHe TOPU3CHTANbHOA NpPAMOH
y = const, yroBo#H Koa(upHUHEHT ropHsoHTaNbHOA npamod k = 0.
B Toukax mMaxcHMyMa H MHUHHMYyMa KpHBOH, cleAoBaTelbHO, paBHa
HYJIIO IPOU3BOAHAA PYHKIMM ¥ = f(x), rpadHKOM KOTOpOf ABASETCH
Kpusas (noapo6Ho 06 3TOM B caenylollleM naparpage). TakuM oGpa-
30M, ¢ OMOLIEIO yeaoBua f/(x) = 0 MOXKHO BaXOAHTH KOOPAHHATY &
TOYeK MHHHMYMOB M MaKCHMYMOB KDHBOI; KOODAHHATY ¥ MpH 5TOM
Jierko HalTH, NOACTABAAA £ B ypaBHeHMe KpuBo#. OueBHIHO, 4TO,
3Hast KOOPHAMHATH TOUEK MAKCHMYMa H MHHHMYMa, MOXHO TOYHee
NPOBECTH CaMy KPHBYIO.

IMonesno B mopsiaxke ynpa)kHeHUsl, HAPHUCOBAB OT PYKHM KPHUBYIO
y(z), xots Gbl MPHGAH3ATENBRO, HO GHICTPO NMPOBECTH KPHBYIO ¥ (%),
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oOpaitan BHHMaHHe Ha 3HaK ¥'(T) U Ha Touxy, rAe ¥ (z) obpamaercs
» Hysb. Takoft npuMep nmokasad Ha puc. 6 {rpadux y(z)) u 7 (rpadux
npou3BomHol ¥ (z)).

" A
B
3
2t
2.
].
l.
0 2 4 X

Hlf

o 1 %2 3 4
Pne. 6. Puc. 7.

Touku ofpainenus B HyAb caMoli GyHKIMM y(x} BaA MPOM3BOA-
Holl 3'(z) HuueM He sameuatespHH. Ecam xpuBylwo y(z} nomuars
napainenbHo camoli ceGe (Bepxnas kpusas, puc. 6), To KpuBas y'(z)
OT 3TOT'0 HHKAK He M3MEHHTCA: MPH NapajiieIbHOM NepeHoce Bee Ha-
KJIORH OCTAIOTCA ONHHAKOBHIMH, HANIPHMEP, NPH T = Tg KacaTe/JbHHe
K KpuBO# y(z) (Touka A) ¥ K cMemeHHol KpuBol (Touxka B) mapas-
NeJbHE, YIH OAHHAKOBH. DTOT pesyabTaT COOTBETCTBYET CBOHCTBY
NPOU3BOAHHX: TpHGaBJeHHe KOHCTAHTH K (YHKIMH (COOTBETCTBY-
olllee Napajle/bHOMY NEPEeHOCY MO BEePTHKAAH Ha rpaduke) He
MeHsIeT NPOUIBONHOMN.

MoXHO 3aHMMAaTbCA M IpPYTo#f MareMaTHuecKoli uMrpo#t: Hapuco-
BaB OT PYKH rpadux NPOHSBOAHOH, NPpHOIUSUTENbHO NOCTPOHTL Ipa-
¢uK pyHknuu. Ilpy sTOM HyXHO NMPOM3BOABHO 3a4aTh OAHY TOUKY
(g, y(zp)) H OT Hee BecTH KPHBYIO BBEpPX HJH BHH3 (B COOTBETCTBHH
CO 3HAKOM TPOH3BOAHOM).

B 3akmioueHue 3aMeTwM, 4TO A0 CHX NOP NMPeANOAarajJoch pa-
BEHCTBO MACIITAG0B MO OCH I U 1O OCY 2, T.e. YTO OlHA eAUHHMIIA
H3MepeHHd & ¥ OfHA efUHHUIIA H3MEePEHHS Y BHPANKAIOTCA l‘lia rpatuke

Y

oTpe3kaMu paproN AMuHH. Torna aefictBHTENBRO tgt = Ir"

Ilpu nocTpoeHuH rpathuMKoB YacTo MOAL3YIOTCH pasHEIMH Mac-
wraBaMH, B OCOGEHHOCTH KOTAa % H I CYTh BeJHYHHH PasHOH
pasMeproctH, IlycTh, Hanpumep, ¥ €cThb TyTh, @ & — BpeMsl H OT-
KJ1aABBaeTCs rpa(HK MOJMONKEHUA TeJa B 3aBHCUMOCTH OT BpeMeHH
y(z). [To ocu opaunar (y) GyfeM OTxAafHBaTh y B MacmTabe 1 M
nyts = 1 cM Ha yeprexe. [lo ocu aGcuuce (x) GyneM OTKJIanbBaTh
BpeMs B MacmTabe | ¢ BpeMend = 1 cM Ha ueprexe. Torna peficTau-
TEJILHO CKOPOCTh HBUXKEHHS v, BRIpAXKeHHasd B METPax B CEKyHAY
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H paBHas NPOH3BOAHOM %, paBHa tga, TaHreHcy yria KacareibHOH

Ha rpaduke. Ho ecan mMu BuiBepem apyrofi Macmirab AJjs MIKajH Z,
HanpuMep, 1 ¢ = ! cMm = 5 ¢M Ha ueprexe, TO TOJYYHM:

B ofiiieM ciayuae, ecqH oiHa efHHHWLA ¥ Ha YepTexe OTKJa-
AuiBaeTcs B Macmirafe lcM, a ofiHa eAMHHIA ¥ OTK/JafibiBaeTcA

B Macintabe 1 cM, TO
tgo = s E!
[ dz’

Korna y ¥ 2 — uMeHOBaHHHe (pasMepHHe) Be/IMUHHH, HanpHMep,
y — MeTpH, £ — CeKyHAH HJAH ¥ — KWIOTPAMMH, £ — MeCsllnl

(saBHCHMOCTbL MaccH pefeHKa OT BpeMeHH), NPOU3BOAHas % TOMe
HMeeT pa3MepHOCTH:! B l'lepBOM caydae % = == 3TO CKOPOCTI:
dy

ABHXeHHA, pasMepPHOCTE M/ ¢, BO BTOPOM CJoiyyae -d? — 3TO CKOPOCTh

YBeJMYEHUA MACCH, KI/MecsH,
TpuronoMerpuueckas ¢yHxuus tgo GespasmepHa (oHa paBHa
OTHOIUIEHHIO AJHH JABYX orpeskoB). ITostoMy H He moxer OHTDb

d
TIpOCTOrO paBeHCTBa tg a= E—g-, TaK K3K B HeM JieBas YacThb H NpaBas

YacTh HMEIOT pasHHe %asuepﬂocm. Macmra6Heie MHOKHTENH [ M 0
n
B thopMysie tga = T Ey Kax pas H AeJaloT paBeHCTBO MPaBHABHHM

¢ TOYKH 3peHHsA pasMepHocTH. Tak, Bo BropoM npuMepe ! umeer
pasMepHocTh ¢M/Mecall (1 cM Ha rpaguke Ha 1 Mecal Bospacra), n
HMeeT pasMepHOCTh ¢M/XT (1 cM Ha rpaduxe Ha | Kr MaccH), Tax
n dy
uTO T == GespasmepHo. B popMmyne
n(cM/kr) dy
l(cu/mecan) dz
BCE Pa3MEPHOCTH COKPAlLIAIOTCA,
O6 atoM caeyeT MOMHHTL NPH CPABHEHHM TIPOH3BOJHOM H Ha-
KJIOHA KPHBOH.

tgo = (xr/mecs)

Yopaxnenus
1. TMocrpouts rpadux y =22 + 1 B npegerax orz=—15 g0 x =25
¥ TMPOBECTH K HeMy KacaTeNbHbie B Toukax ¢ = -1, 2=0,z=1,z=2

2. To xe aas dhynkmau y = £° — 322, —1 < z < 3,5, KacaTe/bHHe IPH
z=-1,0, 3. HaliTy TOYKH ¢ rOpHI0HTANBHON KacaTelbHOH,
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3. HafiTH TOUKH ¢ rOpH3OHTANbHOM KacaTeabHOH A KPHBOH § = z° —
£+ 1, IlocTpouTs KpHBY® NpH —2 < T < 2.
Ykasanue ¥YnpaxoeHns 1-3 >xesaTesibHO BHIONHATH Ha MH/JIH-
MeTpoBKe B KPYNHOM MaciiTabe,
4. Moctpouts Kpusyw 3 (x) Ana byHkuuH y(x), sapanHol puc. 8.

i
2L
1_
12 3 4/ 5 6\ 8 9 JoAT—12%
M u
=2}

Puc, 8.

Yk asanue Cneppa niepepucopath pHc, 8 Ha YHCTHIH JHCT M TaM ke
eTpouth %/(x), 4TOGM He JHIIATH YAOBOJLCTBHSA CNEAYMINET0 4YHTATEd.

5. IposectH KpuByw y(z) uepes Touky & = 5, y = 0 aAns kpusoft ¥ (z),
apannoit puc. 9. Tloa Kakum yraom y(x) nepecekaer ock opaunar? Ilog
KaKHM yriom y(x) nepecexaer och aGCiHCC NPH = = 5?

Yxazaune To xe, 4T0 H K ynpaxKHeHHio 4.

Yi

Puc, 9.

8. CocraBuTh ypaBHeHWs KacaTeAbHHX K KpuBok % = 2® B Toukax
#=05n o= 1. HaiiTh TOYKH nepeceueHHs KacaTeJbHHX C OCAMH T H ¥.
7. Ha#ttn o6mee opasuno ANA ToUeK MepecedeHHs ¢ OCAMH KacaTedb-

HBIX K KpUBEM § = a2, ¥ = bad.

$ 6. Poct u yO6niBanne, MAKCHMYM B MEHAMYM GyRKIuii

lyets HaM 3amaHa 3aBUCHMOCTE Kakoi-HHOYAb ¢(H3M4YecKoil Be-
JAWUNHB, HalPHMEP, TEMMEPATYpH, OT BPEeMeHH.

Hrak, z -— sT0 TeMneparypa, ¢ — BpeMs, H AaHa (opMyNIa JIA
¢yHkuny 2(2). Kak ompepesnuTh, pacTeT WAH NajaeT TeMNepaTypa
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B JaHHEH MoMeHT {? Kak onpeneauTh, B Kakol MOMeHT TeMnepaTypa
DOCTHTaeT MaKCHUMYMa WJIM MMHHMYyMa?

He 3nas npou3BoAHLIX, OTBET HA NepBHH BONMPOC HYXKHO MCKATbH
YHCJEHHO! HAlTH TeMmepaTypy B HaHHbIH MOMeHT i, 3aTeM B3fATb
KaKOH-TO cAeAYOmH MOMeHT 1 H NoCMOTpPeTh, BHPOCA TeMIepary-
pa uau ynana? OueBuAIHO, UTO TAaKOH CMOCOG HeHafiexeH: ecnu 2(%))
U GoJsbiie, ueM 2(t), TO BeAlb He MCKJIIOYEHO, YTO B MOMEHT ¢ TeM-
nepatrypa nagaja, sckope (mocae ¢, HO 0 ¢1) HOCTHIAa MHHUMYMA,
a yxe nocJe STOTO CTaJa PacTH M K MOMeHTy %) cTaja Bume z(%).

C moMoIRpio NMPOUSBOAHLIX BONMPOC PeINaeTCH TOYHO: Hallo HaMTH
NPOM3BOIHYIO % Ecau = Z'(t) npw 3amaHHOM ¢ ecTh MOAOXKH-
TesbHa# BeAUYMHA, TO z(t) ecTb pacTymas GyHKUMA: NPH YBeaHHe-
HHM { Ha Manyl0 BeauuHHy Af TemnepaTypa H3MEHHTCH Ha Manayio
BeAMuKHY Az = Z/(t) - At (Kak GHJA0 BHACHEHO paHbIlle, YeM MEHbIIE
At, TeM Tounee 3T0 paBeHCTBO). MH paccmatpuBaeM At > 0 —
yBeauyeHHe Bpemend. Econ 2/(8) > 0, At >0, o u Az > 0, T.e.
¢ TeueHHeM BpeMeHH TeMrneparypa pacter. Ecau 2/(t) < 0, At > 0,
10 Az < 0, T. e, TeMnepaTypa B cAeAyiomEl MOMeHT 2(t + At) Gyner
HUKe TEMNEpaTypH 2(t) B JaHHEIH MOMEHT.

TakuM 06pasoM, MONOKHTEAbHAS MPOUIBOIHASA YKASHBAET HA TO,
4TO YHKUMS ABASAETCH pacTyllefl, a OTpHLaTe/IbHAA IPOHSBOAHAA —
Ha TO, YTO QYHKLMA [aJal0mas.

BupaxxeHus «pactymas GyHKUMA» H eMafiaiomas GyHKIUA» Npu-
MEHSIOTCS He TOJbKO K 3aBHCHMOCTH OT BpeMeHM, RO M K JioGo#
¢yHKiuA y(x); npu 3TOM pacTywedl PyHKUHeH HaSHBaeTCA Takas,
Y KOTOPOW y YyBeJMUHBAGTCH MPH YBeJMUEHMH He3aBUCHMOH mepe-
MEeHHOH . dy

IponsBonHas g KOK Pas U JaeT CKODOCTb POCTd, T.e. OTHO-

IleHWe H3MeHeHMf Y K H3MeHeHHw z. OTpHUaTeAbHas CKOPOCTb
poCTa o3HaYaeT najeHue, YMeHbIUIEHHE ¥ NPH YBEAUYCHHH T, M ecJd
—= <0, To (——) €CTh CKOPOCTb MafeHus.
d.’B L dx p !u!

BrpaxeHue «BesHUHHA Yy UMeeT GOABIIYIO OTPHIATEALHYIO NMpPO-
U3BOIHYI0 110 z» 0603HavaeT, yTo y OBICTPO MafiaeT ¢ yBelAU4eHH-

d;
eM z. [NloaoxuTenpHas MpoH3BOAHAA oy 03HA4ydeT, 4YTO Y pacTeT

dr
¢ POCTOM Z.
®uauku ¥ MaTeMaTHKH, B 0COGeHHOCTH OymyliHe GH3HKH M Ma-
TEMATHKM, TOJIbKO YTO Y3HABIIHe, YTO TaKoe NpPOM3BONHAN, 4YacTo
MPHMEHAIOT 3TO MOHATHE M B NOBCERHEBHON XM3HM: ¢NPOU3BOAHAA
OT MOEro HACTPOEHWS N0 BPEeMEHH IOJONKHTEAbHa» — BMECTO «Moe
HACTpOEHME YAYUIIAeTCH»,
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Pemnute 3amauy-myTKY: KaKOH 3HaK WMEeT NPOHW3BOLHAS OT Ha-
CTPOSHMA N[O PacCTOAHMIO A0 Kpechaa 3yGHoro Bpaua? HactpoeHue
YXYLIIAETCH, «YMEHLINACTCH?, CTAHOBUTCSA «OTPHLIATEJBHLIMY 110 Me-
pe ymenblienus PacCTOAHHA, SHAYHT, NPOUIBONHAA MOJMKHTEAbHA,

Moxet 6uTh, nHcaTenH GYAYT ceToBaTh Ha 3aCOpeHHe A3HKA,
HO Ha CaMOM JeJieé Takoe BOJAbHOe IIyTOYHOe ynoTpebjeHne Marte-
MaTHYECKMX IMOHHTHH — 3TO XOpoLIasd TPEHHPOBKA mas Gymymux
CepLe3HEIX MPHMeHeHHH.

Ecto pyHKUHM, HMeOmMMe ONUH H TOT JKe 3HAK NPOUSBOEHOMN
npH mio6HX 3HAYeHUSX MNepeMeHHOH: TAKHM CBOACTBOM 06Jafaer,

HanpuMep, nuHeiiHas ¢yHKuua y = kz + b, y Koropoft % =k —

nocTosHHaa BenHdMHA. [lozke MH yBMIOMM, 4TO Yy TOKa3aTeJbHON
pYHKUMHE Y = G NPOU3IBOAHAA HMEET IOCTOAHHHN 3HAK (XOTA H He
NOCTOSIHHA MO BeAWYHHe) MpH Jio6Hx z. ONHAKO NMOCTOAHHHH 3HAK
NPOH3BOIHOMN, KOHEYHO, COBeplieHHO He oOsisaTesleH; 3HAK NPOHS-
BoAHOH MaHHO# QYHKUHHM MOXeT OHITH Pa3AHYHEIM MPH PasAHUHHX
3HaYeHHAX ‘He3aBUCHMON nepeMeHHOM.

MpencrasuM cebe dynxuuo y(z), npoussogHas xotopold ¥'(z)
nonoxuTeaLHa NMPH T < Ty H OTPHIaTenbHa TPH T > To: KPATKO,
¥(x) >0, z < zp; ¥(z) <0, > =.

Yro MoxkHO ckasaTb o Tako#t ¢pyHKuuK? HauneM ¢ & < xp. [lpu
yBeJuU4YeHWM T 10 Ty Y GYAeT pacTy; npu AajbHedilleM yBeAMueHHH T
¥ nagaer. OTCIOia BHBOM: NPH & = Zg GYHKUMA y(x) UMeeT MaK-
CHMYM,

PaccmoTpuM NPOTHBOMOMOXKHEIA caydait:

¥(z) <0, z<uay; ¥(x) >0, z> .

Paccyxnas TakuM xe cnocoGoM, npuieM X BHBOLY, YTO B STOM
clyuae pH £ = g Y(z) HMeeT MHHHMYM.

Ecau dynkuua y(z) 3agaHa ¢opmyaod, KoTopolt cOOTBETCTBYET
nAaBHasA KDHBaA, TAK YTO M !}/(x) IJIaBHO H3MEHAETCS NMpU Hame-
HeHHM T, TO pasHHN 3HaK y'(Z) npu ¢ < Ty U T > Ty B o6ouX
cay4aax o6oaHauaer, uTo npu x = zyp y(%y) = 0. TaxuM o6pasom,
NpUPaBHUBAA HYJAO NPOUSBOAHYIO, MB MOMEM HalTH Te 3HAUEHHSA
He3aBUCHMO NepeMeHHOM, NPH KOTOPHIX (PYHKIMA HMEET MaKCHMYM
Wi MUHUMYM. O6 HCKAIOUEeHHAX M3 STOrO NMpaBHJA AJAA HErJafKuX
KPUBHX MMOTOBOPUM o3xe, B raase III.

IMpuBenem uncaeHunft npumep. B § I rnasu [V cocrasaeHa Ta6-
auna GyHKIpH y = 32° — 22 — 2, oM. c. 199, Cyns nio sroli Tabaune,
MOXKHO Obis0 OH AyMaTh, YTO GYHKUMA ABASAETCH PACTYILeH NPH Bcex
SHAYEHUAX I, TAK KaK KaXHOe yBeJW4eHHe £ HA eNWHMLY BLI3HIBAJO
yBeJIH4eHHe y.
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CocTaBNM MPON3BOAHYIO
¥ =922 -2z 1.

Base z =, noayuuM ¢'(0) = —1 < 0. 3Haumur, npn = = 0 PyHk-

o¥a — najapllada; 570 ONpoBepraeT Npelnooxenne, UTo (bYHKIJ.HH

Besfle pacTyllas, MOJYYEHHOR U3 PACCMOTPEHHA TAaGAMLL.
pupaeaseM 3 (z} Hymo. Peman ypasHeHHe

9z% -2z —1 =0,
HaliieM 1Ba KOpHS:
z = —0,24; 29 =10,46.

CocraBuM Ooltee nofpobHyi0 Tabauily 3, BKJAKHad HaliAeHHbie
TOYKH MaKCHMYMa M MUHMMYMa.

Tabauua 3
z| -2|-1|-0,30 |-0,24 |-0,18 (0] 040 0,46 0,52 1 2
y|—26|-3|40,129| 40,140 | 40,131 | 0| -0,372| —0,381 | —0,370 | +1 | +18

Mu puanM, uTO, ZeHCTBHTEABHO, Ha yuacTKe oT £ = —0,24 g0 x =
= 40,46 pynruus y nagaer ot +0,14 no —0,38.

CpaBHenue 3HaueHufi ¢(—0,24) c¢ cocemuumu y(—0,30)
u y(—0,18) nopTBepxpaer, uto npu £ = —0,24 y HOoCTHraeT Mak-
CHMYMa, cocefHHe ¥ MeHbme. [papuk
dyHKIHE y = 32° — 12 — £ npuBefenH
Ha puc. 10.

3necs e MH BHIMM, 4YTO CJO-
BO MOKCUMYyM Hag0 TNOHMMAaTh He
B CMhiCJ€ HaHGOJbIIEro H3 BCEX BO3-
MOXHHX BooOme 3Hauzenuit y. B ca-
MOM flefié, B TOYKE MaKCHMyMa
y(—0,24) = 40,14, ampuz =1 y=1,
npr z =2 y=+I18, nmpu z = 10

= 269, u 1.4., Npd HeorpaHH4eH-

HOM YBeJWYEHHH T ¥ TaKXe Heorpa-
HHYEHHO pacTeT. UeM Xe OTIHUYaeTCA
HafifleHHa# HAMH TOYKA MaKCHMyMa ™)
Puc. 10. Zmax = —0,24, y =0,14?

*} 3HauoK max Npu ¥ — COKPAUIEHHE JATHHCKOrO CAOBA MAximum — MakcH-
MYM, GATAETCH: ¢HKC—MARC ANH <AKC—MARCHMYM»; 3HAYOK min — minimum —
MHHAMYM.
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Otanune ee B TOM, 4TO Npu GAH3KHX COCeAHHX 3HAYEHH-
KX I, KaK GOMBIIHX Fmax, TAK U MEHBIIHX Zmax, § MEHbIIE, UeM
Yanx = Y(Tmax). ITa 0COGEHHOCTD Tmax HATAANHO BHAHA B Tabauie
|epasuuTe y(—0,30), y(—0,24) u y(—0,18)]. TakHe xe cooGpaxkeHun
OTHOCATCH H K MHHUMYMY: MPH Tpmiy = 0,46  ymin = —0,381; npu
fonblMX mO aGCONIOTHON BeJHUMHE OTPHUATENLHHX T § Heorpa-
HWYEHHO YMEHBIIAeTCA M CTAHOBHTCH MEHBIIE Ymin, HO Tmin, Ymin
OTAHYAeTCH TeM, YTO Ymin MEHbIIe 3HAYeHHH Y TIPH Z, OAM3KHX
K Inin. YCAOBHE PAaBEHCTBA HY/MIO NMPOH3BOLHOM JaeT BO3MOXKHOCTD
HaliTH AMEHHO T4 K M € MAKCHMYMH ¥ MMHUMYMH,

OnpegeseHrie MaKCUMYMOB H MHHHMYMOE apU(METHUECKMM My-
T¢M, BEIYHCICHNEM H CpPaBHeHHeM 3HayeHHH (YHKUMH MPH pasmd-
HWX SHaueHWHAX AapryMeHTa, ABASETCA BO MHOTO pas 6ojee Tpy-
ACEMKHM H MeHee TOYHHM. Bhicinas MaTeMaTHKa — He TOJbBKO
samMeuaTe/ibHOe HAelitoe HocTuxxeHue. IIpaxTHUECKHE, KOHKpETHHe
NINYHCAMTENIbHEE 3aa4l TAKXKe rOpasfio Jierue pelalTcsa MeTonaMu
BLiCleH MaTEMATHKH.

OcraHOBHMCA B 3aKJIOYeHHEe JaHHOrO maparpada Ha Bompoce o
TOM, KaK OTJIMYUTh MAKCHMYM OT MHHHUMYMa, KOTAa MH MOJAb3yeMcs
ycaoeneM y'(z) = 0. D70 yc/iosre BHNOJAHAETCH H B MaKCHMyMe H
4 MHHHMYMe, PasHULIA XKe 3aKJio4aeTcd B 3Hake y'(z) npu z < o
H NpH T > Tp.

Kak onpenenuts 3Hak 3 () npu z, GNH3KOM K To, He BHYHCIAR
lienocpefcTeeHHo i A Apyrux sHaueHu#i x? B nmepeoM cayuae
Ml BHZeAH, uT0 QyHKUMA y(r) HMeeT MaxcHMyM, xorma y'(z) > 0
npH & < g H ¥ (z) < 0 npu z > zo. CleHoBaTeNbHO, B STOM CJIy-
\1ae npousBoxHas y’'(z) cama mpencraBnfier coboli mMaZaluWy o
(pyHKIMIO: NO Mepe POCTA T MPOH3BOAHAA, KOTOpad cHayaja Ouija
noacxkutenbHoOR (Npu z < ), obpaimaetcs B HyJb (IpU & = Zp) H,
NpOLOKAA NafaTh, CTAHOBHTCH OTPHItaTeNLHOR NpH X > zg. Ho Mu
yXe 3HaeM, Kax OTIMYHTb Mafaiomyio QYHKUHIO: ee NPOH3BOLHANA
otpunaresnnia. ClreoBaTeIbHO, B IEPBOM CJyuae NpH TOM 3HaYeHuH
£ = Tmax, TIPH KOTOPOM y UMEET MAkcUMyM, ¥ (Zo) = 0, a npous-
HOAHAA OT MPOH3BONHON OTPHUATENbHA. Takas BeJWYHHa — MPOM3-
BOAHAA OT NMPOH3BOAHON, — KOTOPYID MOXKHO NO OGIMHEM NpaBHJIaM

TPEeXSTaKHO 3aMHCATh
d(%
& _ Naw
dz  dz
HMEeT CBO€ Ha3BaHHEe — <BTOpad NPOH3BOLHAA». Ee o603HAYaIOT
Py

rakxe y”(z) nau 2
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HTaK, YCAOBHE uaKCHuyHa:
y’(ﬁ:) =0, y”(m) <0.

Takum Xe cmoco60M MOXHO TMPOBEPUThL, UTO NPH TOM T, AAA
KOTOPOro
¥(@) =0, y'(z)>0,

dyHRIAA Y(x) HMeeT MUHHMYM.
O6paTHMCA K MPUMEpPY, PACCMOTPEHHOMY BHILIE:

y=32—a? -z, Y =922—-2z-1.
Basis npouzsozHyio ot ¥, HalzeM:
y' =18z -2

Ilpu z=-024 ¥ =0, ¢ = —6,3 <0, u peficTeurensHo, T =
= —0,24, y = 0,14 ectn MakcumyM. [lpu = +046 3 =0, ¢’ =
=+6,3> 0, npu £ = 0,46 y= —0,38, y uMeeT MHHHMYM.

VopamuHenua
Ha#tu sHaueHHs T, NPH KOTOPHX DOCTHTAETCA MAKCHMYM HJIH MHHH-
MYM HIXecheAylowWwHX GyHUEE. B KaxaoMm caydyae BHACHHTB, HMeeM JIH
MH Je80 ¢ MHHHMYMOM HAH ¢ MaKCHMyMOM. B GyHKUEAX, B KOTOpHE BXO-
IOUT MOCTOSIHHAS, 3afjaHHaa Gykeolt 4, AaTk oTReT ANA ¢ > 0 ¥ Ana @ < 0.

1. y=a2? 2, y=z+%. 3 y=a:+-3. 4. y=3°~2.6, y=z'+
+ a7+ b.

§ 7. OnpeaeneHne NyTH N0 CKOPOCTH ABMKEHHAS
H NIOmMAAbL NMOA KPHBOM

3anaya 06 OnpefileeHUM MTHOBEHHON CKOPOCTH ABMXKeHHH v(t)
no 3aflaHHOfl 3aBHCUMOCTH NOJOXKEHNs Tena OT BpeMeHH 2(t) MpuBe-
Ja Hac K MOHATHIO HpOHSBO}LHOﬁ

dz

‘v(t) = '&E‘.
OG6paTHas 3ajaya 3aKJOUaeTcs B ONpeNeACHHH MOJOXKEHHA Teaa
H NyTd, NPOAAEHHOr0 TeJIOM 33 KaHHHIA 0TPe30K BpeMeHH, KOrja 3a-
HaHa MTHOBeHHaH cKopocTb v(t) Kak PyHKUHA BpeMeHH. JTa 3agaqa
NPUBOAHT KO BTOPOMY BaKHe#llleMy MOHATHIO BLICINeH MaTeMAaTH-

KH — NOHATHIO URMEZPArQ.

YenosuMen o6 yno6Hux obosHaueHuax. PaccmarpuBaeM mnyTh,
npoieHHNA 3a BpeMA oOT #; A0 ¢3. UTOOM He MHCATh WHIEKCOB,
HA30BeM HA4aJ0 PAcCMaTPHBAEMOr¢ MPOMEXKYTKA BDEMEHH ORHOMH
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OykBol n (¢3H» — Hauano), {} = %, ¥ KOHEI[ 3TOro NpoMexyTKa k
(éxa» — komen), o = k. [lpofinennnft nyts oGosHaurMm 2(n, k).
3anoMHUM, 4TO KOrAa B CKOOKaxX Mol 3HAaKOM (PYHKIUHM Zz CTOHT ABE
BeAMYHHN 7o H k, To z(n,k) ecThb QauHa MyTH, mpolifieHHOro 3a
mpeMsi 0T n 10 k, Torfa kak z(t) ¢ omHolt BesuuuHOft B cxoGKrax
eCTh NosoxkeHne (KOOpAWHATa) Tesla B 3ajaHHEI MoMeHT t. Mexny
3THMH BeIMYMHaMH eCTh NPOCTas CBA3h:

z(k) = z(n) + z(n, k),
a(n, k) = z(k) — 2(n). } (7.1)

MMyTs, NpofileHHuIl 3a BpeMs OT n KO k, paBeH PasHOCTH SHAueHHH
KOODIHHATH B KOHLe pacCMaTPHBaeMOro NMPOMeXyTKa BpeMeHH z(k)
¥ B HaUaJe STOTO NMPOMEeXYTKa z(n).

Tenepb o6paTuMcsl K BHUUCACHUIO 2(n, k).

B npocrefimem cayyae, ec/4 CKOPOCThb NMOCTOAHHA!

v(t) = const = vy, (7.2)

npofiileHHHH NMyTh, O4EBHAHO, paBEH NPOCTO NPOH3IBEACHHIO BPeMeHH
ABHXXEHHUS] HA CKOPOCTDb:

z(n, k) = (k — n)vp. (7.3)

Ecan Bocnoab3oBaTscA rpaukoM 3aBHCUMOCTH CKOPOCTH OT BpeMe-
HH, TO Ha TAKOM FpadHke NOCTOAHHON CKOPOCTH COOTBeTCTBYET ropH-
aoHTanbHad npumas (puc. 11). Tlpoii-
JEHHWH NyTh, OYeBMAHO, paBeH 3a-  f
WITPHXOBAHHON NJIOMIafid, NOTOMY YTO % 7
NJIOWaAb NPSMOYTOJbHAKA paBHa Mpo-
U3BeIEHHI0 OcHOBaHus (k —n) Ha BH- %
7
cory (w) i
Kak 6wt B ofleM caydae, Korjga
MIHOBEHHast CKOpOCTh He NOCTOSHHA? Puc. 11.
PaccmoTpuM noppoGHO OXHH 4YHC-
neunu#t mpumep. IlycTh cKopocTb ABMXeHHS 3afaHa QopMyoi®)
v =12 Halinem nyts sappeMa oTt =n=1 g0t =k =2
Pazo6beM Beck NMPOMEXYTOK OT f IO k HA fecATh zacTedl u co-
cTaBUM TaGauuy ckopoctd {taba. 4). CokpameHHo HasoBeM At Ma-
AHe npoMexxyTkH Bpemend no 0,1 ¢, Ha KOTOpHe MK DasOHJHM Bech
NpOMeXXyTok oT £ =n 1o t = k.

*} CkopocTh © BHparkeHa B cM/¢, ¢ — B CeKYHIAX; 4ToOW COGMIOAATUCH
TpeGoBaHHA PA3MEDHOCTH, HAMMHIEM v = af> TAe G HMEeT paaMepHocTh cM/c’.
PacciaTpuBaes uacTHu chayda#t, Korma KosddHUUEHT @ YACIEHHO paBeH | om/c’
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Tabauua 4

1101 (12 (13 14 1L |06 {47 |18 |09 (20
v|1,0(12 (144169196 (225|256 | 289|324 | 3,61 | 4,0

B ueM TPyZHOCTh BHUMCJEHHA NYTH Npu cKopocTH v(t), 3afaH-
Ho#t (opmyaoit? OueBMAHO, BCe 1eJ0 B TOM, UTO CKOPOCTb IEpEMEH-
Ha, JJs NMOCTOAHHO! CKOPOCTH OTBeT 3JieMeHTapeH. B paccmaTpuBa-
¢MOM NpHUMEPe BO BCEM NPOMEXYTKE BPpeMeHH oT ¢ =1 g0 t =2
CKopocTh MeHsercd B 4 pasa. OfHaKo mocse TOrO Kak 3TOT Npo-
MeXyToK pasbur Ha 10 yacTefl, B KaxJOM MajeHLKOM NpPOMeXYTKe
BpeMeHH AjuTeabHOcThO 0,1 ¢ CKOPOCTh MEHAETCA MeHbllle — BCero
Ha 10-20%. CnenoBatesbHO, B MaZleHbKHX MPOMEXYTKaX CKOPOCTh
MOXHO NPUGAHXEHHO CYHTATh NMOCTOAHHOA H PACCUMTHBAThb NMYTh
B TeYeHWE MaJoro MPOMeXyTKA BpeMeHM Kax NMpOu3BeNeHHe 3TOro
NPOMERYTKA BpeMeHH Ha CKOPOCTb,

Jnsa BHUMC/EHHH NMYTH B KaXOOM npoMexxytke At, cocrapas-
oweM 0,1 ¢, ucToAb3yeM HadalbHYI0 CKOpocTh B 3ToM Af: 1 cM/c
BAtorlmol,lc, 1,21 cu/e B At ot 1,1 go 1,2 ¢ 1 1. A.; HaKoOHeIl,
3,61 cu/c B nocneanem At or 1,9 go 2,0 ¢. INonuuit npofineHHRIH!
TYTh 32 NPOMEXYTOK BpeMeHH oT t = 1 jo ¢ = 2 npu aToM cnocobe
MOACYETa OKAXKETCA PaBHHIM

2(1;2) =0,1+0,121 + 0,144 + ... +0,361 = 2,185 cm.

OueBHZHO, B TAaKOM pacyeTe MH NPeYMEHbIUMJH IpoiReHHKH
IIyTh: CKOPOCTb B JaHHOM INpHMepe C TedeHWeM BPEMEHH pacTer,
NO3TOMY CKOPOCTb B HauaJjie KaXkKaoro Al MeHblle cpedHel CKOPOCTH.
Kaxpaoe w3 pecaTd cjaraeMHX, Ha KOTOpHe pasbGUT Bechb MYTh,
HECKONbKO 3aHHXKEHO, CJAeJOBATE/LHO, 3aHMMEH H BeCh pe3yabTar.

Tenepsr mopcydTaeM MyTh MO-APYTOMY, a HMeHHO, B KaxpaoM At
Gynem GpaTh 3HauUeHHe CKOPOCTH B KoHIe mpomexyrka At. s
nepsoro At or 1 no 1,1 ¢ sra ckopoctb paBHa 1,21 cm/c, mas
nocaeguero ot 1,9 1o 2 ¢ ckopocets paBHa 4 cM/c. Torna pas npoit-
HeHHOrO MyTH NOAYYUM

%(1;2) = 0,121 40,144 + ... + 0,400 = 2,485 cm.

Taxo#t pacuer, OYEBMIHO, AaeT NpeyBeJHUEHHOE 3HaYeHHe
2(1;2). 3Haumut, MCTHHHOE 3HAYeHHe JKHT B MNpefesax Mexnay
2,185 n 2,485 cM. Pasnuume mexay 2,185 u 2,485 cocraBaser
okoao 15%. Oxpyraaa rpaHunH 4AA 2, NOJAyHaeM:

2,18 <2< 2,49,
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MponenanHu# pacuer MOXHO NOACHATL rpadryecku. [NocTponm
rpaduk (puc. 12), Ha KOTOPOM MO OCH abCIHCe OTOKEHO BpeMd, a Mo
0CH OpAHHAT — CKOpoCTh. Jlad Toro uTo6a ¢TyNneHbKH OLIIH XOPOILIO
IMAHBE, HA YepTesxke MPOMEXYTOK BpeMeHW pa3GUT Ha MATb uacTed
(4 He Ha ;ecHTh yacTeil, Kak B Tabauue). Kaxzoe caaraemoe B mep-
#oll cymMMe mpenctaBiseT coloif MAOUIaZb Y3eHBKOTO MPSMOYrO/b-
(IMKa, OCHOBAHHEM KOTOPOTO SIBAAETCA COOTBETCTBYIOLIMI WHTEpBAJ
Al, a BhcoTol — cKOpocTb B Hauane uHTepBana. CJjeHoBaTeNbHO,
CYMMa MpefcTaBaseT co6of naowans nom JoMaHON (cTyneHuarof)
AMHHEH, 3aIUTPHXOBAHHYIO Ha puc. 12. Bropas cyMMa, B KOTOpOH
It KaXJAOM HHTepBaje Gpasach CKOPOCTb B KOHIE TPOMEXYTKa, CO-
OTBETCTBYET TUIOWAAM, SAaIITPHXOBAHHON Ha puc. 13,

v vi

AN OO B ™
AR T
e

/ 7

4 /

4 /

y=g* "’ y=g2 ’

0 /

%% 2

Ay ’

a ,

25% Y

0 1 2t 0 1 2t

Puc. 12. Puc. 13.

Kak TouyHee moAcyHTaTh NMyTh, NPONACHHHN 32 JaHHOE BpeEMs, OT
i=n=lcmot=k=2¢?

Paznuune mexny HuHeH H BepXHe# OUECHKOH, T.e. pasHOCTD
Mexny bejHudHamu 2,18 u 2,49, 3aBHCUT OT M3MeHEHHA CKOPOCTH
B npefesiaX Kaxznoro HHrepeana At.

Jasa Toro uro6H HalitH Goaee TOuHOe sHaueHwe z(1;2), Hamo
pasburk Bech MPOMEXYTOK BpeMeHW OT 1 Ao 2 ¢ Ha GoJbllee YHCNO
NPOMEXYTKOB MeHblllell AAuHH, TaK, HanmpuMep, ecAd pasGHTb Npo-
mexyTok oT 1 1o 2 ¢ Ha 20 npomexytkos At mo 0,05 ¢, To Taxoi#t
Me pacuer HACT 10 HAaYalbHHIM CKOPOCTAM B KaxcuoMm At

2(1;2) = 0,05 + 0,05 - 1,1025 + ... + 0,05 - 3,8025 = 2,25875,
8 N0 KOHeYHLIM CKOPOCTAM
2(1;2) =0,05-1,1025+ 0,05 - 1,21 +... + 0,05 - 4 = 2,40875.
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Pazauumne mexpy 2,25875 u 2,40875 cocraBnser oxkono 7 %. [Ipene-
ABl, B KOTOPHX 3aKmioueHo z(1;2), cysuauch. OXpyraeHHO

2,26 < 2(1,2) < 2,41.

Ipu ymeHbmieHWH Af pe3yabTaT NPUGAHXKACTCH K HCTHHHOMY
3HAYeHUI) TyTH, KOTOpoe OyfeT BHUMCACHO B HaJbHeAIIeM H OKa-
HKETCH PABHHIM

2(1;2) = 2% =2333....

[pu yMeHpumieHHH At yMEHBIIAETCA pasjavuuve MeXAy Hauyalb-
HOH H KOHeUHOH CKOPOCTAMH B KaXIOM MaJjoM npoMexyTke At,
CJIeI0BATEJNbHO, YMEHBIIAETCH OTHOCHTENbHAs OIMGKa B KaXHOM
cJlaraeMoM; MOSTOMY H BCS CyMMa ITyTefi 3a Bce Atf, T.e. BeJUYHHA
z(1;2), onpenenserca Tem TouHee, 4eM MeHble At (4HCI0 MaJBIX

NpOMEXYTKOB, DaBHOE %tn’ TNpH 3TOM YBeJIMYHBaeTCA).

TeomeTpuyeckH O4eBMAHO, YTO NPH YBEJHYEHHH YHCAA TpoMe-
XKyTKOB Al M yMCHBIIGHHH [JMHH KaXKAOT0 NPOMEXYTKA YMEHb-
IIAIOTCA Pa3SMepHl KaXXHo# CTYTIeHbKH Ha
pHC. THHa 12, 13 u, caemnoBaTeNBHO, CTY-
NeHuaTasd JHHHS CTAHOBHTCA Bee GJHXKe
K xpuBoh v(t).

Taxkum 06pasoM, ME NPAXOAMM K BH-
BORY, 4TO IyTb, NpolfeHHNH 3a BpeMs
or t=mn no t =k 1pH NpoON3BOJABHOMN
3aBHCHMOCTH MTHOBEHHOH CKOPOCTH OT
BpeMeHH v(t), paBeH nJoWAaAM, OrpaHu-

=j # yeHHo# Kpugoit v(t), BepTHKanaMH ¢ = n
0

i

v

Hi=k uocbio ¢t (puc. 14).
DTOT BHBOA JaeT Cnocol MpakThye-
1 2 ! CKOTO BHIYHCJEHHS IyTH: MOXHO MOCTpPO-
Puc. 14, HThb I'padpUx HA MHJIJHMETPOBKE M OTpe-
JeAUTh 3alITPUXOBAHHYIO NAOWAAL MH6O
NOACYETOM KJAeTO4YeK, AuGo, HaTmpuMmep, BhpesaB 3Ty IJOWAAL H3
Oymari, B3BecHB BHPe3aHHHIN JUCTOUEK M CPABHUB ero Maccy ¢ Mac-
cofi Bpe3aHHOTO U3 TO# e OyMaru NpAMOYroJAbHHMKA HJAH KBajpaTta

€ W3BECTHOH IJIONIAABIO.

Takoii cnioco6 ynoGeH W BIOJIHe ONpaBAaH, KOrja CKOpPOCTb H3-
BecTHa He TOWHO, 3aJiaHa B BHZe Tabaunu uau rpaHKa, moJyueH-
HHX M3 onHTa. Ho MW He OCTaHOBHMCH Ha 3THX NPHOGAMMEHHHIX
cnocofax ¥ BHACHUM Jallblle, Kax BHPAsHTh GopMyaoit npofiieHHBA
NyTh, KOTJa CKOPOCTb 3afiaHa HopMyoH.
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MOXHO YTOYHUTD M YHCNCHHLIE METON ONpeAe]eHHN NMYTH IO
CPaBHEHHIO ¢ TeMHd BHYHCIeHUAMH, KOTOpPHe 6L/ npuBelieHH BHIIE;
JNIA 3TOTO NMYTh B KaXKAOM MAaJioM TpOMeXXyTke BpeMeHH Oyoem
OlpelensiTh MO cpefHeMy apH(MeTHyecKoMy (T.e. MonycyMMe) Ha-
naAbHON H KOHEUHON cKOpOCTH B JaHHOM npomexytre. [Ipu Tanom
criocobe, NpH pas6uBKe HA JECATH POMEXYTKOB, CKOPOCTL B IEPBOM

npomexxytke ot | mo 1,1 ¢ npumem paeHoit 1+121 1,105 em/c
W NyTh 3a 5TOoT npomexyrok BpemeHu 0,1105 cM, myTs 3a Bropoit

npomexytok 0,1 - —1121%1-’—;42 =0,1325¢cm v 7.0, CkAagHBas ux,

NoNyuuM TAaKHM CHocofoM NyTh, NpoiifieHHHN 3a Bce BPEMS OT
n=1c¢ no k=2 ¢, paBHEM

2(1;2) = 0,1105+0,1325 + ... = 2,335 c.

[Tpu pasbuBxe Ha 20 NMpPOMEXYTKOB MOJAy4UM TaKUM Ke CHOCOBOM
(no nonycyMme ckopocTeit)

#(1;2) = 2,33375 cu.

IJTH 3Ha4YCHHA ropasno 6Amxe X HCTHHHOH BeamunHe 2,3333 cM, ueM
BHYHCACHHHE 110 HAYAALHOMY WM KOHEUHOMY SHA4YeHHIO CKOPOCTH
NPH TOM 3Ke YHCJAS MPOMEKYTKOB: NPH JeCATH NpOMeXyTKaxX omubKa
pasxa 0,07 % sMecro 15% B npexcHem croco6e, npu 20 npoMexyT-
xax omubxa 0,02 % Bmecto 7 %.

Tako#i cnoco6 TaKke MOXKHO HAMAAAHO MOACHHTL Ha rpaduxe.
[pouzBeneHHe MOAYCYMMH CKOpOcTe#l B Hauajle H B KOHIe NpOMe-
KYTKa Ha BEJIWYUHY NPOMeIKYTKa Bpe-
MEHH ecTb nuowans Tpaneunu ADCD
(puc. 15): ee ocHoBauna AB u DC,
Buicota AD, naomazs

@E=M(Q—tl).

[TosToMy onpefeneHue MyTH MO MOAY-
CyMMaM ckopocTel Ha3HBaeTcHd ¢Meto-
goM Tpaneumii». [lpu Tom BHZE, KO-
TOpHI uMeer KpHpas v(t) Ha puc. 15, ©
IJOmMAAbL TPaNnenH HECKOALKO GO0Jb- Puc. 15

e MACIRAKM, OTPAHHYEHHON NPAMBIMH T

BA, AD, DC u otpeakoM Kpusoi#t BC. PasHocTs naomagd tpa-
MeHy ¥ IJIOmAny, OrpaHHYeHHON OTPe3KOM KpuBoOii, paBHa MJjoILa-
HOH JYHOUKH, oGpasoBanHON xopiofi BC wu otpeskom Kpupofi BC

v
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(samrpuxoBana Ha puc. 15). 3ta naowane H Aaet omwwuGKy — pas-
HOCTb MeXAY UCTHHHHIM 3HaYeHHEM NYTH ¥ BHYMCACHHHM N0 MeTOo-
Ay tpaneunit, CpaBHeHHe ¢ pHC, 12, 13 HarasgHO MOKA3HBaeT, YTO
OIIHOKa B MeTONle TpameuuP AO/MKHA OBITh MEHBIlle, YeM B MeTone
CTYNeHex.

Korga Ml cpaBHHBaeM MyTh H MJOLL2AL Ha Ipaduke, HeoGXOAUMO
Y4YHTHBATh MaciuTal, B KOTOPOM COCTaBJAeH rpa¢uk. IIycTh Ha rpa-
tbuke 1 ¢M no ocu abenHce COOTBETCTBYET NPOMEXYTKY BpeMeHH ¢ ¢,
1 cM no OCH OpAMHAT COOTBETCTBYeT cKopocTH v cM/c. Torma npu
OBUEeHUH C NOCTOSAHHOH CKODOCTBIO ¥y B Te4YeHWe BpPeMeHH OT 7
Bo k nyth paBeH vg{k — 1), 2 /IOLEAb MPAMOYTOABHHKA HA rpaduke
{(puc. 11) paBHa

s§=2 =n) o’
v t

Takum o6pasom,
z(n, k) = Svt.

370 COOTHOILIEHHe MeXy NPORAEHHHM NMYTeM H IUIOMAaAbio HA rpa-
tbuke ckopocTd, orpanudenHofl kpuBofl v(2), oChIO abCLMCe H Bep-
TUKAJAfIMH, COXPaHASTCA H B CAyuae mepeMeHHON CKOPOCTH M Mpou3-
BOJIBHOH 33aBHCUMOCTH v(t).

Takum oOpasom, MH noApobHO paccMoTpenH CnocoSH NpHOAH-
MEHHOFO YMCJEHHOTO M Trpaduuyeckoro ompefieieHUs NpoiieHHOTO
MYTH [0 3aJaHHON 3aBHCHMMOCTH CKOPOCTH OT BPEMEHH.

§ 8. Onpenenenuniit muTErpan

B nmpepnpgymem naparpade ABe 3amaud: 3aAa4a onpeflesieHus
npofiZieHHOro MyTH H PaBHOCH/bHAA el 3afiaya ompeleNeHHs mAOLIA-
¥ moA KPHBOA — NpHBEJH K PacCMOTPEHHIO CyMM ocoGoro Buaa
¢ GOJIBILIHM YHCNOM MAJHX CHaraeMuiX.

HocranoBKa 3THX 3aJau DPHBOAHT K MOHATHIO HHTErpaja.

Beanuuna nytH z(n, k), HaliaeHHaa no 3aganHol ckopocTH v(t),
Ha3HEAeTCH «OlpefiefieHHHM UHTerpaoM GyHkuuA v(t) — CKOPOCTH
N0 NepeMeHHOR { — BpeMeHH, B3ATHM OT 7t 10 k».

Janum MatemaTuyecKkoe onpefiesieHHe WHTerpaia, COOTBETCTBY-
01lee TeM HAEAM, KOTOPHE GHIIM HIJIIOCTPHPOBAHH YHCAEHHHM IPH-
MepoM npefugyliero naparpada. 3To onpefeseHHe OCTAHETCS Bep-
HHM H B TOM CJIydae, eCJIH pacCMATpUBAIOTCA He CKOPOCTh U MYTh,
a Kakue-aH60 Apyrue (H3HueCKHe HAN MaTeMaTHYeCKHe BeJMUHHHI.

Hrak, mycTs gana gpysxuus v(t). JAs HaxoxKOeHHs ee HHTErpajia
OT n J0 k paafuBaem NPOMEKYTOK OT . A0 & Ha GoJbilloe IHCAC M
MaJHX NPOMEXYTKOB. 3Ha4eHUs apryMeHTa ¢ Ha TPaHHUAX MaJHX
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npoMexXyTRoB 0603HauuM fo,11,%2,...,tm—1,tm. IIpH 3TOM, OueBHA-
Ho, tg = n u nocaennee t, =k (puc. 16).

n
L 4 fz 2] l‘4 t ‘lr-l l‘:
AL - — | 1 ~, | I

Y
-

Pre. 16.

JnMHE MasiblX MpoMeXyTKoB BpeMenu Af paBHH PasHOCTH CO-
CeHUX 3HaYeHHH ¢ *),

Homep npomexyTka COOTBETCTBYET HOMEpY apryMeHTa B KOHLE
npoMexcyrka (puc. 16). Takum o6paaoM, Assi KaKoro-HHGYAb MpOH3-
BOJMIBHOTO 1

A=t -t

3HauKH CHH3Y Y BeanuuH t H At npencTasiqi0T coGoi He MHOXHTe-
¥, 2 HOMEpa, WK, KaK UX HHAYE HASHBAIOT, ¢HHAEKCH» (CM. CHOCKY
Ha c. 206).

[MpuGauxenHoe 3HaYeHHe MHTerpasa z(n,k) maetca dopmysoft

i=m

An, k) Y vl(tin1) At (8.1)

=1

3HaK ) €CTh NMPOMMCHAA rpedeckas 6yksa L (YHTAETCA: ¢CHT-

Mas), Bykpa X B rpeueckoM aJ¢daBute coOTBeTCTBYeT GykBe S
{=m

JN3THHCKOTO anaBuTa — NepBoil SyKBe C/I0BA CYMMA. » . 03HAYAET,

=1
YTO BHpaXKeHHWe, CTOflllee CNpaBa OT ITOTO 3HAKA H 3aBHCAIEE OT
uHIekca l, HANO B3ATH NpH BeeX 3HaueHHsX [ or 1 fo m H Bee 5TH
BHIpaXKeHHs Hajo CJAOXKUTD. Tak, Hanpumep, ecau m = 10, 1o

i=10
Z v(t—1) At = v(tg) Aty + v(8))Ata + ... + v(te)Alyp.
=1

*) Eci pasGuBaTh NMPOMEXYTOK OT i A0 k CMELHAZLHO Ha M PaBHHX yacTedt,

T0 Kawau npoMexyTok At = k;“. Onnako ons AanpHeifmero He o6AsaTesNbHo,
4To0H BCe 9acTH, HA KOTOpHE pa3fur npoMexyTok, OhLiH pasHH Mexcay colof,
HYXHO TOALKO, 9T00N Kaxauil npomexyrox Af Own Man. Yeratenn momer yGe-

ARTBCR B ITOM, PONYMAR NPUMEp MYTo — CKOPOCTs H3 § 7.




44 Torrmue npouseodnoll u urmezpara [Ta. 1

B npumepe § 7 B Tabn. 4 fHr=1,t, =11, =12, ...,

i=10
2(1;2) = 2(n, k) ~ Z 7 Aty = 2,185.
=1

B npHOauxKeHHOM BolpameHuH (8.1) B KamzIoM NpOMeXYTKe 3Ha-
deHHe GyHKuHH v(t) Gpajock B Havade NMPOMEXKYTKAa — B TOYKE
;1. Jlpyroe npuGAMKeHHOE BHIpaXeHue MONyUHM, Gepsi B KaXKAOM
NPOMEXYTKe 3HauYeHHe QYHKUMH B KOHLE IPOMeXYTKa:

{=m

z(n, k) = z v(t—1) At (8.2)
=1

B npumepe § 7 npu m = 10 ata cymMma paBransace 2,485,
Onpedesennvim urmezpasom GbyHkuuy v(t), B3aThIM OT 1 J0 K,
HaseBaeTcs mpefied, K Kotopomy crpemarcs cymmel (8.1) u (8.2) npu
CTPEMJIEHUH K HYAIO BCeX MPOMEXYTKOB Af,
Hurerpan sanuckiBaerca B Buge *

k
2(n, k) = jo(z) dt. (8.3)

n

3Hak ] (uHTErpaN) NPOHCXOLMT TaK¥Ke OT JaTHHCKOH GyKBH S (nmep-
Boft GYKBH CJIOBA «CyMMa»), OH DOJYYMJCA pacTATHBaHHMEM STOR

GYKBH.

3uak df B oTaMuME OT A 03HAYaeT, YTO JJd MOAYYEHHA TOY-
HOPO 3Ha4YeHHd HHTerpajsa HeoGXOAMMO mepefiTH K mpepedy, Koraa
Bce npoMexxyTKu At crpemarca k Hymo. Popmyan (8.1) u (8.2)
C KOHeYHHMH At JaioT TOJAbKG NpHGAH)KeHHBle 3HaY€HHS HHTErpa-
Aa. HanomuuM, 4To B § 2, paccmarpHBas DPOH3BOOHYI0, MH TaKXKe
3aMeHs/IH KoHedHHe oTpeskH Az u At audbepennuanamu dz u dt.

Korpa Manble npoMexXyTKH At CTAHOBATCA BCe MeJbue H MeJbue,
TO yXe CTaHOBUTCA OespasiAHuHBIM, GpaTh JIM 3HaYeHHEe QYHKUHH ¥
B Havafle, B KOHIle HJM Tfie-HHOYAb BHYTPH NPOMEXYTKa, T.e. Ges-
pasJIu4HO, HCXOHHTD U3 (8.1) unu us (8.2), 1 B dopmyae (8.3) crour
npocTo v(t) — 3HayeHHe PYHKUHU B IpoMexxyTke df, 6e3 yKa3aHHS
Toro, Gepercsl 3HaueHHe v(t) B Hauale HWJIH B KOHILE IPOMEXKYTKa.

Caegyomee ornuune uuTerpana (8.3) or cymm (8.1) u (8.2),
KOTOpHE J2l0T MPHOJNHKEHHO 3HAUeHHA MHTerpaja, 3aKkJaoyaeTcd
B TOM, 4TC NPH YMeHbIIEHHH BeJHYHH Al B OPH YBeJHYEHUH YHUCAa

*} Unraercs; 39T OT SH, Ka PABHAETCS HHTETPATY OT $H JO Ka BS OT T [9-T95.
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MIABIX POMEXYTKOB MH OTKA3HBAEMCs OT TOT0, 9TOGH HYyMepOBaTb
kx, [losTomy y MHTerpajiia ykasuBalOTCH TOJLKO INpefefH H3MeHe-
niA t oT n o k.

BenuuuEa n CTaBUTCA CHH3Y ¥ Ha3HBAaeTC HHKHHM MpelenoM
MHTErpUpPOBaHHs, BEJMYMHA Kk CTOMT ¥ BEDXHEro KOHI2 3HAaKa HH-
Terpaa H HaswBaeTcs BepXEMM npefieoM *). TIpoMexyToK HameHe-
WHR ¢ OT n I k Ha3HBaeTCHA NPOMEXYTKOM MHTerpHpoBanusa. (DyHk-
unio v(f) B BHpa)KeHHM HHTErpaja HasLBaloT <NOAHHTErpabHas
ihyHkuuss, { — enepeMeHHass HHTErPHPOBAHHA».

Taxum 06pa3om, WHTErpaX onpefiessercsi Kak Opefes, K KOTO-
PUMY CTpEMMTCA CyMMa MpousBefenuil sHauenudt QyHkuuM Ha pas-
NOCTb 3HaYeHHH apryMeHTOB NPH CTPeMJeHHH K HYJI0 BCeX DPAa3HO-
¢Teft apryMeHTOB:

I=m I=m k
Jim gv(t;)At; =Y ulti)Ay = Iv(t) dt.  (84)

i=1 n

XoTs nepeas M BTOpas CyMMH B papeHcTBe (8.4) NpH KOHEYHOM
"HCJe MaJHX NPOMEXYTKOB DasjHYHH, NPENNH HX NPH HEeorpaH#-
11eHHOM YMeHbILIeHHH BCeX NPOMeXyTKOB At 0IHHAKOBI.

Tipu crpemaennu At K HyMI0 KaXKA0e OTAS/BHOE CJ1araeMoe CTpe-
MHTCA K HYJIO, HO 3aTO BO3PAacTaeT, CTpeMHTCA K GecKOHeUHOCTH,
uneno aneHoB cymMMel. CaMa cymMMa CTpeMHTCA K BIOJIHE ompefe-
AeHHOMY Npefey, ABAAIIEMYCa pellleHHeM 3aJlaul W Ha3uBaeMOMY
«WHTErpass. STOT Opelef, T.e, WHTErpan (YHKUMH, paBeH NpoH-
NeHHOMY IYTH, eciM (YHKLMA NpeAcTaBAseT coBolff MrHOBeHHYIO
CKOPOCTB.

Pasymeercs, naseko He Besikas CyMMa GOJIBIIOTO YHCHA 17 MAJHIX
C/laraeMHX CTPEMHTCA K OnpelieJIeHHOMY Npeaexy npH m — oo, [lo-
ACHHM, NIOYeMy B HallleM cJiydae Takofi npejea JosxeH OHTb. Bynem
pasbuBaTh OTPe30K AJMUHOR k —n Ha m pPaBHHX NPOMEXYTKOB.
Jauna kaxgoro npomexyrka At; = (k —n)/m. Ecan 1as npoctoTh
B3ATh CKOPOCTD U MOCTOSAHHOM, TO MH [OJAYHHM CYMMY 1t CIATAeMBIX,
KaxJoe H3 KOTODHX paBHO vAt = v(k — n)/m. B utore Bcs cymma
(1.e. npolinennu# nyts) paBHa mvAt = mu(k — n)/m = v(k - n),
T.€. He 3aBHCHT OT M. 3lleCh OYeHb BaXHO, YTO KaXKjoe OTIEABHOe

*) B stom naparpade CJI0BO «npejess YNoTpeGasercs B ABYX CMHCIAX: HHTe-
rpaj ecTh Tpefed CYMMH B TOM e CMECJe, B KOTOpPOM NPOH3BONHAA €cTh Npeaes
OTHOWEHHA. 37ech CAOBO <mpefies» cooTheTcTBYeT SHaKy lm. Kpome roro, Mu
roBOPHM o Dpefieflax MaMeHenus t oT ® Ao &, 0 Npefesax HHTETPHPOBAHEA M
W k. 3aechk CACBO enpemens HMeeT Opyroif cMHe]. BHEMATENLHHR 9HTATe/Nb He
3aNyTaeTCH B STHX ABYX 2HAYEHHAX CJOBA «Npejiels.
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caaraeMoe yOHBaeT KaK pas B Takoft nponopuus (IponopLUuoHaaLHO
1/m), B KaKofi pacTeT YHCAO caraeMHX m. fIcHO, UTC H AAA CAydan
nepeMeHHOH CKOpoCTH pesyawTaT He GymeT 3aBHceTh OT M IpH
OueHb GOJILIIOM YHCAE T MeJKuX oTpeskoB At = (k — n)/m. Oaa
TOr¢e 4ToOH yGeIUTLCA B 3TOM, YHTATENI0 MOXHO MOPEKOMEHN0BATh
NpoAeaaTh YNPAXKHEHHA K BTOMYy naparpady.

INocKoAbKY mepeMeHHAs HHTETPUPOBAHHA MOMET NPURUMATE 3HA-
geHHs 1t ¥ K, TO AICHO, 4TO Npelleisl HHTEIPHPOBAHHA HMEIOT pas-
MepHOCTh M HX PA3MepHOCTb PaBHA Pa3MEPHOCTH NepeMeHHOl HHTe-
TPHPOBAHHA (B NpUMepe NYTh — CKOPOCTb Mpelebl MHTeTPUPOBAHHA
HMeIOT pasMepRoCcTb BpeMeRH). PasMepROCTb HHTETpaia Jerko moay-
uuth U3 (opmyant (8.1). HeficTBHTeNbHO, pasMepHOCTb CYMMH paBHA
PasMEPHOCTH OTACJBHBIX C/IATAeMbEX,

OrgenbHuie cnaraemue cymmu (8.1) HmeloT paamepHOCTb, pap-
HyI0 NpPOHSBEACHHIO PasMEPHOCTH MEpPEeMEHHON HHTETPHPOBaHHA Ha
pasMepHOCTb MOAHHTErpaibHoi $YHKUHH. B mpumepe myTh — cko-
POCTBH Pa3MEpPHOCTh MHTEIpaJa ecThb C - CM/C = CM.

JameTHM, 4YTO BeJIMYMHA ONpeNe/eHHOrO HHTeIPANa 3aBHCHT OT
3HaJeHH? CTOsIlledl [T0fi SHAKOM WHTerpasa GpyHKUMH J4lib BHYTPH
NpOMEXXYTKa HHTErPHPOBAHHA, 3HAYeHHA (YHKUHM BHE NPOMEXYT-
Ka HHTErDHPOBAHHA HA BeJMYMHY HHTerpala HMKAaK He BJMAIOT.
3T0 cTaHET COBEPUIEHHO SICHHIM, eCAH BCNOMHMTL NpAMEp NMyTh —
ckopocTb. IlpofiieHHulll NyTh 3aBHCHT, KOHEUHO, OT CKopocTH v(t),
HO 3aBHCHT JHILUb OT €e 3Hade-
HUH BHYTDH NMPOMEXKYTKa MHTe-
rpuposanns. IlpofifeHHnA nyTe
2(n, k) copepiieHHO He 32BUCHT
OT TOro, KakoBa GbiJIa CKODOCTB
do MomenTa ¢ = 1 (0T KOTOpOro
MH HAauaJyd paccMaTpHBaThk JBH-
. JKeHHe) ¥ KaKOBa OHA CTaja no-
9 a b b+Ab * cse MoMenta t =k

B § 7 ormeuanoch, 4o MyTh

Puc. 17, MOXHO ONpeNeJHTh, BHYHUCIHB

IJOMIaAb Ha TpadHKe 3aBUCHMO-

CTH CKOPOCTH OT BDEMeHH. 3ajadya HaxoxfeHHMs ntowjadu S, orpa-

HHYeHHON CBepXy KpDHBOH ¢ 3a[dHHWM YpasHeHHeM y(x), CHu3y —

oceio abenuce (ocblo ), ¢ GOKOB — JIHHHAMH Z=a H 2 =1
(puc. 17), Taxxke cBOAMTCH K BRIYMC/ACHHMIO HHTErpaia

y.i h
(b:y(®)

b
§= Jy(:c) dz.
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Jnd noscHeHHA HYXHC BepHYThbcsl K puc. 12 m 13; npeacrasum
ce6e, YTO [0 OCH OPAHHAT OTKNAAKBAIOTCA 3HAUeHHS KaKo#-TO QyHK-
unH y(z), no ocu abeuuce — He3aBHCHMAs NMepeMeHHas Z, NpUYeM
y(Z) He MMeEeT OTHOWIEHHA K JBMJKEHHI0O M CKOPOCTH; BMECTO 7

H k nofictapuM GykBH a ¥ b. CyMma mioliafiefi NpAMOYTOJEHHKOB,
l=m

JaWITPHXOBAHHWX Ha pHC. 12, paBra Y y(%1-1)AZ;, a TaKas e

=1
i=m
cymma Ha puc. 13 pasHa Y y(z;)Az;. B npenene npu Az; — 0

9TH CYMMH 10 ONpEefeeHHIo PaBHE MHTErpany, a CyMMa maomaznei
NPAMOYTONbHHKOB CTPEMHUTC K [JIOIMAJH, OrPAHMYEHHON KPHBOH
#(x), TaK Kak ueM meHbille Bee Ay, TeM GJHXKe K KPHBOH JioMaHas
(3y6uaTan) nuHMA, OrpaHHYHBAIONIAN TIPAMOYTONLHUKH.

B sakioueHHe OTMETHM, 4TO ONpelcNieHHH WHTErpan 3aBHCHT
OT NONKHTErpaNbHO PYHKLUMH U NpeliesIOB HHTeTPUPOBAHHS, HO He
3aBUCHT OT OGO3HAUeHHA NepeMeHHOM HHTerpupoBanHua. IoscHuM
ckasannoe. [lycTs NaHa, HanpuMep, NOAHKTErpaibHas GyHKIUSA

v(t) = 3¢ + 5.
[ToacTaBrB 3HaYeHHe t = I, MIOJYYHM
v(t) = 322 + 5.

[Ipn BHUHC/EHHH Xe HHTerpana 6e3pasiHuHO, KAK HasHBajach Me-
peMeHHasi HHTerpHpOBAaHHS, BaXXHO TOJBKO, B KakKMX MNpefeiax OHa
MeHsANnach, KakoBul OHJIH 3HaweHHA ¢yHKuuH. Tloatomy

k k
2(n k) = jv(t) dt = Jv(m) dz.

[lepeMeHHYI0 HHTErPHPOBAHHS MOXKHO HA3HBATh KaK YFOAHO.

IlepeMenHasi, koTOpas He BXOAHT B OKOHYATENbHHI pe3y/bTar,
nogo6HO NepeMeHHOM HHTErPUPOBAHHWA, Ha3mlBaeTCA HeMod mepe-
MeHHOH. JlepeMeHEYI0 HHTErPHPOBAHHS MOXHO 3aMEHHTb IIOH, HH-
TerpajaoM Jobolt OykBoO#, He Hapyllas CNpaBeAMHBOCTH GOPMY.
O6riuHyio, He HeMyl0, NMepeMeHHYI0 MOXHO 3aMeHATh ApYroi Gyk-
BOH TOJbLKO BO BCeX dacTHX (pOpMYyaH: Hanpumep, B ¢opMyne
(x+1)2 = 22 + 2z + | neapan nammcats (¢ + 1) = 22 + 2z + 1,
a B HHTerpaiax MOXHO MHCaThb

k k

[v)ét = [v(a) do.

n i
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Yonpaxaeaus

1. PaccMorpers cayuafi v = of + b (paBHOyCKOpeHHOe ABHMEHHE),
Hatitn nyth 2a BpeMs OT n jo k, pasGHBaf STO BPEMH Ha 1 PaBHHX
HHTEPBAJIOB; BOCIC/IL30BATLCH TEM, 4TO CAaraeMue cyMM o6pasyioT apug-
MeTH4ecKylo mporpeccHio. Haiiti npepea cyMMu npn m — oo. CpaBHHTB
NOJAYHEHHOe BHpaXKeHHe ¢ NMCLIAALIC TPANelHH Ha MJIOCKOCTH v, ¢, paBHOM
NpolifileHHOMY TYTH.

2. PaccmoTpers cayvait v = t u aas storo ciyvad Haltt nyTh sa
BpeMst oT ¢t =1 po t = 2, T.e. HaifTH UHTErpan

2
2 dt.
Jdc

Jlna 3TOro MOKHO BOCHOAB3OBATHCA pasfHeHVeM uHTepRasa oT 1 jgo 2

1 s 1
Ha M PaBHHX 4acTel H COCYHTATH CYMMY )  tr_, - P~ —
CpaBHHTb 9TH ABE CYMMEL

§ 9. Cea3p MeXAy HHTErpajioM H NPOH3BOAHOMN
{1reopema Huorona—Jle#i6anna)

B npepraympx naparpagax MH pacCMOTPEJH OTAENbHO NOHATHA
NpOU3BOJHOA U HHTerpaia. B HeABHOM BHAie STH NMOHATHA HCNOAb3O-
BaJKCh Marematukamu eme Jo HeloroHa u JlefiSHuna. Beauuatime#
3acayro#t STHX ABYX MaTeMaTHKOB ABHJOCh HMEHHO YCTaHOBJEHHe
CBfI3H MeXXAY 3THMH NOHATHAMH, NpHBeJlIee K CTOAb SypHOMY pas-
BHTHIO MaTeMaTHKH B INOCJACHYIOIMMEe FOAH M AecATHNeTHH, B Ha-
cTofllleM Maparpage Ml HaffieM STy CBA3b Ha NpHMepe MYTb—CKO-
poCTh.

Byaem cuMTaTh 3ajaHHOA H H3BECTHOH 3aBUCHMOCTb OT BpeMEeHH
MrHOBeHHO# cKopocTH v(t). Bymem cuHTaTh NOCTOAHHHIM MOMEHT
t| = n Havasna nyTH. PaccMOTpUM nyThb, NpoieHHHR 3a BpeMs OT
t; =n 80 t; = k, KaK QYHKUHIO KOHeYHOro MoMeHta k. Mu 3ma-
€M, 4YTO

2(n, k) = 2(k) — z(n).

BosbMeM NpoM3BOAHYIO OT JeBOH H NpaBoil uacrtell; mpud 3TOM n
paccMaTpHBaeTCA KaK NOCTOAHHAA BeUYHHA, CCLOBATENbHO, H 2(n)
ecTh MOCTOsAHHaA BeauuHHa. [TosyuynM

dx(n, k) _ dx(k)
ds — dk
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Ho Mu 3HaeM, UTO MPCH3IBOAHAA OT KOOPAWHATH Tefida NMC BpeMeHH
€CTh He UTO HHOe, KAK MIHOB€HHAA CKOpPOCTE Teqa:

dx(k)

= v(k),
3HAYHT, U
OB o(h).
Moxcrasum ciofia BHpameHue 2(n,k) B Bafe uHTerpajia. [oxyuum
k
d
= (j (t) dt) = v(k). (9.1)
n

310 paBeHCTBO ABJAETCA BaxcHeHIIMM OGLIMM CBOKMCTBOM ompefie-
JIEHHOTO WHTerpaja. DT0 PaBeHCTBO B TaKOM BHIe fBJIAeTCA ofmell
MAaTeMaTHYeCKol TeopeMoH; ero MpaBu/JBHOCTL HE 3AaBHCHT OT TOrO,
apaseTcA JH v(¢) cKopocThio (a HHTerpan — nyTem) WM v(t) ecTs
Kakas-To Apyras BequuHHa. Jaa moGoll dyHKuuH, HanpHmep, y(x),
HMeeM: 5

%(jy(m) dx) = y(b). (9.2

PopMyJHPOBKA TEOPEMH: NPOU3BOO0RAR OM ONpedeserRHozo LH-
Me2pasn no e20 6epXHemy npedery DABHE IHAYERUIO NOOviHme-
apaavroll ynxyuL Ha eepxHem npedeie.

BBuay BaXHOCTH TeopeMH AafuM Apyrof BHBOJ, ee, OCHOBAH-
HHA Ha paccmorpenun muowafu. Ilponssonnyio GyaeM BHUHCHATH
N0 BceM MNpaBu2iaM, KaK Npefe OTHOIIeHHs NpHpauieHds $yHKUHH
K NPHPALIEHHIO HE3aBUCHMOH NepeMEHHOH.

PaccmarpuBaeM b

I(a,b) = jy(x) dz.

o

STOT HMHTerpaa ecThb NJOIIAAb, OrPAHUYEHHAA CBepXy Kpusolt y(z),
CHU3Y OCHIO X, CJIeBA — BEPTHKAAbiO T = @, ClIpaBa — BePTHKAJLIO
z =5 (cm. puc. 17).

Kax maiitu npupaitienne uarerpana? [To oSuum npapunam Af =
= I(a,b+ Ab) — I(a, b). [Lnomans, pasHan aurerpaay I(a,b + Ab),
oTiudaerca ot miomanu I(a, b) TeM, uTo NpaBas BepTHKAAL CMECTH-
Jach emle BripaBo Ha Ab (cMm. puc. 17).

Caenosarenanno, npupaienne Al ecTb pasHOCTb AByX MAoLLafef:
maowazy or a Ao b+ Ab u mowagu or e 80 b. Ouepnmmo, Al
€CTh IJICII2Ab MOJOCKH, 3allTpuXoBaHHOH Ha puc. 17, OcHoBaHHeM
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9TOl MOJMOCKM HA Ocu T fABAdeTcA oTpeaok mauHofi Ab. Hckomas
TNpOU3BOAHAA PaBHA Mpeleay
dI{e,b) _ .. Al
B A A

QueBuaHo, uTe NpH CcTpemiaeHMHM Ab K HIO IJOMAAb MOJOCKH

npubanxkaerca K y(b)Ab, a oTHomenue %{- — K Bemwuune y(b).

Takum cnoco6oM MH CHOBA HarAfgHC ACKAa3alH TEOpEMY.

4 (Juarae) = o0 ©2)

a

Onpenenennuil wnterpan wapecrHodl ¢ynkumu y(z) wm v(t)
ecTb QYHKLUMS NpefiesioB HHTEIPHPOBaRUR a, b uida n, k.

Onpeaenenue uHTErpaaa Kak rpefiesia CyMMbl, KoTopoe OHJIO Aa-
HO B NpefdsAydieM naparpade, ofbACHAET HaM, KaKyl0 pOJib MIpaeT
MOHATHE MHTErpaja B pellleHHH (U3UYECKHX 34/1a4: B BHYHCJIEHHH
NpoifieHHOro MYTH NpH NepeMeHHOH ckopocTH v(t), B onpefesicHHH
N/OWAKY, OTPaHKYeHHOH KpuBo#, 3afaHHOH ypaBHeHHeM y = y(z).
Ho aro onpenesieHue He faeT yAoOHOro ofliero cnocoba BHIOHCNe-
HMf HHTerpaja, He jaeT yAoOGHoOro cnocofa HAXOKAERUS HHTErpana
B Bujie QOPMY/IH, KAk (YHKIMM TIpeje/ioB HHTErpPHPOBaHHA *).

Cnoco6 HaxoxfeHud Takofl GopMy/an caefyer H3 NOKa3aHHOH
BHllllé TeopeMH © Npou3BofHoH or uHTerpana. Ilpu sTom, kpome
CBOWCTBA NPOM3BOAHOM OT HHTErpaja, HCIOJb3YeTCH elile BTOpOe
CBOfACTBO ONpeAe/IeHHOrO HHTErpaa; onpelesieHHH | HETerpai paseH
HYJIIO, KOrfla BepXHHA M HHXKHUM MpejesH ero COBNAajfaloT:

z(n,k=mn)= T‘U(t)dt =0.

n

D710 CBOUCTBO BNOJIHE OYEBHAHO: NYTb paBeH HYJMIO, €CAH Bpems
nytik—n=n—n=0

Cama dopMmyaa, fawian sHaueHHe HHTErpana Kak QyHKLUHH Npe-
AeNOB HHTErpupoBaHus, GYHeT BHBeJeH2 TakaM crocoboM B § 12,
Ipensaputentro B § 11 My fagum Gosee NpocToid BHIBOZ,

*) Jlume B pefKHX CAY4afuX H ¢ TPYHNOM YHAETCH NPOBECTH CYMMHpPOBAHHE
MPORIBOALHOTO YHC/A MANKX CAAracMEX,
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§ 10. HuTerpan or npoH3sBOXHOM

MycTs nofuuTerpaneHas GpyHkuua v(t) paBHA OpoU3BONHON H3-
nectHo#l byHKuUM f(2):

o) =) =5 (10.1)

13 atoM cayyae MOXKHO HallTH TO4YHOe 3HAYeHMe HHTerpaja CJaefyio-
umM o6pasoM. BeroMHHM npuS/IHMKeHHOE BHIpaMEHHe NpHpauleHHd

byukuun f (§ 4):
Af = f(t)AL = v(t)At. (10.2)
BeavunHa, cToalas B npaBoff 9acTH paBeHCTBa, NpeAcTaBIseT co6oH

KaK pas OfHO H3 TeX claraeMHXx, CyMMa KOTOPHIX paBH2 HHTerpany.
3JHa4MT, MOXKHO HATIHCATh NPHOIHKEHHO

Af = f(tier) — ft1) = o(ti1) (Ba1 — 1) = v(&)(t1 — ). (10.3)
Kak yxe rosopuaoch pasbille, paBeHctBo (10.2) sBaserca npu-
6MHMKeHHLIM, ¥ OHO TeM TOYHee, YeM MeHblle npupateHue Al, T. e,
YeM MeHbie pasHOCTh ti4) — ¢, HO NMpH yMeHbIIEHHH pasHOCTH
Liy1 ~ 1, T.e. npu ¢OMDKEHHH 31 M ¢}, YMEHBIDAETCS H pasjAHYKe
mexxay v(t+1) B v(t;); nosTomy B npaBofi uacTe dopmyan (10.3)
¢ OIMHAKOBLIM NPABOM, ¢ OIHHAKOBOH CTENEHbIO TOYHOCTH MOMKHO
cTaBUTb M v(2y1) ¥ v(%;), KaK 370 M clienaHo Buie. Hanumewm dop-
MYJH TakKoro BHaa, Kak (10.3), naa scex npoMexyTKOB, Ha KOTOpHE
n k
b h b B 4 i
Puc. 18.

pasbura o6AacTh MHTETPUPOBAHHA, T. €. HHTePBaX 0T 1 A0 k. [TycTs,

HaNpHMep, MHTEPBaJ pasGHT Ha nmATh MpoMexyTKos (puc. 18), Tak
4TO g = 1, t5 = k. He noneHAMCA H BHINHIIEM Bce IATH PaBEHCTB:

F(t1) — f(to) = v(t1)}(t1 - to} = v(to)(t1 — to),
f(t2) — f(t1) = v(tz)(te ~ t1) = v(t1)(t2 ~ 1),
Flts) — f(t2) = v(ts)(ts — to) = vit2)(ts — t3),
f(ta) — F(ta) = v(ta)(ts — t3) = v(ts)(ta — ta),
fits) — f(ta) =~ v(ts)(ts — ta) = v(ts)(ts — ta).

Cnoxum BCe 3TH NATb paBeRCTB. B JeBol wacTH cokpaTsATcs Bee
3HaueHHs PYHKUHM f NpH MPOMEXKYTOUHHIX 3HAUEHHAX f, OCTaHercs

TONEBKO
f(ts) — f(to) = 7 (k) — f(n).
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B npaBoii 4acTH MONYY4aTesl K&K Pas TAKHE CYMMBI, ¢ IOMOMIBIO
KOTOPHIX MH IPHO/MKEHHO BHPAXKANH MHTErpaj B MpefAbAyiieM Ma-
parpade, BHpaxaid nyTh z(n, k) npu naHHo# ckopoctH v(t). Uraxk,

Flk) = f(n) = Y vt )G —t) = ) o)t —t) =
k
= z(n, k) = Iv(t) dt mpu v(t) = %

Yem MeHbIe Kaxkpmoe npHpaweHue Af, T.e. BeluuHHa 14 — &,
TeM TouHee BHpaxenue (10.3) npupatiieHua f; HO NpH yMeHbIIEHHH
pasHocreit £ — 1) CYMMBl CTPEMSITCS K MHTErpasny.

[losToMy paBeHCTBO

k

£(6) = fm) = [v(e)dt mpu v = & (10.4)

B JeHfCTBHUTEJBHOCTH AIBJAAETCA T O Y H Bl M.

®opuyna (10.4) ycraHaBiHBaeT cBASb MeXHY sanadamu 06 HH-
Terpane W o mpouasoaHo#i. M3 aroit dopmysm caepyer, uto ecau
yaanoch HaliTH Takylo ¢yHKuuio f, MPOH3BOAHAsA KOTOPOH paBHa
MOAHIHTErPaibHofl GYHKUHH U, TO 3afiauya BHYHC/AEHHS HHTErpana
pellieHa — OCTaeTcA MOACTABHTH 3HaweHua f(k) u f(n) u Haiitn
pastocts f(k) — f(n).

Beuny orpomHofi BaXKHOCTH 3TOH (QOPMY/IH B CJEAYIOIIHX Na-
parpagax M gapum Apyrofi uBop (opMyan (10.4) Ha ocHoBe
Gonee noapoGHOro PacCMOTPEHMS CBOACTE HHTerpajia (CM. KOHeI

§ 9) n dynrunx f,

§ 11. HeonpeaeneHHblit HHTErpaX

B npegnaywux naparpaax MH BBeJH NOHATHE ONpeleseHHOro
MHTerpaja Kak mpeaesia CyMMH GOJBINOTO YHCNA MANLX CAraeMhiX.
B § 9 6ni10 BHACHEHO IiaRHOe CBOHCTBO ONpPEAe]eHHOr0 HHTerpasa:
NPOHIBOAHAS ONpeNeJeHHOTO HHTEr'pala 0 BepXHeMY NpeeNy paBHa
NOALIHTErpaAbHOH QYHKIHH:

k
o(n, k) = [o(t) BB _ o). (1L1)
n

Tenepb MEl XOTHM BOCHOJb30BATHCA ITHM CBOMCTBOM JJis BRMHCHE-
HUs OMpeAcNIeHHOr0 HHTerpasa.
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Hrak, Gymem uckath ¢yHKUMIO Kk, IPOH3BOAHAA KOTOPOHA ecThb
WiBecTHast yHkiua v(k). O6osHauum 3ty dynxumio f(k). Torna,
1o OMpefeNeHuUIo,

FE _ o). (11.2)

YpaBuenne (11.2) He nosHocThio ompepensier ¢yukuuio f(k).
Mbi 3HaeM, yTo mpuGasseHue M0GoH KOHCTAHTH K ¢yHkuun f(k)
e MeHsieT Mpou3BoAHY GyHKuuH. CaefopatensHo, ecad f(k) yao-
nieTBopsaer ypaBHenuio (11.2), To H ¢ynkumua g(k) = f(k)+C
YNOBJIETBOPAET TOMY K€ YPaBHEHHIO.

Oyuxuyuo f(k), ynosaersopaiomyo ypaeHenuio (11.2), Hasu-
BAIOT «HeoMmpeaeseHHbM UHTerpatoM pyHkuuu v(k)». B aToM Haspa-
1iuu oTpaxaiotes Aea ceoéictBa f(k): mpoussomHas f(k) Takas xe,
KaK Y ONpefeJeHHOIr0 MHTerpana z(n, k) *), nostomy f(k) HaseBaloT
unterpasiom. K ¢ynxkuuu f(k), yaopaersopaiomefi (11.2), moxHo
I1pHGABUTE Mi06yi0 MOCTOAHHYIO BeIMYHHY, — OTCIOAA MpHJAararesb-
1i0e <Heompene/ieHHRR»,

JlioGoe pemenne (11.2) MoXeT OTAHYATBCA OT KaKoro-Hubyan
pewenus f(k) TOABKO HAa Ty HAM HHYI0 MOCTOAHHYIO BeJHUMHY.
B camom gmene, ecnu ecth Apyroe pemende (11.2), koropoe M
v6osHauumM g(k), TO AAA HX Pa3HOCTH MOAYHM!

75 £ 6) = (K] = (k) — (k) =0.

Ho ToabKO NMpoM3BOAHAA MOCTOAHHOA paBHA HYJA© MpH MOGHX 3HA-
'IeHUAX ApryMeHTa.

OmnpepeneHuulll HHTerpaa z(n, k) cornacto (11.1) Toxe aBaserca
oasaM u3 pemenuft (11.2). 3naynt, M 2(n, k) MOXKHO NpeACTABHTH

I BHIE
z2(n. k) = f(k) + B, (11.3)

rae f(k) — xaxoe-to peweHue (11.2), B — mocTosHHasa, H 0CTaeTCA
TOJIBKO ee onpelesHTh. [laa aToro BocnmoAb3yeMcsl BTOPHM CBOii-
CTBOM OMNpefeJIeHHOTO HHTerpajia: OH paBeH HYJi0, KOIma BepXHHH
H HAXXHHEA NpenesiH COBNAiaKT:

z(n, k=n)=2z(n,n)=0. (11.4)
llogcraBnsas k = n B (11.3), nonyuum, ucnonbayn (11.4):

0=f(n)+B, B=—f(n).

*) Cpapnure dopmymu (11.1) u (11.2).
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Orciona cleAyeT OKOHYATeNbHO:

#(n, k) = £(k) - (). (11.5)

OTMETHM, YTO <HeomnpefiefieHHOCTb» GyHKUHH f(k) HHYYTb He
MeLIAeT BHYHCIEHHI0 ¢ ¢ MOMOILBI0 ONpelcsIeHHOTO MHTerpaja mo
dopmyae (11.5). B camom nene, Boaemem Bmecto f(k) Kakoe-HHGyAR
npyroe pewenue ypasuenns (11.2), vanpumep, g(k), ouvanmeecs
ot f(k) Ha NOCTOAHHYI0 BeAUUHHY:

glk) = f(k)+C.

Byfem BHuBCAATL onpeneieHHHH HHTerpan no ¢opmyne BHAa
(11.5), Toapko B3sB g BMecTO f:

z(n. k) = g(k) — g(n) = f(k) + C - [f(n) + C] = f(k) — f(n).

Toayunsnu pesyabrar, copnagalomuit ¢ (11.5).

¥Yno6Ho 0603HAYMTE HEONpeneNeHHHA MHTEerpas Tod Xxe Gyx-
BOW 2z, KOTOpOH MH 0003HAYAEM ONpEeACAeHHHNA HHTErpasl.

Ilpy maHHOA mogmHTErpaiAbHOR GYHKUEH v(t) ompemeseHHLIA
HHTErpaJ 3aBHCHT OT BepXHero ¥ OT HMXXHero NHpefea, T.e. fiB-
nsiercs GyHKuned OBRYX mepeMeHHHX z(n, k). HeompeneneHHudl uH-
Terpaa ectb QyHRuus omHoli nmepemenHo#. OGo3HaumM ee . Hrak,
HeonpeneseHHHH HHTerpan z(t) ectb QYHKUMA, YAOBICTBOPAIOLIAA

BHEHHIO
ypa d(t)

dt

C nomoisio 3Toi GyHKUHH ompeacieHHHN HHTerpax z(n, k) ¢yHx-
unH v(t) HaxopuTea mo dopmye

k
2(n, k) = ju(t) dt = 2(k) ~ 2(n). (11.7)

n

Z(t) = 2 = o(p). (11.6)

[punsTa creAyoLIas KpaTkas 3amuch PasHOCTH 3HaveHHil onHOH
H TOf ke (YHKIMM NpH ABYX Pas/HYHEIX SHAYeHHAX MepeMeHHOM:

z(t)|: = 2(k) — z(n). (11.8)

B stoft 3anucH caeBa ¢TOMT QYHKIuMA Hemoil mepemeHHol £, crpa-
BAa OT Hee CTABHTCA BepTHKAJbHAA Yepra, CBepXy — TO 3HaueHHe
nepeMeHHOH, NPH KOTOPOM ME XOTHM B3ATh (QYHKUHIO C IJIOCOM,
CHH3Yy — TO 3HaueHHe, IIPH KOTOPOM (YHKIHA Gepercs ¢ MHHYCOM.
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INoncrapass B (11.7) mon uuTerpan v(t), BupaxkeHHoe yepes z(t)
coraacHo (11.6), a B npaeywo yacte — BupaxeHue (11.8), moayanm
TOXACCTBO

k
Ji@&:w@ﬁ. (1L.9)

()6patuTe BHMMaHHe Ha OJAHHAKOBOE PACIOJIOKEeHHe n H k cJeBa
H cnpaBa, obaervaioiee samoMHUHAHHE GOPMYJIHL.

[Topa nepeifiTh K TpHUMepaM.

PaccMoTpHM 3aaauy o NyTH, NpOiAeHHOM 3a BpeMs OT N Jio k
IPH CKOPOCTH HBHXKeHHs, paBHoll v(t) = ¢2 1ot nyTh paBeH ompe-
AelleHHOMY MHTErpaky

k
2(n k) = Itz dt.
n
B srofi 3aga4e HeonpenesieHHBIA UHTErpak z(t) NOKYYaeTCs pelleHH-

M ypapHeHHA
dz(t) —_ v(t) _ t2
—_—\ L = = =

tﬂ
Ho Mu 3maeM, 4To d—iﬂ = 32, 3HauHr, dz = %(3152) =#2. Cne-
0BATEABLHO, YPaBHEHHIO YIOBAETBOPAET QYHKLHSA
B
Z(t) = -,.o—;.

Moncrasum 310 pemenne B Gopmyay (11.9):

[ea-gl-5-7

n
Yactuuit cayvaii n =1, k= 2 paer
2
§ 1 7
!ﬁﬁ—g—E_E_Z%&“.

Takum 0Gpasom, ¢ MOMOLILIO HEOTIPEAEJICHHOT'O HHTErpala MH Ha
HECKOVIbKHX CTPOYKAX MOJAYHHIIH MOYNO Pe3yNLTaT, K KOTOPOMY MHE
MYSIHTeNbHO MPHOAMKANKCE B § 9 YHCHGHHHMH pacyeTaMu.

OnpepesieHHN# HHTErpal eCTh Opefiesi CYMME BHAa

vo()(t — to) + vt} (b2 — 1) +...
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IpH CTPEMJEHHHM K HYMI0 KaXJOro cJaraeMoro W COOTBETCTBYIO-
IieM YBeJIHYEHHH YHCHA CHAraeMbX; HJisl €ro NPHONHMKEHHOTO BH-
YHUCJACHHA HYXHO pa3OHTb o6acTb HHTeTpPHPOBAHHA HAa HECKOIDBKO
HHTEpBaJIOB, HAHTH NMPHOAMKeHHOe 3HaueHHWe TMYTH vAf B KakAoM
HHTepBaJie H CJH0XKHTE MX. UToSH mOJYYMTH XOPOWIYI® TOUHOCTH,
HyXHO CAefaTh MHOrO apHpMeTHuecKHX omepaudi. Ho ecanm wH3-
BECTEH HeompefiesieHHbIi WHTerpan z(t), T.e. u3BeCTHa (YHKUMA,
APON3BOAHAS KOTOpOl paBHa non:mrerpaabnoﬁ ¢yrrumE v(t), TO

oo onpeneneHHu HHTerpas ]v(t)dt TOMY4aeTcsi HeMemJIeHHO

1

no gopuyie (11.9). YueHve HAXOAHTL (PYHKIHHN ¢ 3aJaHHOA OPOH3-
BOOHOH (HeompeAeJeHHHe HHTErpafitl) «HEeOXUAAHHO» JaeT MOWIHHH
croco6 BHYHCJEHHA cyMM (OTpefie/leHHHIX HHTErpajios).

HeonpeseneHHuit HHTerpan MHOTIA Ha3WBAWT «NepBOOGPAHOH
¢yHKIHeH». DTOT TEPMHH NPUMeHsAeTCH B yue6HHKAX B TeX cAydanXx,
KOTZAa 3ajiady 0 HaxoxXfeHHH QYHKUHH IO H3BECTHOM ee NPOHIBOA-
HOH pellaioT paHbllle, YeM PacCMOTPeHH onpefiejleHHBe HHTErpadnl,
Mul 3TOT TepMHH NPHMEHATD He OyneM.

HeonpeneseHHH#t HHTErpal BCEria MOXKHO BEHPASHTD Yepes onpe-

AeJieHHBH HHTerpax: .

2(8) = C + | v(z) da. (11.10)

[IpuMensia mpaBRHJAO O MPOH3BOAHOR OMpeNeNeHHOro WHTErpasa mo
BepXHeMY Tpefiey, Jerko MPOBEPUTh, 4To z(t), 3afilaHHOe YpaBHeHH-
em (11.10), ynoaerBopsier ypasreHu0 (11.6) npu nw06HX DOCTOAH-
Hux C 1 a.

Bo Bcex 3agayax B OTBET BCerAa BXONMT DasHOCTh 3HaYeHHH
z(k) — z(n), koropas He 3apucHT oT C H a. [Tostomy (11.10) moxHo

HHCATL Kopoye: .

2(t) = [‘u(m) dz.

Hakorell, 4acTo OMIIYT enle Kopoye:

2(t) = Jv(t) dt. (1L.11)

SroT cnocob BecbMa ynoTpebuTeseH, H MH ToXke GyAeM HM MOAbL30-
BaThCA, HO Halo HMEThb B BHAY, UTO TaKoO# cmocol samucH, B cyig-
HOCTH, HenpapuJeH. Ero MOXHO CpaBHMTb ¢ TEMM rpaMMaTHYe-
CKH HeNpPaBUJbHHMH BHPAXEHUAMH, KOTOpbIE MIHPOKO NPHMEHAIOTCS
B pasroBopHOH peud M BeeM (XKpome fieTell H DeMAHTOB-NPHAMD)
MOHATHH!, BPOIE <«ChHECTh TAPENOYKY?.
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B sanucu (11.11) HapyieHo mpaBHio, MO0 KOTOPOMY HeMasi ne-
jeMeHHasi WHTETPHPOBAHUA He BXOAMT B peayabTar. CaeloBaTebHo,
yuoTpebass kpatkylo sanuch (11.11), Hano Bceraa NOMHHTD, YTO 5TO
AHWB YCIOBHOE COKpatiieHHe TouHoro Bhipaxcenus (11.10).

HaBecTHHe HaM ¢opMyAH ANA NPOH3BOAHHX AT TaGAHIY
1eOnpeaeseHHHX WHTEIPaJoB:

Jdt:t; Itdt=§; J.t2dt=§; I%:-%;

j\—‘%=2\/£ ).

Jlaa Toro 4yro6e npoBepHTh M0CYI0 H3 STHX (POPMYH, AOCTATOUHO
#afTH MPOH3BOAHYIO OT mpaBoi YacTH. Ecyk npw 3ToM noaywurcs
(yHKIHA, cTodllas MOA HHTerpaJoM, To GopMmyaa repHa, [ToapoGHo
¢110co6bl HaX0KIEHHA HEONpeNeNeHHHX HHTErpaloB OT PasAHYHHX
$YHKUH paceMarpesatorea B viape Il Baaromaps cBssm Mexay
WITerpaloM H NPoH3BofHOH ynaeTcd HaHTH HHTerpain GoJbLIOTO
nucsia PyHKumit.

3aga4a HHTErpUPOBAHMSA ABJIAETCH TEXHWYECKH Gonee CJAOXKHOIN,
MeM 334844 HaXOXKASHHS NPOH3BOAHEIX, 3Ta CAOXKHOCTh NPOSBJALT-
¢4, B YACTHOCTH, B TOM, UTO MpPH HHTETPUPOBAHHH PallMOHAJNLHRIX
{te copmepamMX XopHeli) aare6GpaMdecKHX BHPaXXeHWH B OTBETe
NOABNAIOTCH JorapudMul H o6paTHHeE TPHrOHOMETpHYECKHe (YHK-
IHH; NIPH HHTErPHPOBAHHH ajreSpaHdyecKHX BhIpaKeHHH ¢ KOpPHAMH
])e3yALTAT HHOIAA BEPaXKaeTcsd TOALKO NPH MOMOLUH HOBHIX, He 3Je-
MeHTapHEIX PyHKIHI, KoTOpHE HE MOTYT GHTh BBpaXKeHH KOHeYHbIM
YHCAOM HAeHCTBHHA Haj aaAreGpandecKUMM, CTENEHHHMH M TPHIOHO-
MCTPHYECKMMH (YHKIHAMY.

OfHako TPYAHOCTH BHpaXKeHH HHTerpaioB GopMynaMu He
JO/DKHH 3aCAOHATH NPHHUHNAANLHYIO MPOCTOTY H ACHOCTD NOHATHS
Wnrerpaia, Ecan Hemb3a (MJAH TPYAHO) MOACYMTATH MHTErpajs Mo
dopmyse (11.9), To ero Bcersa MOXKHO NOACYHMTATL MPHUOIHIKEHHO
IpA MOMOIUH TPYAOEMKHX, HO B NpPHHIMNE BeCbMa MPOCTHIX pac-
HeTOB.

YopamHeHUR
Haﬁm BeJIHYMHY nn'rerpanon
11 3
2dt. 2. [2de.3 [L 4 [ 2,
1]&2!:&3[ 4!‘/3

*) Cw. ynpaxuenwe 6 x § 3.
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5. Haiith nnomazp npAMOYTOABHOrO TPEYTOVILHHKA ¢ OCHOBAHEEM b
H BHCOTOR h mpu nmoMomM HHTerpasa. [IOMecTHTh HaYaA0 KOOPAHHAT B
OCTPHIl yroq, NPAMOR YroJl NMOMECTHTE HA OCh aGCUHCC B TouKe = b,
y = 0 (puc. 19), naiTu ypaBHeHHe rKNOTEHY3H B 3TOH CHCTeMe KOOPLMHAT
H HaliTH MAOWAAb Kak HETerpan. BocnoapsopaThes NPH HHTErPHPOBAHKH

dopmynof deo; = %
)’1\

Puc, 19. Puc. 20.

3ameuanue. He posmymalitech TeM, UTO NPHXOAMTCA ¢ TPYAOM
HaXofUTh XOPOLIO H3BECTHHHA 0TBeT § = 3 bh, MOTOMY YTO METOA MHTErpH-

poBaHHs GyZeT NPHMCHHUM TaM, Tle SJIEMEHTAPHHE METOLH HE JAIOT OTBETA.

6. Halitn nuomane TOro e TPeYTOJMBHHKZ, MOMeIlad NMPAMOHR yrod
B HAYAN0 KOOPAKHAT H ocTphlft yroa B Touky = b, y = O (puc. 20). Ilpu
HHTETPHPOBAHHH HCNOJb30BATL OUEBHAHOE CBOHCTBO HHTErpalla CyMMH
IBYX WIEHOB I(f +g)dz= ] fdz+ ]gd'c npy J6eix f U g, NOCTOAHHHX
HAE QYHKUHAX £, NONOKHTEABHHX K OTPHLATENbHHX.

3amevanue To Xe, 4yTO K YNpaXKHeHHIO 5.

7. Haitti mnomans nox napaSodoft y = Ax? npoxonsmed depes TOUKY
T = Zp, Y = Yo, OrPAHHUEHHYK) BEPTHKANBIO £ = Ty H OChI0 aGCIMCC;
BHPA3uTL NIQHIAND Yepes Tg, Yo (puc. 21).

A

Puc. 21. Puc. 22,

8. To xe nas napaboau, npoxopsAmed Jepes HAYANO KOOPAKHAT, ¢ ro-
PH3OHTaNBHOM KacaTebHOR B TouKe (Zo, ¥o) (PHC. 22).
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Yxazaune 1. OTReT MOXKHO NONYYHTD HEMELNSHHO, NOJAB3YACH
|IeAYNBTATOM OPEANAYLILrO YIPAXKHEHKH.

Ykasanve 2. TeM He MeHee He MOJeHHTECh H CAedafiTe pce mo
nopagry, 6es NpEMeHeHHA OCTPOYMHSA. YpaBHeHKe NapaloAnl HCKATh B BHAS
¢ - kz’ 4+ nz + m, peauunnu k, n, m Hail-

TH U2 YCJOBHA NPOXOMAEHHA 4Yepes TOYKH »
(fo.%0) ¥ Hayafo KOOPAMHAT H M3 YCJoO-
i FOPH3IOHTANBHON KacaTesJbHOH B TOYKe
¥ = %y, ¥ = Yo. [lAomane BelpasuTh ye- (x
w3 Eg, $o- r
¥Yxazauue 3, Ecou ne MoxeTe BH-
HONHUTB yKagauue 1, TO creppa BHIMOJHHTE X
ykasaHue 2, pesyAbTAT caM NMOACKAXKET, KaK Puc. 23
NLINOAHATD YKasanWe 1. He. £9.

9. Hanncath BpaxenHe NAOWAAM NOAYKpPyra paguyca r (puc.23) B
HHAE CNIpeAeneHHOT0 MHTErpaJa.

Yxasanune H3ueprexa no teopeme [Taaropa

2+ =7

970 ¥ eCTh YpaBHeHHe OKPYKHOCTH (cM, § 6 raasu IV),
1

10. Hafitn pesuuHHY HHTerpaia Ib;iw’ no gopmyne tTpanenuit, Basp

[+]
m =54 m=10. BUunCIeHHs BecTH ¢ YeTHPbMA 3HAKAMH NOCAR 3aNMATOMH,

3ameuanue TouHoe 3HaYeHHE ITOrO HHTETPaNa ecTh % Ipu6an-

MEHHHE DONCYeT HHTerpada JaeT BOZMOXKHOCTE NOAYYHTH NPHOIHIKEHHOe
JHAYEHHEe YHCAE 1.

11. IlocTpouTs rpadMk QYHKIHH
T
F(z) = j y(z) d.

®yukuun y(z) sapana rpagmdyecku (pHc. 24). 3HaueHHs & B3ATH
paeHbMH a =0; a =4; 6 =

Vi
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12. IocTpouth rpadk GyHKIHHA

F(z) = jy(m) dz.
0

®yHxuna y(z) sapaHa rpapukamH puc. 25.
y g g

Puc. 25.

13. IMocTpouTL KPHEHE
T
Flz)= Itp(a:) dz,
¢
rae QyHxUuH ¢(x) safaHH KDUBHIMH, NMpHBefEHHLIMH B OTBETax K

3anauam 4 u 5 3 § 5. Cparnnre F(x) ¢ xpuBHMH y(z), NMpUBe/eH-
HEIMM Ha ¢. 31, puc. 8 n 9.

§ 12. CpoilicTBa HHTErpanos

Mp paccMaTpHBaJH Bhillle HauGojee HpoOCTO# ciydait ompege-
JICHHOTO HHTerpaJa, ¢ MOJOXKHTeAbHOH NofLHTerpaAbHOM (QyHKIMeH
H BepXHHM Mpefie/ioM, KOTOPHHA Goabllle HHXKHero:

k
z(n, k) = Iv(t) dt, v>0, k>n

n

B aToM caywae HHTerpas, O4YeBHEHO, NMOVIOXHTENCH, TaK XaK HH-
TErpad paBeH Npefeny CyYMMH MOJOXKHTEeNbHHX daeHoB. Murerpan
HMeeT MpocToit PpHandecKui cMuca npofineHHoro myTH (v(t) — cxo-
pocTh) MM RomwaAu (v = v(f) — ypaBHEHNe KPHBO).
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KaxoB 3HaK wHTerpaza oT oTpHIaTesibHON QYHKIWH, T.e. B CIy-
yne v(t) < 0?

OcraBuM moka B cuie ycioBue k > n. B BupaxenuH cyMMu
(nepexoname#t B npegesiec B HHTETpai) B KAXCAOM WieHe MHOXHTe/b
At nonoxuTeneH, MHoXuUTeb ¥(t) oTpullaTeieH, Kaxjoe caraeMoe
UTPHLIATEIbHO, CYMMA OTpULIATEbHa, HHTEI'PaJi TaKXKe OTPHIATEesEH,
Urak, eci v(t) < 0 npu n < £ < k, Tak 4o k > n, To

k
J v(t) dt < 0.

B cnyyae nBHXKeHHsI CMBICE OTBETA MPOCT: OTPHIATENIbHOE 3Ha-
YiEHHE U O3Ha4aeT, 4YTo ABH)KeHHe NPOHCXOXHT B CTOPOHY, Npo-
THBOMONOXKHYIO TTOJIOMKHTENEHOMY HANPABJICHHIO, T. €. HANPABJICHHIO
HO3pacTaHHA KOOPAHHATH z. IlyTh, mpofifeHHHA B OTPHIATENBHOM
HanpasJleHHH, MEl BCETAA CUHTAEM OTle.laTeJ!bH:lM. IMpu Takom nBH-

WMEHHH 2 yuenbmée'rca, 2(k) < z(n). Tak Kak ]vdt B 5TOM CJjy4ae

oTpHLIATENIEH, TO OCTAETCS B CHAe obmast opMya
k
z(k) = z(n) + z(k,n) = 2(n) + Iv dt.
L]

B cnydae sHaKomepemeHHON CKOPOCTH MOXKET CAYYHThCH, B HACT-
k
HOCTH, 4YTO J vdt =0, xora k > n, k # n; 310 npousofiser, ecau

“aCTh Bpemegn OT 1 10 k Tes0 KBHI'aflochk B OAHY CTOPOHY, a APYTYI0
HacTh BpeMeHH — B MPOTHBOMOJMOKHYIO U B Pe3y/bTaTe K MOMEHTY k
BEDHY/AOCH B TO MOJOXKEHHE, B KOTOPOM OHO HAaXOfHJOCh B MOMEHT 7.

O6patumca K 3agaue o maomazy Kpupoil. [Tpu k > n u v(t) > 0
HHTerpai paBeH MJONIafH, OrpaHHYeHHOH KpHBOH v(%), ;)cmo tu

sepTHKaJAMHE t =n, t =k (puc. 26). [Ipu v < 0, k> n I*udt < 0.
n
B sToM cayuae KpHBas JeXHT HHXe ocH abeupce (puc. 27).
3HauHuT, AAM TOTO YTOGH COXPaHHUTH 3aKOH, MO KOTOPOMY ILIO-
1lafib paBHA HHTErpaiy, HeoGXOHMO CYMTATH NAOMAAb O TP HII a-
TeJbHOH#, KOroa KpHBas JIeXHAT HHXE OCH afciucc,
Ecsiu BaATh 3HaKonepeMeHHy1o QyRKIM©0, Hanpumep, v(t) =sint,
TO IIOIEAAL TaKoH KpHBo#i Ha OTpe3ke, paBHOM mepHomy oT ¢ =0
no ¢ = 2x, no HawleMy ompelesieHWIo paBHa HyMo (puc.28). Bto
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vy
Y
] n k
0
0 n k ;t
Pnc. 26. Pxc. 27.
v
0 n !

Puc, 28,

3HAYHT, 470 DJAOWAAL MEPBOA MOAYBOJHH, KOTOPYIC MB CYHTaeM
NONIOXHTENbHOH, B TOYHOCTH COKpallaeTcd C OTPHUATEAbHOH IJIO-
MaZbi0 BTOPOA NOAYBOJAHH,

Ecny nocrasiena safjaua: CKOMBKO KPACKH HYXHO AJIf TOTO,
4YTOGH 3aKpacHTh 3aMTPHXOBaHHHE MecTa Ha PHC. 28, TO Takoe
onpefiefieHye WIOMAAH He roautcs. B sToM ciydae mago pasbHTh
BeCck HHTErpaJl Ba YacTH, B KaXKAOH H3 KOTOPHIX ¢ He MeHSeT 3HaKa
(B naHHOM cAyuae HA ABe 4acTH, oT O A0 % H OT % A0 2x), NOACUH-
TaTh HHTErpa Mo KaxaohH YacTH OTAEALHO H CJIOXHTE aGCOATHHE
BeAMUHHK WHTErpajioB, OTHOCAIIHXCA K OTAGJNBHHIM YaCTAM,

OnpegeneHHs#t HETerpas 0606 aeTca U Ha cayda#, Koraa Bepx-
HH# npefien MeHblle HyXHero. B atom ciyyae MH yxe He GyneM
FOBOPHTH © MYTH, BpemeHd H ckopocTH (§ 7), a o6patuMcs K onpe-

Cfet B B &

k n ot
Pgre. 29.

AeNeHHI0 HHTerpaia Kak cyMmil {cm. § 8). Pasbupas cHoBa OTpesok
or n Ao k (puc. 29) mpoMeXXyTOUHRMH 3RAYEHUAMH 11, fg, ..., tm—1,
yGeaumca, 4ro Bce Al Tenepp orpHuareAbHH. JIerko yGeamThen
Tenepb, YTO

_T'v(t)dt= —T’v(t)dt, (12.1}
n k
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K Kak mpu JoGoM pa3sGueHHH orpeska [n,k] cooTBercTByHOWHe

vyYMMb GYAyT OTJIHYATLCA 3HaKaMH Bcex At BO BCeX C/laraeMHx.
CywecTBeHHOE CBOfiICTBO HHTErpaja COCTOHT B TOM, 4TO 06JacThb

WHTETPUPOBARHA MOXKHO pa3bHTb Ha 4acTH: myTb, NPOHNEHHHH 32

—+——t—
n P k
Pue. 30.

npems OT nn (Hagana) a0 & (KOHLA), MOXKHO NPEACTABHTL KaK CyMMY
11yTH, IPOAICHHOr0 3a BPEMA OT 1 A0 P (IPOMEXYTOUHOTO MOMEHTA)
n ot p oo k (pnc. 30):

k P k
Jo@yae=[oeyae+ o) . (12.2)
n n P

TNpu moMowx coorHoweHHs (12.1) MoXHO pacmpocTpaHuTh dop-
mMyay (12.2) u1 Ha cayuail, KOTAa p He JAEKHT BHYTpPH NPOMEXYT-
Ka [n, k.

+ I +

n k P
Puc. 31.

i

[lycts p > k > n (puc. 31). Torga, ouesunro,

p k P
[ottyae= jv(t) dt+ [v(t) dt. (12.3)
n n k
IlepeneceM nocaemHee charaeMoe Haneso H Bocnosibayemca (12.1):
P P p k k
Joat—[oat=[v@yat+ [o(t)dt=var (12.4)
n k n P n

TakyiM ofpasoM, MH DOAYYHaH paBeHcTBO (12.4), B TOUHOCTH
copnagaionee ¢ (12.2).

ARaZOTHYHO MOXHO PacCMOTPEeTh CJyYaH APYroro pacrnojoxe-
WA uMces %, P, k (MX Beero lwecTb BapHaHToB). UnraTesb Jerko
MOXKeT paccMOTpeTb HX caM M yGeautscs, uto dopmyaa (12.2)
OKasHBAeTCHA BepPHONl BO BCeX 3THX CAyYafX, T.e. He3aBHCHMO OT
H3AHMHONO PACMONIOXKEHHR YHCea 1, D, k.

Bce 3ty cpoficTBa onpefeficHHHX HMHTErPasoB Mi BHIBEJH, MO
CYLLECTBY, H3 ONpefie/leHHsl HHTEerpana Kak npeesaa CyMMH.
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OTu cpoficTBa CAEAYIOT TaK¥e H3 BhHIPAXeHHA ONpefeeHHOro
HHTerpana Jepes HeonpeAe/NeHHHNA HHTerpai. B camom jede, mycTsb
HeonpefieleHHbIA HHTerpasn

J'v(t) dt = 2(t).
Toraa: N
J'u(t) dt = z(k) — z(n),

n k
Iv(t) dt = 2(n) — 2(k) = jv(t) dt.
k n

OcHOBHOI 3aKOH O TOM, 4YTO IIpPOM3BOAHAs OT HHTerpaja paBHa
NOAHHKTErpadbHOl (PYHKUMH, OTHOCHTCA K NPOM3BOJHON NO sepxHe-
My npefeny.

Ecan onpefiefleHHHA HHTerpaJd paccMaTpHBaTh KakK (YHKIHIO
€r0 HIKHETO Tpefiesia NPH 3aKPEIUVICHHOM (NOCTOSIHHOM) BEpXHEM
npefene, Mbl NOJYYHM OTBET ¢ IPOTHBOINOJOKHBIM 3HAKOM:

dz(;;") - %(Iv(t) dt) = —u(n). (12.5)

3HaK MHRYC B 3TO# (QOpMyJle Jerko NOHATD, PACCMaTPHBasi HHTErpaa
KaK M0Waib: NPHpaleHye 1, OUEBHAHO, YMeHbII a e T IJIOWah

(puc. 32) *). PopMaAbLHO TOT Ke peaylb-
(/)  TaT MOXHO MOJNYYHTb, NEPECTABHB hpe-
penw (npu 5ToM BOHmET MHHYC) U NpH-
MEHfA MSBECTHHH 3aKOH O MPOU3BOAHOH
[0 BEepXHEMY Npeneny:

0 n»ntAn k %(I”(t)dt) = %(—Iv(t)dt) -

Puc. 32. = —v(n).

ﬂ.h

-y

*) Maowaab, orpaHHYeHHas BePTHRANBHEMH NPAMEMHA n + An, k, Kpusoll H
OCbI0 T, MEHbINe, YeM IACIAAL, OTPAHAYEHHAS DEPTHKA/JbHEME NPAMEIMH n, K,
KPHEOH H OCBIO X,
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B cBa3u ¢ Bonpocom ¢ 3Hake WHTErpaja OTMETHM MpPHMEP, YacTo
hi3LBAOINHA HeAOYMeHye Y HauHHawmuX. PaccMoTpum

| e __1 (12.6)

3T0 paBEHCTBO BHTEKaeT H3 HaMfICHHOTO paHee 3HAYCHHA MpPOU3-
nosHOH

[lpaBunen Ay 3aHak y uHTerpana? Moxer ju GHTL OTpHUATEND-
1AM HHTErpasd OT MOJOKMTENbHOH (YHKUIHH %? He nporupopeuut

AM 3TOT 3HAK CAENAHHEIM BhHIe YTBEPKAEHUAM?P
Bce HemoymeHHe cBA3aHO ¢ TeM, YTO dopMyay (12.6) Mu samu-
CANH HeakKyparHo. EcaH HamHcaTh ee B BHJE

[5--tvc

T0 Heb3A FOBOPHTh O TOM, 4TO 3HAK HHTErpasa Bceria OTpHLlaTeJieH,
TaK K4K 9TO 3aBMCHT eille OT 3HaKa H BeAHuuHH C.

B meficTBHTeNbHOCTH Bee YTBePXIAEHHA O 3HAKE OTHOCHIACH K
ulIpenesieHHOMY MHTerpaay. BosbMem

(Y- (=it

llph b > @ wWHTErpan nonoKuTENEH, KaK H AOKHO ObITh, T.e.
jopmyna (12.6) npaBhAbHA, NPHBORHT K NPAPHJIBHOMY pe3YJAbLTATY
AMR onpefiesieHHOTo HHTerpaja. 3aleras Brepell, OTMETHM, 4To C

dz
nirrerpaaoMm I? CBA3aHH JADYTHE, YiKe He (l}HKTHBHHe, 4 ACTHHHBIE

TPYAHOCTH, KOTOphle paccMoTpersl B § 16 raapw 11

bl 1

T

§ 13. Cpeguue sHaueHns

C noMmoilbic MHTErpana MoXHO Aath TOYHOE OMpefie/leHHe cpes-
HerO IAA BeNHYAHH, ABAsomedca DyHKIHeR KaKOR-TO MepeMeHHON.

EcaH MH HMeeM BeJIHYHHY, EPHHHMAIOMYIO PAN OTAEJbHHX 3Ha-
"WHHUH, HanpHMep, m 3HaYeHHHA

v, te, V3, ..., Um,
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TO CPefilRee 3HAYEHHE eCTECTBEHHO ONpeAeanTh PopMyaoH

n+tvmtnst... +vnm
- .

Kak onpepenurb cpefnee snauende o¢yukuvd v(f) nepemen-
HOH i, npHHHMame!l Bce 3HAYEHHA B 3aJaHHOM NPOMEXYTKE OT N
mok(n<t<k?

[Ipeacrasum ce6e, uto v(t) — 3To MrHOBeHHas cKopocTb. Kak
OnpefieNUTh CpefHee 3HaueHHe T(n, k), T.e. CPEAHIO CKOPOCTH 32

BpeMsi oT n fo k? Cpefiasas CKOPOCTb
YA |y¢y® onpefie/ifieTcA KaK OTHOIleHHe Mpo#aeH-
| HOTO MYTH K 3aTpa4YeHHOMY BPeMEHH:

4 k

Iv(t) dt

z(n, k n
B(n. k) = k(—n)= k-n~

f/r————
g —————

dro onpefefeHHe CpejHEro 3HaYeHHA

(GYHKUHH pasyMHO H B TeX Caydasx, Ko-

Puc. 33. rra GyHKUYA npeacTaBdneT cobofi He CKoO-

POCTb JBHMEHWS, a KaKyl0-1160 ADYryio

BesTHuHHY. Tak, HanpHmep, mycTb ¥ = y(x) ecTb ypaBHeHue KpuBoii
B rmocuoc';u z, y (puc. 33).

wY

Torna Jy(z) dz ecTh niomaak nof Kpusoi. Dopmyna

-]
| ey de b

V= ast (b—a)ﬁ=J‘y(:c)da:
a
03HauaeT, 4YTO §§ €CTh BHICOTA NMPAMOYTOALHHKA C OCHOBaHWEM b — a,
[AOMafb KOTOPOTO PaBHA IVIOW[AZH NMOX KPHBO{. DTO 3HAYHT, UTO
Ha puc. 33 samTpUxOBaHHAA IVIOWAAbL HAJ JHHHMed y = §, KoTopas
OTMeYeHa 3HAKOM IJIIOC, B TOYHOCTH PABHA IVIOWANH, OTMEYEHHOM
3HAKOM MHHYC HAa YYacTKe, Ife KpUBas JIEXHT HHXe JHHHH ¥ = J.
I'padbuk dyHkuuu (), ecan aro He NMpAMas, NAPAJLICNEHANA OCH I,
0643aTe/IbHO NPOXOZMT YAacThi0 HYXe ¥ YACTHI0 BhIOIE CPEIHEro
3HaYE€HHs §, ONpPeNe/IeHROTO ¢ MOMOLIBI0 HETerpaaa. CaenosaTensHo,
¥ Goabme HauMeHbluero sHauenus yY(r) ¥ MeHble HAWGONBLIIEro
3HaueHHA y(x) Ha YUacTKe yCpefenHa n < x < k.
PaccmoTpum npuMepHl,
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Myers y(x) ectb AuHelinag GyHKUMS
y=kx+m.

Torma HHTerpan npenctaeiaser cob6off IJIOMAZb TPAneOHH, M0-
crasneHHOR BepTHKaAeHO (pHe. 34) ¢
sBuicoTOll> b — a, ocHoBanuAMH y(a)

a+b
)

¥(x)

n y(b) u cpenxell nuHHel y(
(ChAeJoBaTeNLHO,

e —-——-—

't(a'b) - y(a);'y(b) (b—a) —

=y(a_2|_b)(b_a)' Puc. 34.

370 BHlpaeHUe JEerKo MOAYYHTb M (€3 reoMerpHyecKHX MpemcTaB-
NeHH:

nY

(=]
[~y I
e

I{a,b) =T(k=v+m)dw= ($+mm)|: =

=%+mb—(k7az+ma) =(b—a)(%+%+m),

yb)=kb+m, yla)=ka+m,

a+bd a+bd
y(5-) =K(5) +m.
OTKYAa € OYEBMEHOCTLIO CJEAYIOT BLIpaXKeHHd npenunymedt gop-
MYJIBL.

Tarum ofpazom, a9 AHHEHHOA PYHKIHH

_y@)+yd) _ (atd
Caenosare/ibHO, NnA AHHEAHOA (PYHKUMH cpeinee 3HauyeHHe ¢YHK-
UHH HA JAHHOM YdHactke OT @ 1O b B TOUHOCTH DABHO CpeiHEMY
apH(MeTHYECKOMY 3HauyeHHH (YHKIHH HA KpaAX yuacTKa y(a) M
#()); npyras ¢opMy/nHpPOBKa: cpepHee 3HaueHHe JAuHefiHOH (yHK-
LM ]JaB;lO 3Ha4eHHI0 YHKUHH B cepeaMHe HHTEpBaJa, T.€. NpH
a+
£ = .

2
OIHHM H3 BaXHHX NPpHMEpoB JMHHeHHOA 3aBHCHMOCTH fABJAAETCA

32BHCHMOCTb CKOPOCTH OT BPEMEHH NPH DABHOYCKOPEHHOM HJIH paB-
HO3aMe[IeHHOM JABYKEeHHY, T.e. MPH ABHXeHHH TeJ Moz, AeficTBHeM
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MOCTOAHHON CHAH, B YaCTHOCTH, MOA JelicTBHeM CHJB THXKeCTH,

Koraa
v=gl+ 1.

Mpy pacyere mMPONNEHHOr0 NMyTH MCHOJB3YIOT CBOMCTBA CPEAHEro
AHEelHOR QYHKIHH:

2(n, k) = (k—n)(i(ﬁ;’—”i’ﬂ) = (b~ ) (BEE + o).

Caenyer uMeTb B BHAY, OfHAKO, 4TO NpH Jpyroif, He AunelHOM,
3aBHCHMOCTH BHpaxeHHs Aas cpeanero (13.1) yxke HecnpaBenaueH.

PacemorpuM npHmep KBajparuu-
Hoit dyHKupY (napaboam) y = ra’ +
+ px + q. Ana onpeleseHHOCTH BO3b-
MeM T > 0 H paccMOTPHM Kako#-TO
OTPe30K NapaboJi @ < = < b. Ha uep-
Texa (puc. 35) BuAHO, mpexae Bee-
ro, uTo

y(a;b) < y(a);y(b).

JHeficTBHTENBHO, y(w) €CTb OpIH-

Puec. 35. 2
Hata ToukH C, Aexamell Ha KpHBOH,
a noaycymma ﬂf%—ﬂ@- ecTb OpAHHaTa ToukH D), nexaue#t na

cepefiiHe XOpAH, COSAHHSIOWEA TOUKY KpHBOA A H B, H ficHO H3
yepTexa, uTo C NexuT Huxe D *).

O6patHmMcs Tenepb K HHTErpanxy [y(:c) dx, T.e. K BHYHCAEHHIO

a
RJAOWAZH Nof KPHBoi. O4epuiHO, YTO 3Ta IJIOMIAAb MERbIIE MJIOLa-
AH TpaneuHH ¢ ocroBanuaMH AgA H BoB. C apyrof cTopoHH, ecan
yepea Touky C NpoBeCTH KacaTe/LHYIO K KPHBOM, TO 3T2 KacaTe/b-
Hasfl nepeceyeT BEPTHKANM B TouKax A’ u B’ u o6pasyeT Tpaneuumo ¢o
cpenuelt annuelt CoC; nioIaAs 3TOH TpanelwH, OUeBHAHO, MEHbIIe
naomagu nof, kpueoH. TakuM o6pasoM, B caydae napaGoas ¢ r > 0

b
(b-a)y(ig—") <[(e)dz < (b - o) LALEE

*) MapaGona y = rz’, r > 0 BHUyKJa KHHSY, a napaGona y = rz’ +pz +¢
¢ MOGHMA P B ¢ NOAYHEETCH H3 NapaGoiH ¢ = £’ NAPafNeNbHHM NEPeHOCOM:
oM. raaey IV, §b.
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COOTBETCTBEHHO MOJYYAlOTCS HEPABEHCTBA JJf CPeNHero 3axave-
HHA § B MPOMEXKYTKE OT @ 10 b;
a+b _ a)+yld
y( )<y<v( )29().

2

Ilna kpagparmunOA (DYHKIHM HMEET MeCTO TOuHas (opMyaa
(npuBomuM ee 6e3 BuBONA, CM. yNpaxueHue 4), cnpapenJHBas MpH
A1060M 3HaKe 7:

1= 1)+ 3OF0) < bt () + 0
(13.2)

310 BHpaXeHHe ABIAeTCA Xopoiell npubmxenHoft dopmynoit ans
pacyera naomanu nox JMoGoi naapHo# kpueofi (cM. ympaxkHenus 6
n 7). Ilonbaopanne cpenHUMH NPAKTHICCKH O4eHb YAOGHO, 4acTo
Aaxe ynoOHee NONB30BAHHA VHTerpaNaMu.

l'go CYIIeCTBY, 9T BeJHUYHHH PaBHOLEHHH, — 3HAA WHTErpan

/= Jydz, HAXOIHM cpelHee Kak § = b—f;, 4 BHIYMCJIHB CpepHee,

a
TaK Xe Jerko Haxozum unrerpan I = (b — a)f.

YnoOGCTBO CPeAHEero 3ak/4aeTcd B TOM, YTO 3TO Be/MUHHA J
TOR XKe pPasMEPHOCTH, YTO H P, M, OYEBHMARO, TOTO Xe MOPARKA
BeNHYHEL, YTO H 3RAUCHHA Y Ha HCCIenyeMoM ydvactke. Ilostomy
TpyAHee NponycTHTh omHOKY B 10 pas B aHaueHMH §, YeM TaKYI0 XKe
0WNHOKY B 3HAYCHHH HHTErpana.

O6ruHO MpeanofaraeTcs, YTO H3YJaKIlye BHCIIYI0 MaTE€MAaTH-
Ky B COBepIIEHCTBE 3HAIOT api(MeTHKY H aare6py H HHKOTAA He
owunbaiored B 10 pas uau B 3Hake, ONHT NOKA3BIBAeT, UTO 3TO He
tak! [loaToMy ¥ pacyeTw BCerma Hajao BECTH TaK, YTOOW YMEHBIIHTD
REPOATHOCTb He3aMeYeHHOH OMHGKH.

Ynpamnenus

1. HaiiTu cpenuee 3HaveHne y = x° Ha yuacTke ot 0 o 2.

2. CpaBHHTH 9TO cpefiHee 3HaYeHHWe CO CPeAHHM apH(METHUYECKHM
sliaueHHH QYHKIMM Ha Kpagx H cO 3HaueHUeM B CepefiMHe NPOMEIKYTKA.

31. Ipoeepute Gopmyny (13.2) A cpeAHero mo AAHHHIM ynpaXHe-
nua 1,

4. TIposeputb dopMyay ana cpeirero (13.2) B ofmeM Buae ana napa-
6oau y =7z + pr+q.

5. Cuna TmxecTH yOHBaeT ¢ paccTOAHHMEM OT LEHTpa 3eMNH Kak

A
M= =3 Hafiti ¢ noMomkio HHTerpaJa CpefiHee 3HaYCHHE CHJAbB THAXECTH
¥
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Ha yyacTKe OT moBepxHocTH 3emau (paauyc R) no paccroauma R or
NOBEpXHOCTH 3eMJH, T.e. 2R oT neHTpa 3eMnu.

6. CpaBHMTh TOYHOe 3HAYeHHe CPeAHEro B MpeAHAYLeM yNpaskHeHHH
CO CPeJHHM apH(METHYECKHM Ha KpPafAxX yvacTxa,

7. CpaBHHTH TOYHOE 3HaYEHHE CPEAHEro B YNPaXKHEHHH D CO CPEeHHM
o dopmyie (13.2), orHocAamefica k napabodne,

§ 14. Pasauunsie OpuMephl BPOH3BOJHBIX H HHTEI'PANOB

B npemnoymMx naparpagax Mbl paccMarpHBaNH COOTHOLICHHE
MEXIY NyTeM H CKOPOCTHIO, COOTHOWEHHS MEXIY YPaBHeHHEM KDH-
BOH ¥ IVIOIUAnbI0 NoA 3To# KpHBOA. DTH COOTHOINEHHA MpEACTaB-
AA10T coB0fi KOHKpeTHHe BOOPOCH, HA MOYBE KOTOPHIX HCTOpHYe-
CKH CJOXKHJHCH AH(pepeHIIHabHOe H HHTErpajbHOe HCYHCASHHA.
Ho wonaTHA HHTerpaia H HpoH3BONHOA MPHMEHHMB, KOHEYHO, He
TOJABKO K MepeYHCAeHHHM BONPOCAM, 4 K YpesBHYaHHO UIHDPOKOMY
Kpyry fiBjieHyi, K caMbM pasfAHYHHM 00JacTAM HAyKH, TE€XHHKH,
Xu3Hd. B cymsocTH roBops, MHTErpasl M Npoyu3BOgHad NPeICTaB-
JaaiotT co6oit onpeneneHHH A3LIK, Haxboaee mpucnoco6aeHHER s
ONHCaHHA NPHPOLH.

Yyamufics, HaUHHAIOWHA H3yUYeHHe HHOCTPAHHOTO A3HKa, YTOOH
NPUBHKHYTh K HEMY, TOBTOPAET NOX0XKHE NMPOCTHE (paskbl: «Ha CToNe
CTOHT CTaKaH», ¢HAa CTOJe CTOMT XJe6», «Ha MoAYy CHOMT KOmKa»,
«Ha NONY CHAHT MbilKas. BoT Tak Xe B Hauajle H3yueHHA BHICInEd
MaTeMaTHKH Hajo Ha MHOTHX MOX0XHX IpHMepax NOBTOPAThH COOTHO-
[IEHHA MeXAY NpOH3BOLHOH H HETerpasoM. Crieppa HaAO0 HAydATHCA
HHOCTPaHHOMY #3HIKY, a YK€ NOTOM BBICKA3blBaTh Ha 3TOM fA3LIKe
onpepeJeHHbE MBEIC/H, XeJaHusd, YTBepXKIeHHs. Tak H Mbl Clepea
HAy4Y¥McH BHIPAKaATk XOPOILIO H3BECTHHIC COOTHOLIEHHA H (QOPMYyNH-
pOBaTh 3ala4H Ha fA3bIKE BHICIIEH MATeMaTHKY, a yXke notoM GymeM
pemarh STH 3aflauy H NOAYYaTh HOBHE Pe3yJbTaTh ).

IpuBeseM HECKOABKO THITHYHHX PHMEPOB.

A NMpousBoAHHE NO BPpeMEeHH

1. IpencrapuM ceGe cocyn NMPOU3BOJABHOA (OPMH, H3 KOTOPOro
BHTEKaeT XHAKocTh (pHc. 36). Macca xuukoctH, Haxonsme#ica B
IaHHHA MOMEHT B CoCyZle, paBHa M. 2ta BeAHUHHa €cTh QYHKIHA

*) T'ére romopun: «MareMaTiKH — 9TO POX QPAHIYSOB: CTOMT MM uTO-uiGO
CKa3aTh, KAK OHH CPasy NePeBOAAT CRASAHHOE HA CHOR ASHK — H ITO OKASHBACTCA
COBCEM He TeM, uTo BH NepPBOHAYANBHO HMEAN B BHAYS.
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npemenH M(2). JKuakocts coGHpaeTCs B APYTOM COCY/AE, KONHUECTBO
ce BO BTopoM cocyzne m(t). KoaHuecTBO XHAKOCTH, BHTEKaome! u3
¢OCya B €f¥HHLY BpemeHH, OOO3HAUHM
W (). O1a BeAnusHa HMEET PAa3MEPHOCTS I/¢C.
Benwuuns m, M u W cBazanu Mexay coboit
COOTHOWEHHSAMH:

Wy SE=+we).  (140)

aM _
i _

Te K€ COOTHOMIEHHA MOXKHO HAaMWCATh
8 MHTerpaJbHOM BHEe. IIpH SToM 3agamHMcs
TeM, YTO B HEKOTOPHH HauaNLkHHI MOMEHT iy
B MEPBOM COCYfle KOMHUECTBO XUAKOCTH pap-
nanock M(tp) = Mp, a Bropolt cocyn G
nyer: m(tp) = 0. Torzaa:

m(ty) = f W(t)dt,
L)

(14.2)

M(t)) = M(tp) — f W(t) dt.
t

O6pamaeM BHUMaHHE Ha TO, 4TO €CJH Hac HHTepecyeT KOJHYECTBO
KHAKOCTH B ONpefefleHHHH MOMeHT tj, TO OHO BHpaXKaeTcsl 4epe3s
MHTETpaJl, B KOTOPOM NepeMeHHas HHTErpHpoBaHHA i mpoGeraer Bce
3HavYeHHA ot iy #o ).

Ecan M xoTHM Hanucath Bmpaxkenna zas m(t) u M(t), to
Ans Gospmel ACHocTH ymoOHO Obi0 6B NEpeHMEHOBaTh NepeMeH-
HY!0 HHTETPHPOBAHHA (NOJb3YACh TeM, UTO OHA HeMad), Ha3BaB ee,
uanpyumep, T (v — <ray» — rpedeckasd 6ykpa, COOTBETCTBYIOILad
NaTHHCKOHA T — «19»). Toraa:

t
m(t) = J W(z)dr,

fo (14.3)

t
M(t) = M(to) — f W (s) dr.
ty
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OGHYHO e MHIUYT NPOCTO

t
m(t) = [W(t)d,
. . (14.4)
M(t) = M{to) - [W(t)dt,
1y

HO Hafi0 NOMHWTb, UTO i, CTOfllee NOA HHTETPAJOM, HMeeT ApPyro#
cMucn, yeM apryment ¢ B M(t) n m(t), xoropmii coBnagaer c ¢
Ha BepxHeM mpenese. B stom orHoweHwH sanuch (14.2) u (14.3)
TOYHee, yeM (14.4).

Hanucasneie BHine (opMyAB COOTBETCTBYIOT ONBITY, B KOTOPOM
B Pa3iMYHBE MOMEHTH BpeMeHH HaMepaercd M M NOTOK MHAKO-
cru W.

Yacro 3ajiaqa crapures Tak: W — pacxofl KMIAKOCTH — 3aBHCHT
H3BECTHHIM 06pasoM OT ee HABJCHHA, T.e. OT BHICOTH CTOAGA XKHA-
koctd h. B cBoio ouepesb npH AaHHOH ¢opMe cocyna BemuuHA h
saBMcHT oT M. TakuM oGpasom, H3BecTeH pacxol W Kak ¢yHKIHA
OT KO/IHYECTBA XKHMAKOCTH, HaXOAAWEACH B COCyAe:

W =W(M).

Toraa parencrso (14.1) npuoGperaer BHA

dM

ke -W(M).
310 ectb AubdepeHIHANLHOe ypaBHeHHe. Pemienne TAKHX ypaBHe-
HUl Gymer paccMorpeno B yactH V. @opmyn Bupa (14.2)-(14.4)
B 3TOM CAydae yXe NHCaTh HeJb3fl, TaK
- ¢ kak W Kak QpyHKUHA BpeMeHH He 3aiaHa.
2. PaccmorpuM konpercatop (puc. 37).
Haxonzexuu#t B Hem 3apsp (Konu4ecTBO
l— 3JleKTpHYecTBa) 0603HaYHM ¢. B cHere-
me exunuly CH g uaMepsaeTcs B KyJOHaX.
Puc. 37. SnexrpudeckHii Toxk I, nporexalomwuA mno
NpOBOAlY, MPEACTABAAET COOOR KOMMYECTBO
SJIEKTPHYECTBA, NPOTEKAWINEe B EIOWHKIY BPEeMEHH, H3MepseTcs
B cucreMe CH B ammepax. OmHH ammep ecThb TOK B OAHH KYJIOH

B OJHY CEKYHIY.
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3apsan KoxfleHcaTopa *) H TOK CBA3AHH MeXAy co6ol PaBEHCTBOM

dg

==7 14.5
= (145)
(nonoXuTebHO® HaNpaBJEHHe TOKA MOKa3aHo crpenkoi). Ecau sa-
A2HO HAK M3BeCTHO B pe3y/lbTaTe HaMepeHHH, KaK U3MeHReTCH TOK
8 3aBHCHMOCTH OT BpeMeHH, TO MOXHO HamKcaTh KHYeTpalbHOe

COOTHOLIIeHHe ¢

a(t) = alto) + [ 1(t) .
to

Ecau pana emxocth KOHeHCaTOpa C » TO NMafieHHe HaNpAXeHHA Ha
KOHAEHCATOpE MOXHO BHIDA3HTL Yepe3 ¢. ¢ = % IMapenue HalpA-
JKeHHA Ha CONpOTHBJA€HHH R paBHo

on=8—9o=8 - %,

rae &, — 3. 1. c. 6arapen. [lo sakony OMa Tok Yepea COMPOTHB/ICHHE

papen I = -1%(80 - 3—), H, noasayack (14.5), nonyuaem nuddepen-

C
)

LHaJIbHOE ypaBHEHHE
Ioppo6Ho 3anauy ¢ KOHAEHCATOPOM paccMoTpeHH B rnape VIIL

3.MNoHATHeE yCKOpeHHUA DBhille Mb paccMaTpHBAAH CKO-
pOCTh ABHIKEHHA KaK IPOH3BOAHYK OT KOOPAHHATH [0 BpeMeHW.
Ho nocse Toro xak MrHoBeHHas CKOpOCTb v HalHjeHa H H3BeCTHa
33BHCHMOCTb MTHOBEHHO CKOPOCTH OT BpemeHH v(t), MOXHO MOCTa-
BHTbL BONPOC O TOM, KaK ¢ TeyeHHeM BPeMeHH MeHSeTCR CKOPOCTb.

[IpousBonHas CKOPOCTH IO BpeMeHH

dv

a? =a (14.6)
HasbiBaeTcAl yckopeHueM H o603HayaeTcs obuuHO @ (acceleration —
yckopeHue NO-(pPaHLy3CKM; CPaBHH Ha3BaHHe «aKCeNlepaTops MeXa-
JH, peryAHpyloniell Nojayy BO3AyXa B aBTOMOGHJbHH ABHraTelh).

Tak kaK pasmepHOCTL CKOPOCTH CM/C HJH M/C, TO Pa3MepHOCTb
yckopenus cM/c? uan M/c2.

*} 3apsomM KOH#eHCATOpa GyAeM HaSHBAT: KOAHYECTBO MOJIOAHTEABHOIO 376K~
TPHYECTES Ha JIeBOM NAacTHHE KOHAeHcaTopa O Ha pHc. 37, BHpameHHOe B KYAOHaX.
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Ecau H3BEeCTHO yCKOpeHHe KaK (yHKLHA BPeMeHM, TO MTHOBeH-
HOe 3HAYeHHe CKOPOCTH MOXHO 3alHCATh B BUAE HHTerpasa

t
o{t) = v(to) + | alt) dt. (14.7)
o

Hanpumep, B ciyuae ABHXXeHHS NOJ ACHCTBHEM 3eMHOIO TArO-
Tenus a = —g, rae g = 9,8 m/c? (sHak MHHYC CBR3aH C TeM, 4TO
NONOXHUTENbHHM CUHTaEM HanpasaeHue BBepx). [Tomaras B (14.7)
a = —g, noaydaem

t
o(t) = vlte) - [ g(t) dt = v(to) - (t - to)e-
tp
3anumeM CKOPOCTL B BHAE MPOMSBOAHON OT KOODAMHATH 7 IO

BpeMeHH v = —- u noactaBuM B (14.6). Toraa

dt
- 3(5)

Takas BeaHYHHAZ — DPOKW3BONHAR OT NpPOM3BOAHOA — Ha3bBaETCH
BTOpO# NPOH3BOAHOK H 0603HAYaeTCA
@z
“=
H YHT2eTCA: ¢/13-ABa-39T MO JI9-TI-KBAApPars.
3ameTuM, KaK pa3yMHO NOCTaBJieHbl MOKasaTeAu (ABOAKH) B BH-

paXKEHHK % PazMepHOCTDb YCKOPEHUS HMEHHO %; orpacniBan Ges-

pasMepHbie 3HaKH d, MONyyaeM IPABHJBHYIO pasMepHOCTb BTOPOH
NPOUSBOAHOR.

B. [IpoH3aBoaAHHEe MO KOOpAMUHATE

4. Mucneno BHjgeA#M B arMocdepe BepTHKaNbHHE cTONG

BO3ZYyXa ¢ NOCTORHHHM ceuenneM S (cm?). [TnotHocrs Bosayxa™)
p(r/cM3) 3aBHCHT OT BHICOTH h Hal noBepxHOCTbI0 3eMaH. O6beM
TOHKOrO CJIOR, 3aKJoyeHHoro Mexay h u h + dh (puc. 38), papen

*) p — rpeveckas GyKBa, WHTETCA: +pos. UaCTO NpHMeHAeMoe B IMKONBHOA
¢usnke obosnavenne d (mporcxomamee ot Gpanitysckoro densite — naOTHOCTR)
BEChM2 HEYAOOHO, TaK KK €r0 MOXKHO Guc OH NepemyTaTh Co 3HaKOM Anddepen-
uMana.
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Sdh. BHyTpH 3TOr0 TOHKOrO c/iosi MAoTHOCTh p(h) MOXHO cum-
TaTb HEU3MEHHOH — HMEHHO A/l 3TOTO ClOM M 6pajics TOHKHM.
B nansom npumepe dh MoXHO npeacTaBuTb cefe B 1 M Hau 10 M,
Zaxe (¢ HeCKONbKO MeHblledi TouwocThio) kKak 100 M, IOCKOABKY
NpY W3MEHEHHH BHICOTH Ha | KM IJIOTHOCTB
BO3AYXa MeHAeTcd Ha 12-14%.

Macca Bosayxa B caoe dh paBHa E
dm = pSdh. Macca Bo3gyxa B crosibe, npo- :
cTHpalomEeMcs ot i) o ho, ONpeaenseTca HH- !
TerPaJIOM he ”j:::::'-—- o
m(hi, hg) = S | p(h) dh. s
hy :
Macca Bosstyxa B croafe OT NMOBEPXHOCTH :
3emmn (h = 0) go BHCOTH A: J— |
h 7
0,h) = 8 {p(h)dh.
m(0,h) l o(h) —p
Macca Bo3ayxa, HaxoAsfilleroca BHILE 3aAaHHON BHICOTH h, paBHa
oo
m=5S j o(h) dh*).
h

JlaBiesne P Ha HeKoTopol BHcoTe A, YMHOMXEHHOE Ha ILIO-
waAb S, paBHO CHJe, C KOTOPOH NPUTATHBAeTCA K 3eM/e Bech cToab
BO3flyXa, Haxopsmuiics Beillle BHCOTH h. CHJAa TAroTeHuA paBHa
Macce, IOMHOXKEHHOH Ha YCKOPeHKe CHJIH THXECTH g, OTKyAa

P(h) = jgp(h) dh.
h

Monesysace dopmyno#t (12.5), noayuum orcioaz

dP

Fo (h).

Sty dopMyy MOXKHEO GO OH HANMHCATH H CPa3y, PACCMATPUBAs pap-
HOBECHe TOHKOro ciofl dh, Ha KOTOpHH CHH3Y HefiCTByeT AaBieHHe
P(h), ceepxy nasneuue P(h + dh), paBHOAeACTBYIONAA ITHX ABYX
CHJl YPaBHOBEITHBAeT NPUTAXEHHe K Jem/ie MacCH, 3aKMAIueHHOH
B CJOE.

*) 3HaK oo Ha BepXHEM Ipefienie 3aMeHAeT ouelh Gombiuoe HHCAO R, TaKoe, uTO
TIPH ero JanbHeiillie yEeAHueHHH BeTHYHHA HETErpaja NPaKTHYECKH He MEHABTCA.



76 Honzmue npouseodnod u unmespusn [Tn. ]

5. Bupa3uM B BHAe HHTerpajia o6beM Ttesa (puc. 39). PasoGhem
TeJIO IMIOCKOCTAME & = const Ha ToHKue ciouh. OGbeM dV ToHKOro
CJIOSl paBeH NPOM3BEAEHHIO IJIOMANH
ceuenus S Ha TOAMMUEY cion dz. Ta-
KuM 06pa3oM, ec/id H3BeCTHA ILIO-
maib CeYEHHS Tea BePTHKAaALHOR

Puc. 40.

NJOCKOCTBIO B 3aBHCHMOCTH OT KOODAHHATH CeUeHHA T, TO 06LeM
TeAa MOXeT OHTh BHUMHCACH N0 QopMyAe

V= T S(z) dz. (14.8)
zp

IMpuMenum 3T1Y GHopMyay K NPaBHABHOA YeTHpPEXYTONbHOH MH-
pamune. [TocraBHM ee Ha BepIIHHY B Hauaje KOOPAMHAT ¢ OChHIO
CHMMETpHH, HanpasieHnol no ocu z (puc. 40). [Tyctb BrcoTa mupa-
MUIH f, OCHOBaHKe ee (OKasaBlleecs CBepxXy) NpeacTaBsser coboft
KBajgpar co cropoHod a. K3 reoMerpun H3BECTHO, YTO cevyeHHe
NHPaMHAL TOPH3OHTANBHON IUIOCKOCTBIO Ha BHCOTE 7 NMpEACTAaBJseT
coboft TaKXe KBajpaT, CTOpPOHA b KOTOPOro OTHOCHTCA K @, KakK Z
K h:

H4
b=b(z)=a 5

)
CrefoBaTensHo0, naomanb cevennsa S(z) = b = -:—2 22, O6vem nupa-
MEIH

V=T“2£dz=“2T£dz
OEE ’?0 .

Bocnoabayemes pesyabratom § 11:

j£a=%£,1£a=%ﬁ.
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Toraa nony4uM BLipaeHHe ofbeMa NMUPaAMHILL:
V=228 =1ah

(OfveM NHpaMMAL paBeH ONHOR TPeTH MPOH3BEAEHHA MIOLALE OCHO-
BAHHA HA BHICOTY MUpaMKAH. BuiBox 3Toll GOPMYNH B CTEpeOMeTpHH
fe3 MPMMEHEHHS HHTErPANOB SHATHTEABHO CIOKHES.

¥Ynpawdenus

1. BusecTa ¢popMyny Ana ofbeMa NPOMSBOALHOR NHPAMHAK, HCNOAB-
aya ceoficTRa MapaneNbHEX CeYeHHH,

3AKNIOYEHHE

B raase 1 paccMOTpeHH NMOHATHR MPOH3BOAHOA M HHTErpaja,
HeKOTOPHE HX CaMbie TIPOCTHE CBOICTBA H CBASH MEXKAY MHTETPAJOM
H Npou3aBoAHoA. Bompocs NpaKTHUECKOro BHYKCAEHHS NPOM3BOXHEIX
A HHTErpaJioB OT pa3iMuHHX byHKIuH oTHeceHH B ryapy Il KHHrM.
B raase I naso TONBKO HECKOJBKO CZMBIX MPOCTHX MPHMEPOB.

XoyeTca MNOCOBeTOBATH YyuyalzeMycl He H3MepATh TPYAHOCTh
A 3HaYeHHe TOTO MJAM HHOrO pasjena IHC/IOM dopMya, HX CHOKHO-
CThIO 1 TPOMO3AKOCTBIO, B AelicTBITEILHOCTH CaMoe BaXKKOe H TPYA-
o¢ — HMEHHO MaTeMaTHuecKas (OpPMYAHPOBKa 3aJauu B BHIe al-
re6paH4eCKOro YPaBHEHHR KK HHTErpasa WM Au¢depeHLKaabHOro
ypasHeHus. MMenHo Ha 9T0 Hano o6paTuTe 0co60e BEMMEHHE.

Ecan mocnepnue Tpu naparpacda mokasaduch YHTATENO0 TPYAHH~
MH, LeJecoobpasHo elle pas nepeuectdb Beio raasy I

[To co6cTBeHHOMY ONMHITY aBTOp 3H&eT, YTO Te paloTH, KOTOphie
eMy He ymaaoch cjefath (kOTOpue TeM BpeMeHeM OWY C/eAaHH
npyruMul), He GBIIE KM CIeNaHH NOTOMY, YTO, OTPE2HHUKBAACH 06-
KM PasSMHIUJIEHHEM, aBTOP He HAXOAHJ CMENOCTH ITHCATh YpaB-
HeHus, MareMaTH4YecKH GOPMyAHpOBaTh 3aia4vy, BHUYHCAHTENbHHE
TPYZHOCTH B YeTKO NOCTaBJeHHOH 3ajaue C SICHHIM (H3HUECKUM
Coflep>KaHHEeM BCErha MPeofoaeBaKITCH, eCId He TOYHHM PacyeToM,
TO NpROIYKEHHHME METOaMH.



IF'nasa II

BBIYHCIEHHUE NNPOH3BOIAHBIX
H HHTEI'PAJIOB

§ 1. 3nak andrepenunana.
Ilpouspoanaa cyMmel yHxnui

YaoGuble HarJagHbe CNOCOGH 3allHCH COOTHOLIEHWH M NpOCTHie
NpaBHMia, NMOIBONAKIKHE MeXaHHYecKH, (e3 pasMHILeHHH u Ges
omKO0K NMPOBOAHTb BHYHCACHUA, UMEKT OYeHb GO0AbILOE 3HAYEHUE
¥ AJs ofydeHus ¥ AJIR CAMOTO Pa3BUTHSI MAaTEMaTHKH.

B rnaee [ 6ua pasofipaH CMBICS MOHATHA [IPOH3BOIHOA. Jasauel
raasu [l saBAserca H3OXKeHHe NPABUJ HAXOXASHHA NPOMIBOJHLIX
OT Pa3fMYBHX (YHKIUA: MHOrO4JeHOB, PAllHOHANBLHLIX GYHKIHA,
B KOTOPHE BXOAAT OTHOLICHHS MHOTOY/CHOB, KOpHeH u BooGmie
ApoGHBIX cremenel, MOKasaTeNbHON GYHKIMH, TPHTOHOMETPHIECKHX
$yukuut ¥ Ap. Hyxuo Hafity ofiMe npaBuia AJf TIPOK3BOAHBIX
pasAHYHHX coueTaHud GYHKUuA: CyMMH (YHKIMH, NpoH3BeaeHHS
dysruuA, caoxuod OyHkuul. B xouue raapu II (c. 152) npuBegena
TabAnLa NMPOMSBOAHHX AN PAAa yHKUMHA, MOAHTOXHBAIOIIAA HH-
xkecaeayompe §§ 1-12.

H3 onpefeniennd npouspofHO# cieayer Tako# crnocol AeHCTBMA:
B KaXJOM C/Iyuae HYXKHO 33JaThC KaKHM-TO SHAUYEHMeM I M Npupa-
menueM Az; uafits f(z) u f(z + Ax), Haitth npupamenne Af; co-

Af

CTABHThL OTHOLIEHHE —— H NOCJEe STOr0 rlepeﬁ'm K fipeaeny Az —0.

Az
Oznako dopmyna, zaomas ofixee BHpakeHHe %mi npu npo-

H3BOJbHOM Ax (He cTpemslileMcA K HYJI0), KaK NpaBHAO, GHBaeT

. Af & .

oxHee o n , lim == = X, 1. e. npou3BOAHO.
cnoxHee GopMyaH ANA Npeaena Am = POH3BONHOH
INosToMy B AanbHeHINeM MH HacToO GyfleM NMHCATH Takue GOPMYJsl,
KOTOpHE CTpaBefJHBH TONBKO B Npejese, NpH NPUPAIIEHHH, CTpe-

MSLLEMCH K HYJIIO, H B 3TOM cyuae BMecto Ay, Az SymeMm nucars
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dy, dz. Hyxuso BHpaforath Takue npaBuna AceHCTBHH ¢ BesiMuMHa-
MH dy, dz, YTOOH BMeJ0 MeCTO OCHOBHOE PaBeHCTBO

¥ —y(),

T.€. YTOGH OTHOIIeHHe AH(depeHIHANOB TOXACCTBEHKHO PABHAJOCH
npou3soAHOH, PaHbile Mu NHCaAM NPHONKXEHHOe BbpaXkeHue AJS
npupaieHns byHKIHH

y(z + Az) — y(z) = Ay = ¢/ (z) - Az.

370 BHpaXeHWe CTAHOBUTCHA TOUHEIM B npetene npu Az — 0*). las
AugdepesuHanos GyneM MUCATh TOYHOE PaBEHCTBO

dy = v/ (z) dz.
Cnosa o npefiene npu Az — 0, koTophe HyXKHO GHJO AOGABIATH
K NPHGAMIKEHHOMY paBecTBY Ay = y(z) - Az, yiKe He HYXHH NpH
HAMMUCAHUH BTOPOil (OpMYJIE: OKH MOAPa3yMeBaloTCH NPH NOJL30BA-
HHH guddepeHnnanamu dy, de.
Ipasuna noaraosanua AedepesuyanaMu ZOMKHH OHTE TaKH-

MM, yTOOb OTHOIleHWe ZH(GepeHLIHAN0B PABHAAOCH NPOUIBOAHOMN,
aaa storo B (opMynax HY)KHO cpasy OTOpaCHiBATh UJEHH, MPONOP-
uuonanbiue (dz)? u Goflee BHCOKHM CTeneHaM da.

PaccMoTpHM TpocTeRAInHft MpHMep y = T2, H HA 3TOM NpHMEpe
CPaBHUM TeXHUKY paboTH ¢ NpHpalleHUAMH U ¢ AH}depernHaIEMY.
PaHbiie Ml nucasu:

Ay = (z+ Az)? — 22 = 22 - Az + (Az)?,

Ay _ o = T DY -
M—2$+Aw, y’—AlgBoAz—k:.

C nomoniuio AH(dpepeHIHANOB 3aNHILEM
dy = (z + dz)? — 72 = 2z ds.
Unen (dz)? B npapoft yacTH ME Cpasy OTOPOCHIH!
_ 9 _
¥ (x)= I = 2z,

B kavecTBe BTOPOro IIpUMepa pacCMOTPHM CYMMY ABYX (YHKIHH,
B3STHX C NOCTOAKHKHIMY K0S(dHIHEHTaMY:

y = Cf(z) + Eg(z).

*) CM. cHOCKY Ha ¢. 23.
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C nomompio AKphepeHIHANOR 3aMUINeM:
dy =y(z +dz) —y(z) =
= Cf(z+dz)+ Eg{z + dx) — Cf(z) — Eg(z) =
=Clf(z + dz) - f(z)] + Elg{z + dz) — gl=)] =
=Cdf + Edg=Cf'dz + E¢ dz,
dy

PO _ e
Y=o = Cf + Eg'.

Yuratesnb JIErKO MOXET NOJYIATH TAKYIO ke (GopMyay, moAb3y-
fich MIPUpAIEHUAMH H TpeAe/IaMH,

Hanucauwe dz, dy (uuraerca: auddepenuuan uxce, guddepen-
IIMaA UrpeK) 3aMeHseT CJIOBA O Npefiesie H YNpouaeT BUA (HOpMYJI.
Ofiee npaBusio 3aKAOYEETCR B TOM, YTO MPH HAMMCAHHH dopmyn
¢ auddepeHnHaIaAMH MOXKHO (M JONKHO) BHKHAHBATH YAEHH, IIPO-
nopuuonanbatie (dr)? (dz)? u 1.1, B octassHoM xe ¢ auddepen-
IMalaMH MOXHO o0palllaTrhcs KaK ¢ OOHYHEIMH aAre6paHuecKHMH
BE&JIHYHEAMH.

Mu Gynem nosbsoBateca muddepeHnuanom Tol WAM HHOH ne-
pemernolt dz, df u r.n., fuddepenuuanom $yskunn df, audpde-
PEHLIHAJIOM KaKOT0-1H60 CJOXHOIO BHpPAaKEHHS, COCTABJIEHHOTO W3

HeCKOJbKHX (yHKIHH, HanpuMep, d(%) OrHomenne % 1o orpe-

AeJIeHHIO ecThb NpoH3BOAHaA (yHKuuA ot f(z).

§ 2. IIpoussonnad obparnolt GyRKuHE

3ajaHue ¥ Kak PYHKLIHY T O3HaYaeT, YTO KaXIOMY & COOTBET-
CTBYET ONpelieJIeHHOE 3HAUeHHe ¥. SHAUHT, U 06paTHO, MOXKHO CKa-
3aTh, 4TO KOKAOMY ONPERENEHHOMY i COOTBETCTBYET CBOe T. Takum
o6pa3oM, aaganue y(x) Aaet Takke GyHKUIHOHAJNBHYIO 3aBHCHMOCTb
2(y). DTy 3aBUCHMOCTb HASHBAIOT 06paTHON (YHKIMeH.
[TpuBesem HeckoMBKO NpHMEPOB: cfieBa AaHo y(zr), cripaBa Hamu-
caHa o6paTHad QYHKIMA T OT -
y=z+ta; T=y—a
y=21% =¥
y=2+1, z=3y—1.

Bo MHOrHX caydaax oOparHas GyHKUIHA KMeeT Gojlee mpoctoi
BHA, YeM npaAMas (YHKIMS: HanpuMep, eclH NpaMas (QYHKIHR
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y=¥x 1 COAePXHUT KyOudecKHA KopeHb, To ofpaTHas ¢yHK-
uust z = 3 + 1 ecth crenenmas QyHkuud, npome npamod. B sTom

ciydyae HaliTH NPOUSBOAHYID ofparHol GYHKUHMH, ——, OKa3HIBAETCH

dy
npoille 4 Jerye, 4eM HAUTH NPOM3BOIHYI0 NpAMORX (YHKLHH, et

Henbss s B sToM ciaydae MPOH3BOAHYIO NMpARMoH (YHKUHH Kak-TO
BEIPA3MTL Yepe3 MPOH3BOAHYIO 06paTHOR QYHKIIUH?
s npamoit dynkumuu y(x) umeew:

d
dy = Ey dz = ¢ (z) da.

Orciona noAy4HM OTBET AJSA nponsnonuoﬁ 7’/(y) obparHoit dymnk-
uvH z(y): :

% 2.1

®=% =76 @1)

B mpasofi yactu (2.1) cTour Bupax(eﬂue, 3aMHCaRHOE B BUAE (PYHK-
UMM ¥, a BMeHHo, ¢ nomowbi y'(x). Ho ecu obparHas dyHKuus
+(y) UIBECTHA, TO STO BHpPAXEHHE MOXHO NPEICTABHTH KaK (yHK-
1Mo ¥,

[TosickuM cxasaHHoe npuMepaMu. ITepeif npumep (MuBefinas
tpyukuusa) cauukom npoct. Hauvem co BTOporo npumepa;

y=z2, %=yl(m)=2:c; %:;:?%:-21;' (2.2)

loacraBsseM B BHipameHue (2.2) oﬁpa'mym q)yuxmm z = /7

dz _ d(y) _
&= dy 23 m. (2.3)
Panbure, B ryaBe I, sToT peayabrar OHA NoAydeH Gojee CAOKHEIM
1yTeM.
Tperuit npumep:

y=z+1, =yf(z)=32% —=o—=—

Tako# cnoco6 npuronuTca HaM U nosxe. Korla MH B3ydHM NOKasa-
TeMbHYI0 DYHKIIHIO %, T0 MOXHO Syler paccMaTpHBaTh JorapHMH-
veckyo GYHKIHI Kak o6paTHyI0; Koraa MH H3YYWM NPOHSBOJHHE
TPHTOHOMETPHYECKHX GYHKIHA, sinx, cosz, tgT, TO MOXHO Oyaer
HaWTH NPOH3BOAHHE OOPaTHHX TPHTOHOMETPHYECKHX GyHKUMA —
arcsin z, arccos x, arctg .
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§ 3. Caoxnaa dyuxuns

[lyets z sagaHo Kak QYHKUMS ¥y, HanpuMep, z = ;l’-, ay ecTh

byHKuEa T, Hanpumep, ¥ = > + 5. OueBHIHO, KaXIOMY & COOT-
BETCTBYET ONpeJie/iecHHO® ¥, A TAK KaK KaKAOMY ¥ COOTBETCTBYET
onpefiefieHHOE 2, TO B KOHIE KOHLOB KAaX/IOMy & COOTBETCTBYeT
onpezesieHHoe 2z, z ecTh (QyHKUuA z. Beeraa MoXHO, MOACTaBAAA
BHpPaXeHUE ¥ uepe3 T, BHNHCATh HEMOCPeACTBEHHO 2(x), B AaHHOM

1
npUMepe 2 = .
puMepe Z15
Ho pnas mamHx nesnefi Kak pas BHrogHee Bce (GYHKIUHM CBECTH
K COYCTAHHAM CaMBIX MPOCTHX (YHKLHI; B OTAGABHOCTH KaXKaas H3

3aBHCHMOCTEH z = % H y = 2 + 5 npomre, yeM z = 15
Croasi Bce GyHKIHH K CAMHM MPOCTBIM (YHKIHAM, MH CyMe-
eM OGOHTHCH NpaBHIAMM HAXOXACHUA MPOH3BOAHHX 3THX MPOCTHX
GyHKUHA.
Hafinem nuopdepenunan croxuofl pyHkunu z[y(zx)]. PaccMarpn-
Baf 2 Kak QyHKUMIO gy, HAanMIIeM:

dz
dz = @ . dy.
Ho y ecTs ¢yHKUMA T; nosToMy
_ %
dy = o dz.
MNopcTaBanda, nonyuum
_d dy
=% & dz. (3.1)

Moneaus ofe yactu (3.1) Ha dx, NoayyuM NpaBHAO OnpexeseHUs
NpOH3BOAHOH C/A0KHONH (YHKIHH *)

de _dz dy (3.2)

*) Panubme 119 0603Ha%eHHS MPOHIBOAHOH HAPAAY C 3aNHCHIO % MH ymorpes-

aami samick 2. OpHako ofosHAueHHe MPOH3BONHOA MTPHAOM MOMKET NMPHBECTH
K HeACHOCTAM: eCIH HATIMCATE 2z', HEACHO, YTC HMEETCd B BHAY: % HAH % Io-
STOMY B TEéX CAY4anAX, [Ae MOMET BOSHHKHYTE COMHEHHe, MEl MITDHX YOOTpe(aATh
He GyneM.
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Bua, ¢opmynn BrodHe COOTBETCTBYeT TOMY, YTO OBIJIO CKa3zaHO

0 BOSMOXHOCTH O6pauieHnn ¢ guddepeHnHaNaMK KaK ¢ OOHUHBHMH
dz d

anreGpaHuecKHMH BeJHYHWHAMH: B NPOM3BEAEHHH &y d% MOXHO

COKPATHTD dy.

HanoMuuM, uto 2 3a5aHO Kak (yHKOHA ¥, MOSTOMY % TaKKe
assserca pyHkuuedt y. Ho Tak Kak camo y ecth ¢yHKuUMA z, TO,
nofcraeaas y = y(z)} B BHpaxeHHe d—z, NOAY4YHM —— KaK GYHKLHIO

dy dy

dz
&, & C1egoBaTeJIbHO, H 5 Kak Cl)YHK].lHRJ Z.

[ponenaem pacueT asisi ciayuas, KOTOPHH MOHAAOGHTCA B Aab-
Helimem. [IycTh

7= Lo
y(=)
Mu 3HaeM, yTo npu z=l e __1 3Ha4HT
¥ y dg y2" L]
1 1 dy
dz=-=dy=——= dzx
YT &
W
dz 1 dy
E=_;§°E' (3.3)

I
T: ] [ = y &= =y
K, HATIPHMED, eCaH y = 2> + 5, 2 5™

dz 1 d@?+5)_ 2

& (@15 &  (@+5¢

3To npaBHsI0 COCTABJeHHA NpousBogHoM caoxHOH yHKUMH cO-
XpaHsercs H NpH MHOTOCTYMNEHYATOR 3aBHCHMOCTH:

z=2y), y=ylz), z=2z(), t=1tw),
} (3.4)

Ecan dyHKIHA 3afaHa napaMetpuyecku (cM. riasy IV, § 8), To
TaKoe 3ajaHHe MOXHO PACCMATPHBATL KaK YaCTHHMA cAyuail caoXHOH
ysknuu, B camoM feJe, ecan paHo:

z=f(t), y=glt),
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TO NMEPBOE H3 STHX ypaBHeHHH MOXHO paccMaTpHBATh KaK ypaBHe-
HHe, pelleHWe KoToporo Aact t(z); momcTarass 5To t(x) BO BTOpoe
YDaBHEHHE, MOJYIHM

y = g(2) = g(t(=)).

CllegoBaTenbHO,

Ho mns npumenenns 3ToH ¢opMy/H He obs3aTelbHO BHpaxkaTh ¢
Kak QYHKIHIO T (ecau 6bl MH 3TO CAeNalH, T0 H3GaBuAHCh G OT
napaMeTpa, a 3To He Bcerza Bo3MoxHo). Jloctarouno sHath £ = f (t}
31a ¢yHKuuA ABJAAeTcA OOpaTHON N0 OTHOWEHHIO K QYHKUMH t(x
3uauur,

Takuu obpazom,

3ta ¢opMyNa faeT elle OAHH NMpPHMEp TOro, uTo ¢ AH{pdepeH-
IMAJaMH MOXHO oOpalllaThes Kak ¢ OONYHBIME ajareGpanyecKHMH
BeJHYMHAMY: BeIHIHHA di B NpaBOM 9acTH COKpaillaeTcs.

ITpuBoayM mpHMep:

=121 y=t2+t;
de . dy . dy _ 2t+1

E-—% 1; g =2t+1; priakre ¥

Takum ofpa3oM, Korna MH GyfleM BHYHCAATH TaSMHLY AAA noO-
CTPOeHHA rpadHKa H, 3aflaBaich f, HAXOAHTb & M ¥, ME CMOXEM
B JIOOOA TOYKe HAXOAHTb H SHAYEHHE MPOM3BOAHOA %, Aaloniee

HaKJOH KacaTeJALHOH B 3Toll Touke,

Yopawsenua

1. Ha#ity npomssoznyio oT z = (az + b)® Kak caoxuoll PyHxumHM
y = aZ + b. PackpHTE cKOGKH H HARTH TY Xe NPOHSBOAHYIO,
2. HaiitH nponsBORHYIO:

1 1
z= y Z=—.
{ax +b) 1+1
x




§4) flpoussadnaa npoussedenus dryrryudl 86

§ 4. lIpouspoanas npousseaenus GpyHxnui
Hakizem mpoMapogHyio npouseefeHus asyX ¢yHkumit: g(x) u
h{z). Monoxum:
f(=z) = g(z)h(z),
df = f(x +dz) — f(z) = g(z + dz)h(z + dz) — g(zx)h(z).
e o+ ds) = ele) + de,
h(z + dz) = h(z) + dh.
[MosTomy
if = [g(z) + dg][h(z) + da] — g()h(z) =
= g(z)h(x) + g{z) dh + h(z) dg + dgdh — g(z)h(z) =
= g(z) dh + h(z) dg + dgdh.

dg = ¢ (z)dz,
dh = W (z) dz,

3aMeTHM, 4TO

oTKyna

dhdg = ¢ (z)'(z)(dz)’

Beauunta dhdg nponopumonansha (dz)2 mostoMy mpoussemenHeM
#hdg B BHpaxeHun df npeHeGperaeM. OKoHYaTeNbHO NMOJAyUaeM

df = glz) dh + h(z) dg. (4.1)
PasgesuB BCe YNeHBl (4 1) Ha dz, nonyunm™
g _det) _ b p % (4.2)

310 BHpaXkeHHMe Hafl0 3aMOMHHTh TaK: NMPOM3BOJHAA NMPOH3BENCHHA
§h paBHa cyMMe NpOH3BOZHOH, B3ATOH B NpeAMOJIOXKeHHW, UTO 3a-

dh
MHCHT OT T TOMBKO /i, 4 & MOCTOSHHO (q.nen gﬂ), H MPOH3BOA-
Hol, B3ATOH B NpeAnoJOXeHHH, 9TO h NMOCTOAHHO, 2 OT T 3ABHCHT
TOALKO & (tmen hﬁ). Ilpu 3TOM, €cTecTBeHHO, CAMO MOCTOSHHOE

algyeHHe g B 4JeHe g% Gepercs NIpH TOM I, NPH KOTOPOM HINETCA

atayenne mpouspogHoi. To Xe OTHOCHTCH H K h BO BTOPOM uJieHe.
Kak 6n MH feficTBOBaJH cTaphM crnocoSoM? [Ipocras anre6pa
A#eT TOYHOE PaBEHCTBO

Af =g(z)- Ah+h(z) - Ag.
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IMonenum 06e qacm Ha Az:

- Ag Ak Ag
g()Aw+h()M i Ag -Az. (4.3)
3aMeTHM, YTO B MOCJEAHEM 4YJeHe AAA YAOOCTBA Mb YMHOXHJIH M
pasneausn Ha Az. Jo cHX MOp BCe PABEHCTBA ABAAKTCA TOYHBIMH,
cnpaBel/MBLIMM NpH JIOGHX 3Hauennax Az. Teneph nepexomum K
npenenay npu Az — 0. [Tpu stom:

Af . Ak _ ., Ag
A A =0 M= M Ee T
¥ B cuny (4.3) Fegh'+he.

Tocneanudt unen B popmyne (4.3) npu mepexoge K mpegeny uc-
yes, TaK KaK NepBhie fiBa MHOXKUTENS B Npenese AalOT MPOHSBEICHHE
B - f', a Az MH YCTPEMHJH K HYJIO.

C noMompio NpHpailieHHA K Nepexona K npefeay NoJAyueH TOT Xe
PesyJILTAaT, YTO H ¢ noMombio AnddepeHUNANOB, HO HeCKONLKO Gosee
AOATHM cnocoGoM. DTO He YAHBHTENbHO, TaK KakK B cayuae aHdide-
PeHLHAJOB MH OTOpocHH df - dg MeXaHHYeCKH, Ha OCHOBAaHHH paHee
3ay4eHHOro MpaBHJa, COIJIACHO KOTOPOMY Hano oT6pachBaTh 4YJeHH
¢ (dz)?, (dx)® u 7. 1., a 3HaunT, ¥ MOGHE NPOHSBEAEHUs ABYX, TPEX
U Gonbinero yucsa auddeperHunanos,

ITpu pacuere ¢ MoMombIO NPRpalleHN# MH, B CYNIHOCTH, 110 XOLY
Jesla 0oKa3aAt 3TO MPaBHIO ellle pas IJjA NPHMepa MPOHABEAEHHA
yHKUMHA,

IMocaenoBatesbHEe AeHCTBHA ¢ MOMOIIBI0 MPHPAIEHHA HYXHH
Zns 060CHOBaHHMA NpaBHJ M NMoHHMaHus uX. Ho, mochae Toro Kak
NoHMMaHHe NOCTHTHYTO, MOJb3oBaHHe IH(epeHIHaNaMKH GHCTpee
BeJeT K IeJH, aBnaercd Gosee neNoBHM, OBJI0 OB CMEIIHO KaXabil
pas TaHLeBaTb OT MeuKH, KaXAHH pa3s pelllan KOHKPETHYK® 3afiavy,
BEIMHCHEBATh, 94TO NPOH3BOAHASA €CTh MpeAes OTHOUIEHHA, W T. A.

Mpumep. f= (222 45)(3z+4).
Hafttu f'(z) u, B yactHoctH, f/(2). 3aece:
- L9,
g=22+5; &-—43:,
h=3z+4; % =3;
Y — (222 +5)-3+ (32 +4) -4a;

72 = %F2=(2.4+5)-3+(3-2+4)-4-2=39+so= 119.
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[Tpaeusio nna HaxOKAEHHA MPOH3BOIHOA NpoH3PejeHHa obobma-
¢TCA Ha cayudail HecKOAbKMX MHOxHTenel. Hanpumep, ana nponase-
nenns dereipex ¢yuxumit f(z), g(z), h(x), k(z) noayuzaem

d(fghk) _ dk dh dg df

I[TpouaBopHyi0 wacTHoro {(oTHoOIIeHHA) ABYX QYHKuMit Hafme,
1anKcas f = 2 B BHJ€ NPOHIBEAEHHA

_pl
f=hs.

Toraa

f= h(é)' + h%. (4.5)

llponsBogty® GyHKUHH é HaxomHM, NoAb3yacsk dpopmyaoi (3.3),

(&) =-z¢
IoacTaeasisa 510 B (4.5), noayunm
=) - ey
(@) - 1 o

[lpaBusio, corsacHo KOTOPOMY NPOW3BORHYI0 NPOH3BEAEHHA
HeCKOAbKHX GYHKUMA MOXHO HaHTH KaK CyMMY MNOpOM3BOFHBHIX,
BHIYHCJEHHEIX B MPEANOA0MeHHH, YTO KaXKAHH pas MeHsercd
TOJbKO OfiHA (PYHKLHS, B AeHACTBHTE/NBHOCTH MPUMEHHMO He TOJbKO
K NPoH3BeReHHI (YHKUMA, HO U K APYrdM BhHpaXMeHHAM. Jlerxo
y6enuThes, uTO GopMysa A8 NPOH3BOZHOH CYMME (YHKIHI TakKe
coriacyercs ¢ sTol HopMyaAHPOBKOH,

[Toaxxe MBI YBHOHM, 4TO Ta Xe POPMY/MHPOBKA IPHMEHHMA H K Ta-
KHM CTyuasM, Kak, Hanpumep, g(z)™?), re dyHkmHs g BosBoaMTCS
N cTeneHb A, 3aBUCAUIYIO OT I.

WAH

YopaxHenus
1. Hafitu npoussogHyio dyEKuuM y = x4 aanucas z* = £2z2,
Haiiti npouseofHue QyHKIHA:

= _,2a+5:l:2 _z=1
—(2.‘172"‘3)\/5.3. y——;:—_iT. 4, y—m.
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§ 5. Crenennas dpynkuusa

PacemoTpuM TIPOMSBOAHYIO CTeNeHHOH (QYHKUHH
y=a,
THe N eCTh MOCTOSHHOE YHCMO. [IpH n LeJOM NONOXHTEILHOM ™
€CTb NPOH3BEAEHHE 7t OIKHAKOBEIX MHOXKHTeeH:
n pas
g s,
y=z--x...%,
7 pas

=1z V1.2 12T

{4.4)), otkyna®
@ n— l.

e
ITokaxem, uTo 3Ta PopMyna HMeeT MecTO IpH Jaobom n (Kpob-

HOM, OTPHLIATEJILHOM).
TlpH ApoGHOM n 3amMileM n = % rae YHCAa M H P — Lelke,

(mo dpopmyse

Moayunm y = z™%, wan
¥ =z (5.1)

Bupaxenue y” B aepoit uactH (5.1) aBasercs caoxkHO# dyHKUMed
OT I, TaK KaK § 3aBHCHT OT Z. [[0STOMY, BRMHCJAS NPOUSBORHYIO OT
oGenx gacTted papeHcrsa (5.1), moayuum

2 @) =L = mamt

Orciona
gy _manl_m a"T _m 2 M ompel,
de py' p (szp)" p gmm/P

YunTHBadA, 9TO ; = 1, NOAYUaeM OKOHUYATEJbHO:

ﬂ_ n—1
dx—-m: .

*) lna wesiore n sTY GOPMYAY MOXKHO [IGAYYHTS NIPH IOMOIH GuHoMa Hblorona.
Onnako NPOH3BOAHAA JETKC HAXOLUTCA M (ea GHHOMA, ero sHAHHE He OOH3ATENBHO.
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HpH OTPHLIATENbHOM [MOKa3aTeJie 3allHIIEM N = —k, rae k —
NOJIOKHTENBHOE UHCIO,
- 1
y = a:“ =% k = 'm—h_

[To npaBuay onpenedeHHs MPOH3BOAHON CAOXKHOH QYHKUMH y =

—

[loacrapnaa obpaTHo k& = —n, NOAYYHUM H AAd OTPHLIATEALHOrO N
dy _ d(z") ——

dz dz.

Takum ofpasom, popmyna NPoHSBONHOA OT CTeNeHH TPHMEHHMA
npyu Mo6GoM palHOHAaJALHOM MOKasaTene n. OHa pacnpocTpaHsercs
H Ha cy4afi HPPAUHOHAAbHOrO MOKA3aTeNs CTEMeHH.

QopMyna 5Ta MMeeT BaXKHelfiee 3HaueHKe. [1pu Beelt ee npocto-
Te 5Ty GopMyNy NOJESHO 3aNHCaTh emie B ADYToM BHIE:

y = cz”, % =n%. (5.2}
3TOoT pesy/nbTaT HaAo rAYGOKO MPOUYYBCTBOBaTh. IIpH mosoxu-
TeJBHHX 71 CTeNeHHas (YHKUHA 06jajlaeT OYEBHAHHM CBOHCTBOM,
yro npr = = 0 y TaKkxke paeHo 0. Kpupyio y = cx™ npH nautoM n > 0
MOXHO IPOBECTH uepes JOGYK TOYKY (Zg,%p) — HAOCTAaTOYHO BHI-
6path ¢ = yo/x3. [TycTh KpHBaA NPOXOAMT Yepes HAYANO KOOPAHHAT
W uepea TOUKY (zg,yp). Hafinem cpenHee 3HaueHue NMPoM3BOAHON Ha
ydacTKe KpMBOH OT HAayajsa KOODAMHAT A0 TOUKH (%o, Yp). CoriacHo
onpezeseHur cpeaHero (cM. Buime, raasy I, § 13)

o
[y @ de
y=2___
yl - To — 0 ’
OTKYZA, NoJb3ysce qopmynoi (11.9) us raass I, noaysaem

= _ ¥(@o) —y(0) _ y(xo) _w
V= Zp T ze oz

B camom pene, npH usmenennmu x oTr 0 mo xg y pacrer ot 0
10 $. 3HAaUHT, cpeaHsAa CKOPOCTb pocTa y (T.e. cpeiHee 3sHagYeHHe
NpPOH3BOAHOM) paBHA Yg/To, STO OUEBHAHO U Ge2 HHTErpaaoB!
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Kak suano u3 dopmyau (5.2), sHaueHHe MPOUSBOZHOH B TOuUKe
(o, 4o) B 1 pas (n — MoKasaTesb CTerneHH) OTIHYAETCHA OT CPENHEro
3HaueHHs npoussoAHod. Ha puc. 4] nokasaHo HECKOJBKO KPHBHX

C PasNHYHHMH 7: N = 3, 1, 2, b, npoxoAALIMX yepes OAHY H Ty e

toury N(zg,yp), 2 3HAUAT, HMEIOIIMX PABHYIO CPeJHIO MPOH3BOX-

HY10 Ha oTpeake (-3, HarnsaHo Bufmmo, uto yeM Gosbme 7, TEM

Goabme npoHseonHan B Touke N (kpyue pacrer KpHBad). BepHemca
ellle pas K dopmyne

» &

o W _p¥
pﬁ‘ =" (5.2)
2 N Orcwonady=n % dx ¥ NOTOMY JUIA Ma-

JKX TpHpalteHHH
Ay=mn % Az. (5.3)

Bynem cuntats, yt0 coorHomenHe (5.3)
OocratoyHo TouHe maa Az = 0,01z,
T. €. AJ9 MaMeHeHus1 aprymeHTta Ha 1%.
Toraa u3 (5.3) noay=aeM

=n¥
Ay=n s 0,01z,

wy

of 1 WIH
Puc. 41. Ay = n0,0ly.

ITpn uaMerennr aprymenTa Ha 1% cTenedHas (yHKIHs ¢ NOKa3are-
JieM 1 MeHserca Ha 1n%.

Ynpamuesua
Haftu npouseoanue ¢GyHKOHRA:
1Ly=2"—32%+28 4+ 722 - 22 +5. 2. y=(2*+24+1)2. 8. y =
=@ -z+1)% 4 y=0322-1)0. 5. y=v2T—1. 6. y= V2.
7. Halitn snauenua y(9) u y(11), ecnn aaHo, uto y{10) =5 B cay-

use”): a) y~ T, 6) y~ = B) y ~ 2% 3apauy pemmts B yMe, Ges
BWKAAAOK. CpaBHHTE OTBET ¢ TOYHLM,

*) 3naK ~ 03HEYEET MPONOPIHOHANBHO.
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§ 6. Ilpouspoannie anreGpaMdeckux (PyHKNHIHE
C NOCTOSHHBIMA NOKA3aTENIMH

CosokynHocTs npasus §§ 1-5 nossodser HalTH NPOHSBOEHYK
A0Goli (PYHKUHH, COCTABJAEHHOA NyTeM CJAOXKeHHS W BHYHTAHHSA,
YMHOMEHHS M JeJIeHHA, BO3BEJEHHA B CTeNeHb (NOCTOSHHYIO), B TOM
“ucae ApoBHYIo (KOpHH).

ITokaxkem Ha ORHOM NpHMepe, KaK 3TO yRoGHee BCero AeNaTh
npakTHYeckH. Hafinem nponssoaHyio ¢yHKIHH

f(z) =z¥yz2—1.

{)rBer clemyer mucaTh cpasy, T.e. He BBOAS KaKUX-NH60 HOBHX
o6o3HaueHull (Bpoge w/a 1= y). [IpousBoaHyio GepyT Kak Gul
OTAE/BHO N0 Ka)KAOMY MECTY, FAe CTOMT &, IPHTOBapHBas HJA Ma-
MATA MpUMepHO clexymomee (GyKBH <a», «O», «B», ... NOKASHBAIOT,
K KaKMM MecTaM BhIDaKeHWs TPOHSBOAHOH, HAMHCAHHOTO BHHSY,
OTHOCATCA CJ0Ba): MPOH3BOAHAsA (2) Mo x, CToAllleMy Nepen KOpPHeM,
naoc (6) npouasopHas mo Vz2 — 1, ymHoXeHHas Ha (B) npous-

nopHylo of Vz2 — 1 no z2 — |, yMHoXeHHaR Ha (r) NPOMSBOAHYIO
3
orxc—1:

= Vz2-1 42

Ble

MMeer cMuica cpasy NPHY4aThCs K TAKOMY AeJoBoMy cnocoly,
6e3 JIMIIHEro YHCTOMHCAHHSA, MOMb3YACh CAEAYIOUIMMHE MPHHLUKNAMH:

a) npapuJo anddepennnpopanns caoxkHofi ¢yuxunx [(§ 3, dop-
myas (3.2), (3.4));

6) ec/M BHpaXKeHHE COCTABACHO H3 HECKOALKHX QYHKUMH, TO ero
NPOH3BONHAA P4BHA CyMME NPOH3BORHLIX, BHUHCJCHHBX B NPeRIo-
J0XEHHUH, YTO KaXKAEH pas JHIIL ofHa U3 QYHKOHA Npeanoaaraercs
ne%t;liaennoﬁ, a ocTaibHHe TocTosHHH [§4, dopuynn (4.2), (4.4),
(4.6)].

dopMyny Bas NpOH3BOZHOH CTeNeHH YROGHO MPHMEHATh B BHAE
_.n WY
V=, ="y
KBK 3TO CAe/]aHO BHIIe, B MpHMepe — CM. BHpaKeHHe (B).

Haa Toro yToOW IPHOOPECTH HaBHIK, HYMXHO TNPORENaTh
10-20 ynpaxxHeHHP TOABKO Ha TeXHHKY Ge30THOCHTeNBHO K (H3H-
HCCKHM 3aBagaM.
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¥opawaeans

Hatttu npouapopusie GbyHKUuA:
1. y = 3(g? - 1)% 2.y—:c3\/3:2+:.': 3. y=25¥27—1 x
x (23— 22)\/5. 4. y= (m-l——)a:a\/ 2.6.y=22/Vx +z.8. y=

_ z L4zl _{z=1)(z+3)

—(f+ ).1: 7.y-—l_zz.8.y Tl 9. y T
3z—1 z T

10. = v +2. 1L, = ——. 12. = —_

y z* + v 2t — 1 V= Wi

2
18. y = /& M y=2/F+ Tz 1B y=— 2 "2
v tave y== z y (1+2)V1+22
16. y = Y= +32. 17. y = (xs—l)\/_z—l + a¥aT— 1.

18, y = ”V(gz V-3 1/ ”2'“’“,/ F1.

—1)° 2

21. y—"—‘“’”- 22, y= YZE2H! 95 4o ovF T Vot va.
3

+1 z+1
- 1 \/7 , _ V-2
24.9'— $+$) x.25.y-m.

§ 7. IloxasareasHan QyHKNHSA
PaccMorpuM (pyHKIHIO
y=a"
rae yucao a 6oavine 1. paduk ¢yHKUHKE ¢y H300paxeH Ha pHc. 42,
INpu =0 y =1 npu moboM a.
QOYHKIHEA y NpH BCeX T MOJOXKHTENbHA K PacTeT ¢ YBeJHYEHH-

eM 2, TaK 9YTO H [IPpOH3BOAHAA €€ TaKiKe Be3fle NMOJOKHTeJJbHE. l'[pn
YBEJIHOdeHHH £ Ha MOCTOAHHYI0 BEJHYHHY C MOJY4YHM

ylz+c)=a"=a a®=b-a* =b-y(z), tne b=a%

Be/IHYHHA Y YMHOXAETCA Ha MOCTONHHYI0 BeaHuuHy. Takum of-
pasoM, €M T MEHSTh MOCJEAOBATENbHO, OAWHAKOBHMY LIATAMH
(p apudmersueckoRt mporpeccu):

r=x9 Tp+¢ Tot2, ..., Tg+mnc,

10 y OyAeT IPHHHMATL 3HAYEHUA

by, by, ..., by
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Takoll 3aKOH HapacTaHWS, KaK H3BECTHO, Ha3HBaeTCA reoMeTpHue-
¢Koi nporpeccueit.
Hafinem npoHaBofiHYI0 MOKa3aTeAbHOR QYHKIMH JIA @ = 10%):

d(10%) _ 107+% _ 10° _ 10° 10% — 1
dz dz N dz
Uro npenctasaser cobofi BelHInHA
0% -1,
dr

08 _§

3710 eCTh NpeReN OTHOLIEHHS ! npu Az — (. Haiinem 10T

npeaes UYHCJACHHO, <apHPMETHUECKH».

Moabsysach yeTHpexaHauHOH TabaHLEfH »t
norapu(pMoB, HAXORUM:
0 _
10% = 1,2586, ”‘:)—l' = 2,586,
10201 — 1,0233, —oor = 2333,
001 _ 1000 -1 _
10°%! = 1,0023, oo = 23
Takum ofpasom, noaydaeM
10% — 1
= 2,3.

CaenoBatesibHO, IpOH3BORHAS

% (10°) = 10 - 2,3.
Mpouspognyo 107 MH HAWIAH, TaK CKa3aTh, OMHTHHM MyTeM, IIpH
noMows Tabauu. Jas moGofi apyrolt nokasaTeJbHOH (yHKUMH 3a-
nauy Temepe Jerk0 CBeCTH K MpeAHAyIiedt: MOJAL3YACh MOHATHEM
aorapu¢Ma, sanuwem:

a = 1088, % = 1089,

*) a = 10 BamTe UAR OGNETYCHAS BHYMCACHHE.
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Ilo npasuay HaXoXAEHUA NPOH3BOAHOH CJOXKHOR (YHKUMH mo-
JAYUHM: &
E=IO”"°-2,3-lga=a”-2,3-lga. (7.1)

JamedarennHasi 0cOOEHHOCTh NoKasaTenbHoN (QYHKIHH 3ak/mo-
4aeTcs B TOM, YTO ee NMPOHSBOAHaA MPAMO IPoNopLHOHaibHA caMofi
¢byakuun. B aToM riaBHOe CBO#-
b CTBO MeOMeTPHYECKON NMporpeccHu: dem
Gosblue caMa BeJHIHHA, TeM GHCTpee
oHa pacTeT. CrolicTBa reoMeTpHYeCKoR
nporpeccHd, HeoOw4aifiHO CHJbHOE ee
BOSpacTaHHe — JIoGHMadA TeMa momy-
JAPHHX KHHXEK, HaNpHMep, «3aHHMa-
TeJIbHOH afreGpus H «KHBo#i maTema-
THKH» [lepenpmana.

Ecap B noxasarebHoH (QYHKIHK
0<a< 1 10 rpadux O yHRUHK
HMeeT BHI pHC.43, npH ypenHde-
HHH = B apH(pMeTHYeCKOH mporpec-

Puc. 43. CHH { YMEHbIIAeTCH B reéoMeTPHUECKOR

nporpeccu. ®opmyaa (7.1) mo-npex-

Hemy IpuMeHuMa. B sToli dopmyne lga oTpunaresnen npe a < 1 H,

C/IeA0BATENBHO, [IDOH3BOAHEA, OyAyduH NPOMOpPLUOHAAbHA (DYHKLUH,
HMeeT IIPOTHBONOJIOKHEN 3HaK.

B raaee V ML npHBeAeM HECKOJbKO NPHMEPOB, B KOTOPHX Ta
HJIH MHas BeJHYHHA yMeHbIIaeTcs ¢ TeUeHHEM BpeMeHH, IPHTOM Tak,
4TO CKOPOCTb YMeHBLIEHHA NMPONoplHoHaAbHa caMofl ocTaBmelicA Ha
JAHHHE MOMEHT BeJHUKHE

" |

dy _
FA

Kak BMAHO H3 MpeAHAYyLIero, B 3TOM CJAyuYae pellleHHeM 3afauH
ABUTCA MoKasaTe/bHas QYHKIHA

y=1ya (a<1).
[Toapo6so 06 3THX 3amavax GyAeT pacCKasaHo B riabe V.
Yopaxnenns

Haiftta npoussoannie ¢ynknui:
Ly=10V% 2, y=2%3. y=5"+. 4. y= (%)



$8] Hucro e 95

- § 8. Yncno e

Hafinem Takoe ocHoBaHHe, A KOTOPOro ¢opMyia NMpoH3BOAHOH
HoKa3aTeJbHOH GyHKIHH HMeaa Ou HaubGoJee npocToll BHA, a HMCH-
1O, YTOOH B BHPaXKEHHH MPOHSBONHONA KOXQPHUHEHT paBHAACA enH-
HHIe, TAK UYTO ero MOXKHO OiI0 65 He mHcaTh, Q603HAYHM 3TO YHCAO
fykeofi e. Takum oGpasoM,

de® _ =

== (8.1)
llpu nomomu dopmynsl (7.1) YHCIO STO JeTKO HAATH:
23-lge=1, lge= 21—3 = 0,4343,
OTKYHa no Tabauue JorapupMoB
e=2,718.

Taxolt mpakTHUECKHA NOAXOA He COOTBETCTBYET HCTOPHUECKOMY XOAY
|)A3BHTHS HayYKH H NPUHIHNKAJIBHO He YIOBJAETBOpATENeH. Ml NoJb-
A0BAJIACh YHCAGMH, 3aHMCTBOBAHHHMH H3 TaGMHLE JorapHgMoB, He
JaNyMbIBasiCh Ha/ TeM, KaK OHH BEUHCIEHH *).

Haiigem uncso e, ocHOBhBasick ToabKO Ha dopmyae (8.1). o 06-
(eMy CBOHCTBY IOKasaTeAbHWX (yHKuuH € = 1. PaccMoTpum
thyuxkuuio y = €% Torna y(0) = 1. Ha popmyan (8.1) ¢/ (0) = 1.

BoabMem Mafnoe Az = r ¥ MofcuuTaeM NpHpauieHHe (GyHKUHM
i = € npu nepexofe ot £ =0 K 2 = 1: Ay = i/ Az. Mostomy Ay =

: 1+ Az =r; y(z) = y(0) + Ay, orxyza

eF=1+r (8.2)
JanumeM Majoe UHCJO & KaK APoGh ¢ GOJBLIHM 3HAMEHATENEM: I =
- i‘ ecau r < 1, 10 n>> 1**). Toraa us (8.2)

1/n _ 1 = ln
e —l+n, OTKyla € (l+n)'

Ato BHpa¥eHWe TeM TodHee, yeM Oojplile 7, TaK YTO CTpOroe
onpefiefieHHe YHCA2 e NHIIETCA TaK:

i (14+5)

*} TounocTs, ¢ KoTopoft JaHO afiech WHMCAO €, TaKke GOJbMe TOR TOYHOCTH,
KOTOPYIC MOXHO MOAYYHTb, ONMpefeJsa npoussomuyio 10° mpe moMols HeTsipex-
stavHolt TabnHnu JorapHGMoB.

**) 3anuch r < | 03HAYAET, YTO UHCAO T SHAUWTENLHO MeHbme 1.
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1\n
(uHTaeTCA: € ecTh Mpegen BHIPAXKEHHA (1 + ;) NpH 71, CTpeMdiem-
cfl X GeCKOHEYHOCTH).
Ognaxo He Hano GoATbCA CJIOB enpefiess, <GeCKOHEUHOCTh.

100
IMpakTuueckH, Hanmpumep, (I + %) = 2,705, 4T0 NOBOJLHO Ma-

JI0 OT/HYZETCA OT TOUHOro 3HadeHusi, COBeTyeM UYHTaTedi0 CaMoMy
N 1
HalTH (l + -—) .

Mu HOJI)!S'-IHJIH, YTO NPH MaJIOM 7
e=1+r,
H 3TO TéM TodHee, JeM MeHbIIe T *). l'[ponepma 9TO Ha YHCJAaX.
TaGanoa 1
r 14¢ e’ r 14+ e
0,5 05 0,6065 0 1 1

=04 0,6 06703 [ 40,001 | 1,01 | 1,010l
-0,3 0,7 0,7408 0,1 11 1,1052
=02 08 08187 0,2 1,2 1,2214
-0,1 09 0,9048 0,3 1,3 1,3499
=0,01 { 0,99 | 0,9900 0,4 1,4 1,4918
0,5 1,5 1,6487

M3 ta6a. 1 **) sugem, 9To gaxe npu v = £0,3 ouHbxa He npesH-
maet 6%. Jas pacueTos noJie3HO 3aNOMHMTh He TOJEKO e = 2,718,
HO ¥ MpuGIKeHAKe sHadennn ¢ = 7,4, e = 20, e* =55, 5= 150.
Kparkan Tabnuua €® u €% paHa s npuaoxkeHuH K raaee I, c. 157,
Taba. IV,

[Ips nomomM 4McAa e YNpOlaeTcs pelueHHe 3ajad Ha reoMeT-
pHUYECKHe NpPOTPECCHH H CJAOKHHE MPOUEHTH. PaccMOTpHM npHMep:
BO CKOJIBKO pa3 BhIPACTET NMPOH3BOACTBO 3a 5 JIET NpH eXerofHoM
pocre Ha 2%? Hyxno puuncauts 1,02% Ilpumenenue uncna e
3aKNIOYaeTCA B TOM, UTO MPHOJHMXKEHHO MBI 3aMeHsaeM 1,02 = 002
otkyna 1,025 = 00250 — ¢ = 2,72, O6maa popmyaa:

(1+r)"=e™ (r<]l). (8.3)

Jns mpuMeHHMOCTH SToit GOPMYAH HOCTATOYHO, 4YTOOH OHLIO
MajJio 7; ™M H mr MOTYT H He OhTh MaiuMH. Ecam mr TOXe
Majgo, 10 €™ = 1 4+ mr, noayuyacM H3BeCTHYI0 paHee GOpMyTy

*) Ilan pynkunu ¢ = € cocTaBieHH NoApoGHHe TabaAmH.
*“} 3HaueHNs £° BAATH W3 YETHPEXHATHWX TaG/IHIL.
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(1 + 7)™ =1+ mr, ogHako mpH GOABIIHX MY €0 NOJb30BATHCA
NeAbad, TOra Kak suipaxeHue (8.3) ocTaeTcs cnpasefJHBbIM,

Tax, pas npHMepa, IPHBENEHHOTO BHHIE, TOYHOE 3HAUeHHe
1,02 = 2,693, mpubmmxenso 1,020 = ¢! = 2,718, mo dopmyne
(1 +7r)™ =1+ mr nomyuum 1+ 50 x 0,2 = 2. Pacuer ¢ moMoinsio
yucaa e pan omwnGKy okosio 1%, Torma Kak pacuer no (opmyse
(14+7)™ =14 mr B 970M cAyuae aax owubKy oxoao 25%. B 06-
IleM BHAe OlleHKa TOUHOCTH (opMy/aH AaHa B § 17, ynpaxHeHue 5.

B cooTBeTCTBHH C NMEPBOHAYANBHHM ONpefeaeHreM YACIa e Gop-
myaofi (8.1) mponasofiHHe OT MOKasaTeJbHHX GYHKIHA HMEIOT 0CO-
(eHHO NPOCTON BHA, KOTa BOSBOZHTCH B CTeMeHb YHCAO €. ITH mpo-
H3BofiHHEe YNOGHO BHIpaXKaloTeA yepes camyio yHkuuio, Ilpupenem
paa dopmydt:

y=¢e% = e =y.

y="Ce% %=C%=Ce”=

y = Ce*; %=C%= e“d(::x):

v=1@em; L= @)™ + f(z)emOm(z) =
= y(% + m’(a:)).

[MokasaTeneHyl0 (QyHKIMIO OT £ C OCHOBAHHEM € 3ailHCHIBAIOT
n Buge €. OgHAaKo ec/H £ caMO PaBHO KaKOMY-HUGYLb C/IONKHOMY H
IPOMO3IKOMY BHIDaXKEHHIO, TO TaKad 3alucCh YKe HeyaoOHa. Hanpn-

3
Mep, pH & = M B BHDP#XKEHHUH
B+5

(G

MOXHO TPOCTO HE 3aMeTHTh GYKBY e MJIM He MOHATh, K UeMy OHa
orHocutes. [losTomMy cymecTByer euie ofiHo 0Go3HAYEHHEe AN PyHK-
IMH e*:
€* = exp(z)

(unTaeTcA «9KCIIOHEHTA OT HKC», OT CJIOBAa ¢exponents — MoKasa-
Tedb), a 3aBHCHMOCTH MO 3aKOHY ¢* H camy ¢YHKUMIO €* yacto
HA3HBAIOT SKCIIOHEHIHaJbHOA 3aBHCHMOCTBIO M IKCNOHEHIIHAJIBHOM
(pyHKIHEH.
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B HOBEIX 0603HaUeHHAX HAIl NPHMEP IIPUMET TaKof BHA:
_ 762 + 2483
e =em[ () |

BuBoa. Hrak, MOXHO AaTh TPH PaaJIHYHBHIX ONpPENESCHHS YHC-
aa e: 1) us ycmosus (%) = €%, 2) us ycnopua e" = 1 +r npu

r & 1 41 3) Kak mpepea (l + %)ﬂ npH n — 0o, Jlna 3axpersieHus

3TOTO OYEHb BAXKHOIO pasfefa YHTATeJb NOJKEH, OTJAOXKHB KHHTY,
caM TOK43aTh, KAK H3 KaXMoTo ONpefiesieHHs CAEAYIOT aBa Apyrue,
paccMaTpHBaeMHe Kak cBoHCTBA e.

Y 4ucaz e ecTs M APYTrHe 3aMeyaTesbHHE ONPeAeseHHS H CBofl-
cTBa. B 4acTHOCTH, pfif, C [OMOWIBIO KOTOPOI0 YAOGHO BHYHCASET-
¢ e, AaH Huke Ha c. 135 (dopmyaa (18.2)). Haxee, ecTs popMyaa
e® = cosg + ising, rae i =+/—1 — MHHMas eIMHWNZ;, NDH Ma-
JBX ¢ COPaBENJAHBOCT: ITOH (OPMY/b NMOATBEPKIAETCA TEM, 4TO
H3 2-To onpejeneHus e caenyer e & 1 +ip, H cosg ~ |, sinpx ¢
npu ¢ < 1. Tak xak ¢yuruuu sin(mt}mn cos{wt) ONMHCHBAIOT rapMo-
HH4YecKHe KoaeGaHHA, To (QYHKUHA '™ OueHb YacTO HCHOAb3YeTCs
B TEOPHH KosebaHui.

¥Ynpaxsenns
Haiite nponspofrbe HyHKIN:
lLy=e =2 y=e”.3. y=e 3+ 4, y—¢v% 5. y="5e® — €.

§ 9. Jlorapucdpmn

o onpeaesneHHIo JorapHOMOM BeJHIMHH f 10 OCHOBAHMIO @ Ha-
3HIBAETCH MOKasaTeJsb CTEeHH g, B KOTOPYIO Hafio BO3BECTH UHCJIO @
(ocHoBanue JoraputMoB), YTOOH NOJYYHTH

7 JaHHoe yucao f:

f=df g=logf.

Kpupas, Hsofpaxaoman 3aBHCHMOCTb Yy =
= log, = (aan cayvas a > 1), noxasaHa Ha
puc. 44, OrMeram, uro mpr =1 y=0;
mpr z>1y>0,anmpue<]l y<0.
Bcs kpubas pacrofioxeHa Tpasee OCH OPAH-
Hat. TaKk KaK NMOJIOKHTEABHOE YN0 & MpH
BO3BEAEHHH B JMIOOYIO CTeMeH: AaeT YHCIO
NOJOXHTEALHOR, TO HE CYHleCTBYeT Jora-

f~1
wy

Puc. 44,
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[MpMOB OTpHLaTeALHHX unces, OGpaTHM ellle BHHMaHHe YHTaTelR
1) TO, YTO B PaBEHCTBAaX ¥ = log, %, & = a¥ BEJHYHHH Z, Y U &
fie3pasMepHel.

Kak BugHO Ha pHuc. 44, npoussogHas GyHKUHH ¥ = log, x mojo-
MUTeNbHE TIPH BCeX 3HAUGHHAX T; ¢ YBeJNHUEHHEM ¥ TMPOM3BOAHAS
ymeHbmaerca. Jlorapugmal no ocHoBauHio e (cM. § 8) HasmBaloTca
naTypanbHuMH. X 0603HauanT Inzx.

HafizeM nmpoHsBogHYI0 HarypadwHOro Jorapuma. PaccMOTPHM
dlnz = In(z + dz) — Inz. BocnonsayeMcss HasecTHOH (hopmynoR
me-Inb=In ‘—;. Toraa

dmx=1n”+d“’=1n(1+§). 9.1)

T

Mnu yxe anaem (cM. § 8), uro npu Manux r
ef=1+r
Hosomem norapHgMu ofeHX yacTed
ne"=r=hn{l+). (9.2)
Hoabsysacs (9.2), monyuaem us (9.1)
dinz =n(1 + %) -2

Hosromy dnz _ 1 03)
dz z ’

[TponsBomHyI0 HaTYPAJNBLHOTO JiorapHpMa MOXKHO HAATH TaKiKe,

I0AL3YACH TEM, YTO AOrapH(M M MoxkasaTennHas QyHKIua — ofpat-

nue GYHKIMH. Sanumem:

iz, oo FoBo ) g w111
y=hz, s= J=2- I _y &_L_L_1

Korga x meHsiercd B reoMeTpHYeCKOiH nporpeccHH, Inz Mensercs
W apUpMETHICCKOH MPOTPECCHH:

z=ab™, Inz=Ilha+minbd.

lloyromy yem Godbme X, TeM MEAJEHHee pacTeT Inx, TeM MeHbue
npoU3BofiHAA,

Bupenem dopMyay, CBA3LIBAIONYIO JOTaPHOME OHOIO H TOro XKe
4HCAA IO PAHBIM ocHoBaHHAM. [Iycts

f = loga h, af =h. (9.4)
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Iponorapudmupyem ofe JacTH BTOporo paeeHcTBa (9.4) Mo ocHoba-
logbh

auio b flogya = logy &, oTkyaa f = fog, a IpuHHMaA BO BHHMA-
Hue (9.4), nonyuaem
logy b, (9.5)
logy a

Monsayace (9.5), MOXKHO MOMYUHTE NPOM3BOAHYIO AoTapHiMa Mo
moboMy ocHoBanHi0. ITycts y = log, «. Torma:

bz dy 1 dnz 11 (9.6)

log, h =

B dopmyae (9.5) nonoxum b=e u h = e, noayuum log, e = lnLa’
1 ¢opmyay (9.6) mepenuenm B BHfe '
dlog,z _ log,e
P (9.7)

Hs dopmya (9.3), (9.6), (9.7) camaa npocraa (9.3). Ona no-
JIy9aeTes, eclH JorapuMel B3ATH MO OCHOBaHHIO e. [TosToMy OHH
M HA3HIBAIOTCA HATYpaJbHHMH, T.e€. NMPHPOAHHMH, €CTeCTBeHHHIMH.
IMonesHo 3amoMHHTE AAA IpyOHX pacueroB B yme: In2 = 0,69,

1
In3=11, n10 =23 = 0431

Jorapu¢MOB fiaHa B IpuJaoXKeHHH K raase II Ha c. 157, Taba. V.

Econ mon 3HakoM jorapuima cTOHT Kakasa-HHOyAb (yHKUHA
f(z), To mpoHsBoAHY HaxoAMM MO NpasHny AuddepeHLHPOBAHUS
caoxHuX ¢yrkuui (§ 3):

dinf(z) _ 1  df(z)
& - @) ds (9.8)

3aMeTHM, 4TO, MOJAL3YACH NOHATHEM Jorapupma, Jerko HalTH
NPOHSBONHYI0 GYHKUHH y = o° npH JwboM a. JleficTeHTeabHO,
Iny = zlna, noaToMy ¥ = 1%, oTKyna

o =e¢*M%lng =a®lng =yha.
®opuyna (9.8) aaeT BO3MOKHOCTEL HAXOAUTH NPOHIBOAHLIC BHIPa-

xenuit Baa f{z)™®), 1. e. coflepxkallux nepemennyio H B OCHOBAHHH
H B NOKasaTese creneHH. [lycts

y = f(z)M. (9.9)

[Tponorapudmupyem (9.9) (orapupmu MoxHo OpaTh no JiGOMY
OCHOBAHHIO, BO3bMEM HaTypajbHhLIE):

Iny = h(z) ln f(z). (9.10)

KpaTkas Ta6nHua HaTypajbHEX
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Bosbmem mpouspoaxyio ot obenx uacTefi (9.10), mpu aToM yuTem,
w10 Iny ecTs caokHaa ¢yHkuna ¢ [rak xe kak In f(x)]:

WY f1=)
Ly = K@) fe)+ M 2,

OTKyZa

=4[n (=)
v =4[W () fe) + e 5.

WK, noAbayacs (9.9),

¥ = fEOH () In f(z) + M) f)"@ ). (9.11)

Paccmorpum  dopmyay (9.11). ConpaBa B Helt CTOHT cymMa
AByx unexop: nepeuii unen f(z)M#)h/(z)In f(z) ecrs mpomapon-
HaA BHpaXeHHA f, BWUHCJeHHAaA B TNPENNOJOXEHHMH, YTO Nepe-
MeHHOR ABJACTCA JHumb h, a f — DNOCTOAHHAA; BTOPOA djeH
hiz) f ()™= =1 f'(x) — a10 npouaBoxnas BHpaxenus f* BHUHCIeH-
1aA B MpEONOJAOKEHHH, YTO f - NlepeMeHHas, a B — MOCTOAHHES.
MonreepxpaeTcs oOMIHA NPUHIAIN, BHCKa3aHHEINA B KoHIE § 4.

Yopaxnenus

1. Benomuus In 10, xHafita In 100.

2. INonbaysace dopmyaoii (9.5), nafiTr logg 15.

3. [Moabayack TeM, uto In(u-v) = Inu + lov, u anddeperunpyn obe
NECTH, TOAYUATH QOPMYAY AAA HPOH3BOAHOA DPOH3BEASHHA.

4. Hcxoad U3 cooTHOMEHAA ]n% = Inu — Inv, noayunts gopmyay ana
IPOH3BOAHOH YaCTHOID.

Haiitu npousponrue HyHEIHA:

B.y=In22.6. y=In(z+3).7. y=In32.8. y=l(2® +1).9. y=

. _ 2=l I YE -
-+ In (322 —z +1). 10. y—lnz+1. 11. y—]nz_'_l. 12. y=zlnz.
ai=1

13. y=2’In(z+1). 14. y=2> 16. y=2x .

§ 10. TpuronomeTpHueckne PyHKIHH

B arom naparpade Mbl HafiieM NPOH3BOZHHE TPHTOHOMETpHUE-
CKHX PYHKUHMIA.

TpuronomeTpuyeckne GYHKIHH ONPeAENAIOTCA KaK OTHOILICHHSA
OTPE3KOB H, C/IeROBaTeNbHO, Oeapasmepunl, OHM 3aBHCAT OT Gespas-
MepHOH BeJHUHMHE — yTJa.
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B npegenax yrioe ot Hyas A0 MPAMOro yriia TPHrOHOMETPHYeE-
ckue HYHKIMH MOXKHO ONpeRe/ATh KaK OTHOLIEHHS OTPESKOB B MpH-
MOYTOABHOM TPEYTOAbHHKE (CHHYC YIVia paBeH OTHOBIEHHI nNpo-
TUBOJIEXALIEr0 YIJy Karera K I'MnoTeHy3e M T.A.). Ham, omHako,
BAXHO OnNpefeNHTh QYHKIMH NOGHX yrios — M G6MbIIHX npsiMoro,
H OTPHLATEJIBLHHX, — NO3TOMY TPHrOHOMeTpHYeCKHe hyHKUMH SyneM
paccMaTpPUBaTh B KpyTe.

EauncrBenHoR mepofi yraa, ymorpebiseMoll B BhiCIIel Mare-
MaTHke, siByIAeTca pagHaH. Kparkue TaGaHUH TPHrOHOMETPHYECKHX
$yHKUMI B 3aBUCMMOCTH OT YI/a, BHPaXXeHHOTO B pafiHaHHON Mepe,
NpHBENEHE B npusokeHHH K raase II Ha c. 158, raba. VI.

Yro6n He roBOpHTE Bce BpeMs 06 OTHOIIGHHH JHHHH CHHYCA K
papuycy Kpyra MAM o6 yriie KaKk OTHOIIEHHH AJHHH AYTH K pagHycy,
OyneM paccMaTPHBATDR KPYT ¢ PanxuHycoM, paBHHM 1. IIpu sToM KpaTko
GymeM roBOPHTb, 4TO CHRYC DaBeH HJHHe JHUHHM CHHYC2 B TaKOM
Kpyre, yrol paBeR AJuHe AYTH H T.A.

Onsako yHTaTe b JOVDKEH NOMHHTDB, MTO H TPHIOHOMETPHUYECKHe
GYHKUMH H yran GespasMepRb M He H3MEPAIOTCH €IMHMLAMHK IaM-
HH (caHTHMeTpaMM, Al0HMaMM UnH MeTpamH), CHHYC paBeH RJHHe
JNHHHH CUHYca (B CaHTMMeTPaX), Ae/leHHOH
Ha IJHHY paguyca (B CAHTHMETpax), H npH
r = | cM YHCNeHHO papeH [AJIHHe JUHUH CH-
Hyca. JIHHHH cHHYca ¥ KOCHHYCA IIOKA3aHH
Ha pHc. 45.
<08 HanoMuuM sHp rpadHKoB CHHYCa H KO-

CHHyCa B 3aBHCHMOCTH oT yrna (puc. 46).

TlepHop cuHyca, TaZK XKe KaK NEpPHOL KO-

cuHyca, pased 2x = 6,28 u cooTBercTBY-

€T NoJHoMy 060poTy pamHyca OKPYIKHOCTH.

Puc. 45, Hafinem npousBofiRbie CHEYca H ‘KOCH-

Hyca reoMerpuyeckd. Ha puc, 47 Kowen pa-

Auyca, TPOBeLEHHOro MOJA YTJOM ¢, 0603HaueH A; KOHell pagHyca,
TNpoBeAEeHHOT0 NOX YriioM ¢ + dp, ofosHaueH B. Takum o6pasom,

sin @

Puc. 46.
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anvHa iyt AB passa do. IlpoBoaum u3 A nepnenuukyasp AC Ha
aunuo cunyca BB’ yraa ¢ + do. Kak sHaso u3 puc. 47,

AA' =sing, BB’ =sin(¢+ dy)

BC =sin (¢ + dg) — sin ¢ = d(sing).

Janee,
QA =cosg, OB’ =cos(p+dyp)

A'B’' = AC = cos ¢ — co (¢ + dop) = —d(cos ¢).

Tak kak yron de Man, To fauHa ayrH AB He oTaHYaercs OT MJAHHH
xopal AB u yroa ABC, ofpa-
4OBaHHH XOopRo#t AB M BepTHKa-
avlo BCB', paBen ¢ *).

Us paccmorpenuws AABC c A
naifiem BC = ABcose, AC =
= ABsin¢. Takum o6paaom,

d(sing) = cosgdy,

d = —gi b4 J
(cos9) = —singde £ L

H, ¢JIEAOBATENBHO, Puc. 47.

d(sing) d(cos ) .
—— = CcoBP;, —— =—ging. 10.1
a0 % ) (10.1)

HanuM Rpyroft cnoco6 BHMHCACHHA NPOHU3BONHOH Sing H COS¢
fies ucnoab3opauns yeprexa. CoraacHo o6mUM GopMynaM Asing =
= gin (¢ + Ag) — sing. BenoMHHM QopMysy cHHyca CyMMH ABYX
YIII0B

sin (& + ) = sinc cos B + cosasin p

1 MPHMEHHUM ee K sin (¢ + Acp) Tonyuum
sin (¢ + Ag) =sing - cos Ap + cos ¢ - sin Ag,

*) Tounoe sHaYeHHe Yriia PaBHO ¢ + %. HO TpeyrontHaK ABC man (AB = do),

InosToMy, nperelperas dy B BHpaXeHHH yraa ABC, wu B peanunnax BC u AC
coBepIAEM OMMGKH, NponopuHoHansuue (do).



104 Boniucaenue npoussoORbx 1 UKMEzpoA0s [T 1E

OTKYAa
Asging =sing- cos Ap+ cos ¢ - sin Ag — sing.
CocTaBHM OTHOLUIEHHE NMPHPAILERHH, ero MOXHO 3alHCATh Tak:
Asing Asine 1-Acose
—— = o8¢ —sing: ————,
By YRy TV T he
Tenepb HyxHO nepefiTi K npenesay Ae — 0. Uapecrno, 910 npu

yraax o uan Ae, crpemsmuxca k 0, cHHyc paBeH ayre: sino = o,
sin Ag = Ag. Jipyrumu croBaMH,

lim sinAg =1
Ap—0 Ag
Bropoit asieH Hano cnepBa npeofpasoBarh: N0 H3BECTHOR (opMyne

cos2a=1—2in’a, 1—coslc=2sin’q,
1 —003A¢=2sin2(ﬁ).

2
. {Ap Ae
B stoit opMyne npu ManoM A 3aMeHHM sm(—2-) =3 IMoayuum
TOrAa Apy?
1-osne _ 2(F) _ B¢
A .
CaegoBatenbHo, B npepene npy Ae — 0 BropoHl uier nponapaer:
1-cosle _ Orciona
Ap—0 Ag
. Bi dging
lim sindp _ dsing _ cos Q.
Ap—0 Ag de ¢

Cootrowenus (10.1) cnpasenaHBH fAs JIOGHX YIJ0B, 2 He TOJb-
ko B | uerBepru. ITonesno rakxe, rasga Ha rpadpux ¢yukoufi sinz
H co8Z, NpoBepHuTh, uTo cdopmyaa (10.1) mpaBuAbHO AaeT 3HAKK
NPOH3BOANLIX MPH JI060M £, 4 He TOABKO B | yeTBepTH.

ITposepun eme opmyan (10.1) npu Maaux yranax. IIpu MasoM ¢
TE€OMETPHUYECKH OYEBH/HO, 4YTO

sing~¢, cosep=l.
dsing = COS¢ NpPH MaJOM ¢ Jaer dsing _ 1.
de de
Bropas dopMyaa pact dcose = —, % = 0 mpu ¢ = 0; papen-

CTBO HYMIO NMPOH3BOXHOR COOTBETCTBYET TOMY, HTO KOCHHYC HMeeT
MakcHMyM npH ¢ = 0.

Ilepran dopmyna
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3Has nponaBogHble (QYHKUHA y = 8inx H y = co8Z, JIErKo
HaHTH NMPOH3BOAHHE BCEX OCTANBLHHIX TPHICHOMETPHUeCKHX (yHK-
ItMif, HCTIO/b3YA COOTHOLIEHMS, CBASHBAIONIME TPHTOHOMETPHYECKHE
(hYHKIMH.

sinz
Tak, HanpuMep, H3BeCTHO, YTO tgz = prwpet IosTomy

dtgz _ cos’z —sinz(—sinz)

dz cos’ z
no dopmyne auddepenunpopanua apobu. Orcroaa
dtgz  cos’z +sin’z 1
= = . 10.2
dz cos’ z coe® & (10.2)
W3 puc. 48, Ha koTopom n3oGpaxen rpaguk tgx, BHOHO, ¥TO PyHK-

uuA y = tgT npH MOGHX T HMeeT MOJNOXHTENBHYIO MPOH3BOA-
nyrw. B6anas Touex paspusa (:.-: = ;, y
A

L= 31 ) NMpOH3BCAHAA HeOTPAHH-

2
ueHHO BoapacTaer. O6a 3TH BHBO-

@ BMOJVIHE coryacyioTcs ¢ opMydoft
(10.2).
CoBepiieHHO aHAJOTHYHHM MpHe-

MOM HAXOZHM ‘!2:' ® 37” ¢
detgz _ 1
dz sin’x’

IIpousBosHEe TEaHreHCa H KOTAH- |
reHca MOXMHO HaNTH H Henocpep- Puc. 48
CTBEHHO. 3aMeTHM, 4TO c. 40

sina _ sinp _ sinocosp —sinpcosa _ sin (o —B)

tga-tgh= coso  cosp cosocos p COSOCOSP
Orciona
Atge=tg(o+Ae) - tge= ST (103
Humes B Buay (cM. c. 104), uto
lim 4% _
Ap—0 Ae !

3 (10.3) noaygum:
dtge _ lim tgAe ..  sinAg .. 1 1

At Aps0 B9 Aps0 Ap  Apr0cos(¢+Ag)c0s®  cosle
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Yopamnaenna
Haiitn nponsBoaHbe (YHKUHEA;
1l.y=sin(2x+3).2. y=cos(x—1). 8. y=cos(z® —z+1). 4. y =
=gin?g. §. y =sin3wcos’x. 8. y = (sin22)° 7. y = ztgz. 8. y =B
9. y=ctg -;-

§ 11. O6parHnie TpUroHOMeTpHYECKHEe PYHKIHN

HoBue oyeHb HHTepecHBle pesyabTaThl NOJYYAKTCA IPH pac-
CMOTpeHUH OGpaTHHX TPHroHOMeTpHueckHX ¢yHKuHR. HamoMuauM
YHTAaTeNIO onpefeseHHa 5THX (yHkuufl, PyHKUHA

v

y = Arcsinz (11.1)
npeacrasaser cobofi yron Takoi, yTo
siny = x. (11.2)

Papenctso (11.1) osHawaer To Xe camoe, uTO
1 (11.2). Anazornuso byHRIuA

y = Arctgz
03Ha4aeT yroJq y, TaKoH, 4To
tgy = x.

Ananoruuso onpenensioTes GyHKURH y = Arccosz
(# =cosy) M y = Arcctgz (z = ctgy). 3amerun,
uyTo GYHKUUA Yy = Arcsinz HMeeT CMHCJ TOJNbKO
NpH 3HaweHHNX ¥, YAOBJCTBOPHIOIIAX HEPABEHCTBY
—1 € z £ 1, uro BugHo U3 (11.2). Pyukuus y =
= Arctg z MMeeT CMHICJI MIPH BCeX 3HAYEHHNX Z.
PaccMoTpHM noapo6Hee dyHKiHio y = Arcsin .

Puc. 48. [lycTs, manpumep, x = 3 V= Arcsin 3 Mozxen

X .x 1 5n

BSATh § = &, TAK KaK 8Nz = 5, OJHAKO MOXEM B3ATL H y = T,
. om 1 13x 17n

TaK k2K sin - TOXe paseH 3. MoxHo B3aTh ¥ = T V=5

H T.A. MH BHIUM, 9TO OAHOMY 3HaueHHIO Z OTBeuaeT GecyucheHHoe
MHOXKeCTBO 3HaueHHH y. Bee atH cpolictBa dyHKuUMK y = Arcsing
BHAHH Ha rpaguke (puc. 49).

ByneM paccMaTpHBaTh OTPE30OK KPHBOH, AAS KOTOPOTO —-;— LYK
T

<
S 2

. 312 yacTb KpHBOHR HasHBaeTcs rMaBHHM 3HaveHHeM QYHKIHH
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# = Arcsinz u o6osHavaercs y = arcsinz (MHWETCH ¢ MaJaLM a).
Ecin orpaHH4MTBCA paccMOTpeHHEM Y = arcsin, TO KaXiAOMY T
OTBe4aeT TONLKO OO 3HaveHue y. InaBHOe 3HaueHMe apKTaHreHca
OnpefieNISeTCA aHA/OTHYHO:
E1
5

Hafinem nponssoxnyo yHKUHH y = arcsinz. Bocmonsayemcs
TeM, YTO APKCHHYC eCThb (DYHKIHA, 06paTHas CHHYCY:

garctgr €

L)

Yy =arcsing, £ =siny,

() = Z = ooy,
V@)= = o5 = mep (11.3)

dy

OnHako apryMeHTOM MBI CUUTAEM &, IOITOMY T CAEAyeT BHDAsHTH

nepes z, a He uepes Yy, Kak B (11.3). Bocmoansyemcs H3BecT-
nolt dopmysoft sin®y + cos?y = 1, oTKyma cosy = £+/1 — siniy.
Tak kak MH paccMaTpHBaeM IJaBHOE 3HaueHHe apKCHHyca, TO

—g LY S %. cosy 2 0, noatomy nepen KopreM GepeM 3HaK

itac: cosy = 4/ 1 —sinﬁy. Tak xak siny = z cornacto (11.2), ro
cosy = V1 — 2. Tloxctasass sto B (11.3), Haxomum:

dy_ __1
dz /1 g2’

HiH d(arcsinz) _ 1 . (11.4)
dz V1 -22

Dopmyaoii (11.4) MOXKHO NOABIOBATBCA HE TONBKO AJS [MIABHOIO
AHaYeHHsA, HO H AJA APYTHX Y4aCTKOB KPHBOH, BHOHpas COOTReT-
CTBEHHO 3HAK y KopHd. JelicTBHTe/ILHO, IPH OHOM U TOM e 3Haye-
IIMH & Ha PasHYRHX YYaCTKaX KpHBO# NpoH3BOMHAN HMeeT pPasHHe
sHakH; Tak, B Toukax A u C (puc. 49) npouaBopHan MONOKUTEALHA,
h B TOYKax B H D oTpHLaresbHa.

H d(arctg z) -

afneM Tenepb NPOH3BOAHYIO — Ecau y = arctgz, 10
r = tgy. OTCI0Aa, aHAJOrHYHO IPEXHAYIIEMY, HAXOHHM:

dz 1
z,(y)=d_y= 5

cos® g
y(z)=

e

;,b cos? y. (11.5)
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H3 TpHroHOMeTPHM HM3BECTHO, YTO
1

tey+1=—,
cos" y
NOSTOMY .
— =1422
oty T
Tonssysck (11.5), nosyuaeM OKOHIATEABHO:
dy  d(arctgz) 1
S = ) 11.6
dz dr 14a? (106)

Hna mobGoit npyroii BeTBH apkranrenca (puc. 50} ocraerca cnpaeen-
auBoi (opmyna (11.6), Tak KaK sioGast Apyras BeTBb NOJNY4aeTCH U3

24

OCHOBHOH# napa/fie/IbHHM NEPEeHOCOM, d 3TO He H3MEHSET BEeJHYMHH
TIPOH3BOXHOA.

¥Yopaxnenana

1, Haiitn nponspoaste (pyHknuil y = arccos® H y = arcctg .
dle®) d(nz)
2, 3uan, 410 ek e, HaltTH —gg  OABSYACH TeM, YTO U3 paBeH-
cTBa § = Inz cnepyer = e¥.
Ha#tru npoussonsue dyuxuui:
3. y = aresin2z. 4, y = arctg (32 + 1). 5, y= arctg(2® —2). 6. y=
= ¥V,
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§ 12. Ilponasoanas GyHKUHH, 3aJaHHOH HEABHO
HesiBHoe 3ananne dyHKUME Y(2) — 3TO 3anaHHE ee BHIPAKEHUEM

e Flz,y) =0. (12.1)

Ecsu cooTBeTcTByIOMEe ypaBHeHHe MOXKHO PELINTh OTHOCHTENb-
HO & HAH Y, TO MH BepHEMCA K OOHYHOMY 3aJaHuI0 (YHKUHH.
Onpako HHOrZa Takoe pelieHHe NMPUBOAUT K CAOKHEIM (opMysiam,
4 MHOTHA ero H BOBCE Heab3d HaBTH. Tak, HanpHMep, ypaBHeHHe

OKpPYXKHOCTH B thopMe
2+ -1=0 (12.2)

NpolLle, YeM CHAefyiollee H3 Hero BHpaxXeHHe

Y= :I:m. (12-3)

Ecnu B (12.1) nepas wacTh — NPOUSBOALHHI MHOro4JIeH, Coxep-
MalWHA T H y B CTeNeHH BHINe weTBeprold, T0 B oflieM ciayyae
9TO yPaBHeHHE HeJb3sl PA3PEUIHTh COOTBETCTBEHHO OTHOCHTEJIBHO T
unH y. Takxe He paspemaeTcd, HanpHMEp, NPOCTOe C BHAY ypas-
HEeHHe
F(z,y) =zsinz + ysiny —x=0. (12.4)

OnHako M B Tex ciayuasX, KOMa HeT pelleHHs B BHme dop-
MYJIb, NPAMO Jalollefi cnoco® BHYUCHEHHA ¥ AN RAHHOTO I, Bee
PaBHO Y ecTh onpefieneHHas (QYHKIHA T, NPH KAXKAOM T MOXKHO,
pemas ypaBHeHHe YHUCJIEHHO, HAWTH COOTBETCTBYIOUIEE y, MOXHO
NOCTPOMTL KPHBYIO B IMIOCKOCTH Z, Y. BoaMoxHO, uro KpHBad Oyner
CYLIECTBOBATb He NPH BceX z (B cJyyae OKPYXHOCTH, HanpuMep,
JUIIE NPH & MEXAY — T H -7, TAe T — PAjHyC OKPYXHOCTH),
NpH BAHHOM Z MOXeT GuTh Gosblle OXHOTO 3HaueHus y (B ciayvae
OKPYIXHOCTH, HAIPHMEp, ABA 3HAYEHHN, B COOTBETCTBHH CO 3HAKOM
+ y kopHs kBajgparHoro). OnHAKO 3TH OC/NOXKHEHHS He OTMEHIOT
ocHoBHoro thakra: F(z,y) = O onpeneasier y Kak pyHKuHio 2.
j—g ? MoOXHO sl 3TO CAEAATD, HE PEIIHB
ypaBHeHMe, T. €. He BHPa3HB y(z) ABHO?

Aro 6uno cpenano ewe Heiotonom. IlyeTh z, y yaoBaeTBopsioT

YPABHEHHIO:
F(z,y)=0. (12.1)

BosbmeM coceanue anavenus z + Az, y + Ay, TakxKe yIOBJIeTBOpPS-
IOlHE YPABHEHHIO:

Kak HaitTH npoH3BoRHYIO

F(z + Az, y+ Ay) = 0. (12.5)
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3anumen, noassysack (12.1):
F(z+ Az, y + Ay) = F(z + Az, y + Ay) -
— F(z + Az, y) + F(z + Az, y) — F(z,y). (12.6)

Pasuocts F{z + Az,y) — F(z,y) npeacraeaser coGoii npupa-
menue ¢yHkumn F(z,y), paccMarpuBaeMoHfl Kaxk ¢yHKIHS OXHON
NepeMeHHOR T NPH HEH3MeHHOM ¥. 3TO MPHpallieHHe, KAK MKl 3HAEeM,
B npenese *) MOXeT GHTH BHpAXEHO TAK:

F Az, y) — F(z, (3’ y)

(2442, )~ Fla.y)= =28| Az
MEH 0TMevaeM 3AeCh, YTO NPH BHIYHCNEHHH IIPOH3BONHOA 10 = PYHK-
OHMHU ABYX NepeMeHHEIX & H i MH CYHTaeM Y MOCTOAHHEIM. BHuncaen-
HY10 TaKuM 06pasoM NpOU3BOAHYIO Ha3HBAIOT YACTHOH NPOMSBOAHON,
H B ee 0603HAYEHHMH BMeCTO NpaMoll GykeBH d nMUmyT Kpyrayio &:

F(z+ Az, y) — F(z,y) = 6F(:c, y) Az,
OF(x,y) _ . Fla+As, y) F(z. y)
B Ar—d Az )

Ananoruyso ans nepsofi pasHoctH B (12.6) MOXKHO HanKCaTh:

F(o+As,y+Ay) - Fla+ Az, y) = TEEARY

Yenopue (12.5) naer

OF(e,y) A . OF@+Asy) o _
52 Az + B Ay =0,
HIH aF(z,y
Ay

Az OFa+Azny)”
Sy

Mepexoas Kk npeneay npu Az — 0, NOAYYHM cleBa NPOH3BOAHYIO,
a crpaBa NpH 3TOM MOXHO OyxeT oTGpocHTh Ax. OKOHY2TeNBHO

SF(z.y)

= --ﬁﬁ@j. (12.7)

By

gle

*) BupaxeHne epabio B Opeenes Npd ManoM AT uad Ay pasbacHeHO no-
ApoGro B §4 raabx I, rme paccMaTpHBaeTcA BuipadkeHWe NpHpatleHus GYHKLIHH
€ MOMOMBE TIPONSBOAHOH.
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O6parure BHHMaHMe Ha 3HAK MHHYC B (12.7) M Ha TO, uTO B
AaHHOM clly4ae He/In3d TIPOCTO «COKpaTHThs OF(z,y) B uHcaHTENE
W 3HaMeHaTeJe.

MNoraxeM npumexenne (12.7) Ha npuMepe ypasuenHs (12.2).
Hueem F(z,y) = 24y -1

F(z,y) _o.. OF(zY) o .
—_—2 = 2 5y =2y
dy _ 2z _ =
B=-p = (12.8)

Jlerko yOCRMTLCH, UTO 3TOT PE3YJLTAT COBIAfAET C TEM, UTO NOJY-
YUTCA, €CAH BHYHCIHTL NPoHsBoxHYw (12.3).
Hatinem npouzponuyio B cayuae (12.4):

OF (z,y) _ . . OF(z,y) _ :
—3s = Sinz-+zeosz; oy = siny -+ ycosy;
dy __sinz+zcoss

dx siny +ycosy
Takum ofpasoM, B BHpaxeHHe NMPOHIBONHOR HeABHONH (YHKUHM
BX0AAT o6e BeIMUMHH, Z ¥ Y. UTo6H HaliTH ee UHCAEHHO, HYXHO
npH 3azaHHOM & HafiTH 9HcaeHHO Y. Ho ecam 6 MH He HMeJH
dopmyan (12,7), To AaA HaxoXAeHUs NPOM3BOAHONK HAM MPHIIIOCH
OHl HaXOAMThL YHCJIEHHO AB2 3HAYECHHA §fg H ) NIPH ABYX COCENHHX Lo

U T M HAXOAMTh OTHOIeHHe - Ipu stoM ueM Ganke xy

H |, TeM TOYHEe MPHLIAOCH OH BRHIYHCAAThL Yo M Y1, 4 TO 4YacTo
3aTPYAHHTEALHO,

3aMeTHM, HakoHel, ure eciH F(x,y) = 0 NpHBOAMT K HeOmHO-
3HAYHON KPHBOH, T. €. NP OLHOM 3H2YEHHMH T €CTh JBa WIH Goablne
sHaveHult y (Heckoarko Berpelt KpuBof), To BHpaxenue (12.7) npu
LaHHOM T NPU NOACTAHOBKE Pa3HHX Y AgeT 3HAYeHUs MPOH3BONHOM
B COOTBETCTBYIOUIHX TOUKax. Yuraresdio npenjaraercsi NPOBEPHTDb
5TO Ha NpUMepe ypaBHeHHs okpyxHocTH (12.2), xas KoToporo mpo-
HaBofHas AaHa dopmynodt (12.8).

JLna raxoxaeHMs NPOUsBOAHON PYHKIUH, 3aKAHHON HEABHO, HaM
MPHILAOCH BBECTH HOBOE NMOHATHE — NOHATHE YAaCTHOH NPOM3BOAHOMR.
910 NoHATHE HMeeT GONbIIOE 3HAYeHHE H HeOOXOXHMO A5 PYHKIHHA
HeCKOJILKMX NMepeMeHHHX, KOTOphe MH B 5TOH KHHre He M3ydaeM.
[lo cymectBy, MH yxe HeSBHO NOJIb30BAJIMCh NOHATHEM YacTHOMH
MPOH3BONHON Haxce B TAKHX SAEMEHTAPHHX BONPOCAX, KAK NPOM3-
BOZHAfA NPOM3BEJeHHA HeCKONIsKUX dbyHkuud y = h(z)g(z) wau, Ha-
NpHMep, Npou3BoxHas crenenn y = h(x)¥®) (cm, c. 85, 101), xorna
MH TOBOPHJIH, 4TO % CKJIaZBBaeTCA U3 U/IEHA, MOJIYYAOLIErocsa Npy
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B3IATHH TPOM3BOAHOR N0 T, crosllleMy B h(Z), H no z, CTOAWEMY
B BHpaxkedun g(x). C NOMOLIbI0 YaCTHHIX MPOM3BOAHBIX Ml 3&MH-
IIeM 3TO MPABHNO TAK: eCNH

y = Fle(z), h(z)],
ro y_dy_OF dg OF du
dz Og dz  Oh dr
Yopasnenus
1. Haittr npoussoaHyio % ¢$yRKRAY, sagaHAoi ypaBHeRueM (12.4),
nmxez=§. y= g To e Broqxe..'::—g, y= g

2. Hailith npoH3IBOAHYIO % ¢ynKuMn, saganHo#f ypaBHeHueM z° +
+3z+4°+3y—8=0,Br0uRe 2=y = |.

§ 13. Harerpaxn. [locranoBka 3agaun

B rnaee [ Mbl MO3HAKOMHJIMCDH ¢ MOHATHeM HHTerpana. Ilpu sToM
6nlia BHISICHEHA TECHAA CBA3H MEXKAY ABYMSA PasHHYHHIMHK Ha NepBHA
B3TVIAN 3afila4aMH. DTH 334a4H CYTh:

1) HaxoKEeHHEe CYMMH GO/BIDOrO YMCJA MAJHX ClaraeMux, Ko-
TAa 5TH ClaraeMbe MOXHO MPeACTaBUTDb kak v(t) dt;

2) HaxoxaeHHe $yHKUHK 2(t)}, IPOM3BOAHAA KOTOPOH paBHA AaH-
Holt pyHxunA v(t): &
= = o(t).

CoseTyem uMrartenio Nepej YTeHHeM JHajibHellIero MaTepHasa
noeToputh §§ 7-12 raasu 1.

Jagaun QUIHKH, MATEMATHKH, XHMHH NO Ooapimelf 4acTH BO3-
HHKAT KaK 3afilad¥ BRIMHCJIEHHA CYMMBI, 3Ta TIOCTAHOBKA 3afavuH
Gosiee HarampHa; caM BONPOC Y:Ke NOACKasHBaeT MNPOCTOH, XOTA
H MPUOMKeHHH NYTh ANA BHYHCACHHA HHTEpecylollel BeTHUHHE,
Ongako sTor NyTe He Aaetr oOmHX dopmyn.

Bropan mocraHoBKa 3afiauH apageTca Gonee HeKyccTeeHHOA. Of-
HaKo y 3TOH MOCTAHOBKH 3ajay¥ ecTb CBOH mpermyumecrtsa. Ha-
XOXJAeHUe MPOM3BOAHLIX OKA3a/loch MPOCTHIM AENOM, CBOAAIMMCA
K 4eTbipeM-NIATH (popmyaam (npouseoanas z® e, lnz, sinz, cogz)
H AByM-TpeM npabuniaM. [TosToMy erko MOXHO HafiTH NPOH3BOAHBIE
foapworo uHcaa ¢QyHkuuit. Kaxapi# pas, worma Hafinesa npowa-

BOAHAA KakoR-nH00 (YHKIHH F — U» MOKHO 3aDETHCTPHPORATS,
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YTO M STOTO v H3BecTeH MATerpan z (cM. § 14). Takum ofpasom,
MOXKHO Ha6paTb MHOTO OTHEJbHHIX YacTHHX CAy4YaeB, B KOTOPHX
yOAeTcs PpelIMTh 3ajady O HaXoXKmeHHM HWHrerpana. [lpu nomo-
LM TOXOECTBEHHHX ajrefpaHyeckux npeofpasoBaHHi ymanoch s
HECKOABKHMX MPOCTHIX THIOB PyHKUMHE v HAlTH TPaBUJa HAXOXACHHA
uHTerpana (cM. § 15).

Sroro He ynaercs, OKHAKO, CAENATb JJIA BCEX EMEHTAPHBIX
¢yHKUHMi, TAK 4TO UHTETPHPOBAHHE TPYLHEee, YeM HAXOXAECHUE Mpo-
H3BONHBIX. TeM He MeHee GOPMYJH, [OAYYEHHHE AJA HEKOTOPHIX
HHTETPaNIOB BO BTOPOR MOCTAHOBKE 3allauH, OueHb BAXHHL Ecau yx
yAanoch ANA KaHHOHN v HallTH HHTerpan (HeompefieNleHHH HHTETpAN,
WIH TIepBOOGpa3Hyic (QYHKUHIO), TO TOTAA Bee 3afavH anepnoii

NocTaHOBKe, BCE CYMMH, T. €, Bce ONpefieJieHHBe HHTerpaihl Jv(t) dt,
oxasuaarorcab BHIPAXKCHHHIMH NMPOCTHMH (DOPMYNaMH nocp:,nc'rnou
GyHKIHHE 2: Iv(t) dt = z(b) — z(a). Taxoii pesyasraT ABnsercs ro-

a
pasno Gosee NOAHHIM, Gosiee TOMHHIM M LEHHHM N0 CPABHEHHIO
¢ PeayAbTaTOM KaXIOTO OTHEJLHOT0 YHCAGHHOTO paciera CyMME,

b

T. €. ONpPEeNENIEHHOTO MHTerpaia J‘v(t)dt B OTpele/ieHHHX Mpefeaax
a

ot a a0 b. TosroMy Hamell LeMbio B NepPBYIO OYepeib GyNeT UMEHHO

pelieHHe 3aAa4H BO BTOpOﬁ MOCTAHOBKE.

§ 14. Ilpocrefimne wHTErpaab!

Bunumem ¢opMysas s NPOH3BOAHHX, HafANCHHHE B NPeXbILY-
WHX naparpacax, H COOTBTCTBYIONIHE MM HHTErDAJIH:

4 () RSP

2 (=) = ke, k[eeds=e+C;

d 1 1 .
~(nz)= -, I;dx—ln:s+6‘,

S (inks) =koosks,  k[cosksds =sinks+C;
%(coskx) = —ksginkz, —kIsinka:dx:coskm+C;
d 1 1 .

% 89 = ooy |z de=tes+C:
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d 1 1 _
§(ctga:)——sin2$l. —Isi:igwdm—ctgm+0,

— (aresing) = ——, ———=dr = aresing + C;
& ) 122 I\/1-:c2

d 1

E (a.rctgz) = ——-—1 +zﬂ’
IponenaeM neGoabiiHe npeoGpasoBaHus. B neppoM HHTerpane

06o3HauuM n — 1 = m (Toraa n = m + 1) ¥ nepenuleM ero Tak:

m — 1 m+1
J:r da:——m+la: +C.

OueBHgHO, uTo GOPMyJa CNpaBeAHBA NPH BCeX M, KpoMe m = —1;
npu m = —1 3saMenarens obpamlaerca B Hyab, 2™ =20 = |,

NONIYYaeTcA HEMPUrofHOe AJAA PACYETOB BHIPAXKEHHE %+ C. Onnako

Kak pas B ciyyae m = —1, T.e. aaa I%dx. HMeeT MecTo opMyaa

1
—e dx = arct, .
Jl+z2dx arctgr + C

de=1m.

3ra popmyna cnpaBeAsHBA JHIb BAA NONOXHTEABHBIX 3HaYeHHA T,
TaK Kak Inz uMeer cMuic auiib aaa z > 0. Ilpy 2 < 0 Inx He
HMEeT CMHCJa, HO uMeeT cMHed ln{—z). Tak kak

din(-z) _ 1 1
% ==

- z

TO J% =In{-z)+ C, ecu x < 0. O6e popmyns gan Id-f MOTYT
6T ofbefiMHeHH B OAHY:

j%=m|x|+c. (14.1)
Stoili GopMyNIOA MOMKHO NOAL30OBATbCA AJIA AKGOTO NpPOMEXYTKa

HHTEI'DHPOBaHHS, He cofepxamero x = 0.
Hurerpaa or nokasarenbHoll GyHRIHH 3aNHIIETCH TAK:

J *dy = %e"” +C.
AHanoOTHYHO MONYYaeM JJ3 CHHYCA M KOCHHYCa:
[sinkzde =~ coske +C,
Jcosk:cda: = %sinka: +C.
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§ 15. O0mpe cpoiicTBa HHTEIpAJIOB

Buwe, B §§ 1-3, 6uiaH ycTaHOBJeHH CBOHCTBA IPOH3BOAHOM
CYMMB (YHKUHE, NPOM3BOAHOA CNOXHOH GYHKIMH H NPOUIBONHOA
npousBeieHHA yHKIME, KaxaoMy M3 9THX cBOHCTE COOTBETCTBYET
ofipefeNeHHOe CBOHCTRO, OTHOCAIIESCH K MHTerpanam.

JLAA HHTErpaJioB HMeeT MECTO PaBEHCTBO

I[Cf(a:) + Eg(z)]dz = c[ f@)dz+E j gla)de.  (15.1)

Jns xoxasaTeAbcTBa HAAO B3ATHL MPOH3BOAHYIO BHIpaXKeHHS, CTO-
ALIETO CIpaBa; ec/i PaBeHCTBO BEPHO, TO NOJYYHM MOAHHTErpalib-
Hyw ¢ynxuuw. Juddepennupys, umeen:

e[ 1) a2+ B[ gt) d;]' =
=¢[[ @) @] + E[[ete) ] = Cf(z) + Eeta).

TakHmM oGpasoM, pasenctso (15.1) Aoxasano, OHO MOKA3HBAET, 4TO
HHTETrpai CyMME HECKOJBLKHX caraeMelX pasCHBaeTcd Ha CYMMY HH-
TerpajoB OTAEALHEIX CJlaraeMbX, 4 MOCTOAHHHE MHOXKHTEJNH MOMXCHO
BEIHOCHTb 34 3HAK HHTerpaJja.

ITon, sHakoM HHTerpana MOXHO JeAaTb 3aMeHY MepeMeHHOH,
nepexoiHTh K HOBOH, Goaee yaoGHON mNepeMeHHON. Paccmorpum
HECKO/IbKO MPOCTHIX [IPHMEPOB.

1. Hafitu J(aa:+b)"da: (n#~1).

3liecb B KauecTBe HOBOH mepeMeHHOM BEeAeM BeJHUHHY, CTOf-
uyio B ckobke. HasoBem ee 2:

e +b=2z (15.2)

Ilpn sToM Hapmo Takxke oT mudppepennuana dr nepefitd k xud-

bepenmany dz.
H3 supaxenus (15.2) nomyuaem:

dz = adz, da:=%.

Takum o6pasom,
Jlarras= [ L foran-

_ ! _ (az+ B!
" an+1) +0= a(n+1)

9

+C.
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B npaBHJBHOCTH pesyabTaTa Jerko yOeauTbes, BHMHCAASA IPOH3BOA-
HYIO NpaBoH yacTH:

E‘f? [% + C] % [(fai(:_-t){)i] -
E‘-:-ll) (ax +b)"d$ (ex+b) = (iz—:—b):a= (az + B)".
2. AHaJOrHYHO BHIIOAHSIETCS 3aMEHA NepeMEeHHOH# B HHTerpase:
[ 2, s=aw+b di=ods, da=%
o= - 1] - b e

Ha npaxTHxe B TaKHX, O4¢Hb HECNOXHHX, IPHMepax Npeodpaszo-
BaHHA e 1al0T MeHee TOPKeCcTBeHHO, He BBOAS OTAEALHHIX 0603Ha4e-
HHit JJIf HOBHX, MPOMEKYTOUHHX nepeuennux TlamyT, Hanpumep:

[ (02 + ) dz = [(az + )" d(az + 8) = (+1) ! (a4+b) 40

Ilyets f(z) u g{z) — RBe pasauuHbHe QYHKUHMH NEpeMEHHOH .
TIpaBuno HaxXoxeHHA IPOHIBOAHOK MPOM3BENEHHSA AaeT

d _ 4 dg
S =gr +f=. (15.3)
Pagetictso (15.3) naeT BOSMOKHOCTD HANHCATD
je=[rEa+ (gL g (15.4)

B cnpaeeanusoctu (15.4) yGexpmaeMcs, cocTapAas HPOHIBOAHYIO OT
ero Jesofi u npasofl uactefi. [IpH 3TOM NOAYUMM BepHOE paBEeHCTBO
(15.3).

IMepenuem (15.4) B BHAe

ag, o [ &
1= te-[edar
CoxpallIeHHO 5TO paBeHCTBO MHILYT TaK:

|£de=se-[edr (15.5)

B yeM cMuica popmyan (15.5)? [Tpr BHUHCAEHHH HHTerpaja Het
NpaBHsa, BHpaXKaOWIero HATErpaj NPOHSBENECHHA UBYX (yHKUHH
yepes MHTerpaJibl KaxAaoro M3 coMHoxutenef, OfHAKO ecay B mpo-
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H3BEeAeHKH ABYX (yHKUMA ft MHTerpaJ ONHOIO H3 COMHOXHTeNeH
H3BECTEH: dg

dea:=g. w= ==,

TO YAaeTcs BHpPasHTL HHTerpan [ fwdz uepes uurerpan, s KoTopriit

df

WXOIHT MPOHSBOLHAS . ITpu nomomu w nepennwmenm (15.5) B uge

wadz=f0wdm)-j(jwdz)%dm. (15.6)

Tak kak I fwdz = g, 1o nocaennuft unrerpan B (15.6) ects

J 4 dz; OH MHOraa OHBaeT Mpoille MCXOAHOTO HHTErpajia I fwdz
HAH caoml'rca K M3BeCTHOMY HHTerpady. B uactHoctH, ecan f — cre-
HeHHad (yHKLHSA, TO Jg HMeeT CTemenb Ha eUHHLY HHJE, YeM f

topmyna (15.5) uan (15.6) HasuBaercs (HopMyofi HHTErPHPOBAHMA
1O YaCTHM.
[TpuBefeM npHMEpHI.

1. Haiitu Ime”dm.
Monoxum f = x; Torna w = -g%=e”, e®dz = dg, g=fe’da:=
- €%, df = dz. Tlo popmyne (15.5)
Jme“dz=me‘—]e”dz=me“—e”=e‘(m— 1)+C.

2. Haiitu [xge“dm.
MMonoxum f = x2; Torxa w = g—i =e% efdz =dg, g= [e’dz =
-+ %, df = 2z dz. Tloabsyacy (15.5), nonyuaem I zle”ds = z2e® —
2Ixe’da:; NOABb3YACH PESYALTATOM [EpBOro NPHMEpa, MOJydaeM

Ixze‘dm=mge“ — 276" + 26% + C = (2 — 2z + 2)¢® + C.

Jas RaxoxpeHHs JP,,( x)e"® dx, tne Pn(x) — mmorounes cre-
NEHH 72, NPHIETCA 7 Pa3 BHIOIHHTL HHTETPHPOBAHHE NO YACTAM.
Ilpu sToM B oTBere moayuurcs Qn(z)e* rae Qn(x) — MHOrouNeH
¢TeneHu n. 3Hadg 3T0, MOXKHO He BHIIONIHATb 7 Pas HHTErPUPOBAHHE
10 4acTsAM, a NMPSMO HAXOAMTb KO03(HUMEHTH MHOTOWIeHA Qy(x).
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PaccMOTpHM TOT e npemep. Hafith Iﬁe“d:v. Hannmem papes-
CTBO C HEH3BECTHHIMM NOKa KO3((HUHeHTaMH MHOrouaesa Q,(x)

Iwge’dx = (az® + 217 + ag)e® + C. (15.7)

CocraByM NMPOU3BOAHYI0 OT 06eHx 4yacTeil pabencrsa (15.7):
z2e® = (2a2x + a1)e® + ((;1,2:::2 + a1z + ap)e”,
z°e® = [x2ay + 2(2a0 + a1) + (a1 + ag)]e®.
MpupaersieM ko3 HHLUHMEHTH NPH ONKHAKOBHX CTENEHSAX T B MHOTO-
ysede cnpasa u caena. [Tomyanm:
ag=1,
209+ a1 =0, orkyma a; =-—2;
a1 +ag=0, otxyxa ap=2;

OKOHYATEeJbHO MOAYYHM, KAK H paHbLe,
.[xge”dx =(@? -2z +2)e* +C.

AHanOTHYHHM TPHEMOM MOXHO HAXORMTH HHTErpafb OT QyHKUMMA
Pp(z)coskz u Pp(x)sinkz, rae P,(z) — mHorounen. B oBoux
CAy4asx OTBET HMeeT BHR

Qn(z) coskz + Ry (x)sinkz,

rae Qn(x) ¥ Ry(x) — MHOrouNeHH, cTeneHb KOTOPHX paBHa 1 (MAH
MeHblle 7). [IpHMepH TaKoro poAa NpHBefeHH B YIpPa)XKHeHHAX.

[IpuBeneM MpHMep MHTETPAJa, KOTOPHH yAaeTcs MPHBECTH K H3-
BeCTHHM HaM HHTErpajaM MOCPefCTBOM aareSpaHuyecKHx mnpeobpa-
30BaHHA.

PaccmoTpuM HETErpan I
JIHBO TOXHECTBO

dz
m. 3ameTuM, YTO CnpaBen-

1 1L _ a-b
t—a z-b (r—a)(z-b)

[Ips ero moMOIM NOSYIHM

(z—u)l(x—b) =a1b($in_zlb)'
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llosTomy

(x— a‘;?z b) a— b (z —a - b)dm_

ln(z—a)-In(z—b))+C =

a b

CymecTBYIOT NpUEMH, NO3BONAIIINE HHTErpas Mobof anrebpa-
HueCKOH Jipo6H ¢ LEeAHIMH CTeMeHsMH NepeMeHHOH BHPasHTb MpPH
noMol¥ sneMeHTapHmX ¢yHkuu#., Ilpu stom, ogHaxko, B OTBeTe
NOABJAAIOTCA HE TONIbKO aireGpaHueckue QYHKUMH, HO H JorapHMu
i 06paTHHe TPHTOHOMeTpHUecKHe (yHKUMH (apkTaHreHcH). O6mas
TCOpHS HAXOXKJAEHHA TAKMX WHTErpajloB CJMINKOM CJIOXHA AJf Ha-
el KHHTH.

HurerpupoBanue MHorux GyHKUHM, cofepalOMX KOPHH M TpPH-
roHOMeTpHYecKHe (PYHKUHMH, MOXeT ObiThb NpH NMOMOLLK Haanexxamerl
}AMeHbl TlepeMeHHOH CBeileHO K MHTEerpHPOBAHHIO MHOTOYJIEHOB MM
mareGpanyecKHx JpoGefi ¢ LEJAEIMH CTeNeHAMH. PaccMOTPHM oAuH
npUMep.

Hatitu [mVa: + 1 dx. CnenaeM 3ameHy nepeMentol: 2 = vz +1,

r+1=22 Orciona 22dz = dz. Tlepexons k HOBOH mepeMeHHol B
HHTErpase, MosydaeM

l.::\/mda: =I(z2— 1)z2zdz=2.[(z4—zg)dz =

5
=2%—2§+C=§1/(m+1)5 —%1/($+1)3 +C.

linie HecKosbKO NPUMEPOB TAKOTG POAA NPUBEREHO B YMpaXKHEHUSX.
Hakonel|, npuBefxeM NpHMep HHTErpaja, KOTOPHEA He MoxNcem
ObiTh MpeAcTaBJeH NPM NOMOINH KOHEWHOro YMCJa 3JeMeHTAPHHIX
PYHKIH:
f(z) =Ie"“’2 dz.

JloxasaTesbeTBO TOTO, YTO €0 HeJb3H BHIPA3HTH NpPH NMOMOILIM KO-
IFYHOTO YHC/A 3JIEMEHTAPHHIX (DYHKUMH, BECbMa CJIOXKHO, H MH €ro
IPHBONHTD He GyaeM.

JtoT HHTerpas sABNAercA (pyHKUmMeRH, cBoficTBA KOTOPOH MOMKHO
nayunts. VI3 onpenenenusa f(z) caexyer, uro
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Tak kak €~ > 0 npu mo6oM z, 70 f(z) — Bospactalomas QyHK-
umus. IpousBoanasi MakcHMajbHa MpH z = 0, 3uaunt, f(z) umeer
MaKCHMaNbHWA yrosn kacateapHo#t ¢ ocowo x npd = = 0. Ilpy =
Gonbluux no aGconoTHOR BesMuWHe (MOJOXKMTENBHHX H OTpHIA-

TeNbHHX) NPOH3BONHAA % OYeHb Mana, 3Ha4yHT, GYHKIHA NOYTH
z

noctonHHa. [pajpux pyakuun f(z) = I e dx H300paxeH Ha puc. 51

0
(ans onpenefeHHOCTH HHXHUA Npefiest BHODAH paBHHM HYJIO).

Y
0,885

uY

-1 0 1 2

0,885

Puc. 51.

Jnda ato#t GyHKUMHU cocTaBAeHb NOAPOGHHe TaGAHUL; 6aaroxaps
HM BLYMCJEHHS, B KOTOpHE BXOZWT ITOT HHTErpaj, He cJOXHee,
yeM, HanpHMep, BHIYHCJICHHS C TPHIOHOMETPHUeCKHMH (QYHKIMSAMH.

Ynpaxnenns
HaiiTa unrerpant:

1 [2(z-10ds. 2. [ﬁﬂf—'ﬁdm. 3. [eos(3z~5)da.

T
4, [sin(2a:+ 1) dz. 5. [Jsz_-z d.
¥Yrkaszanue B npumepax 3, 4, 5 caenath sameHy nepemeHHO.
6. [scos2ds. 7. [ladz.
¥YrxaazaHue B npumepax 6, 7 BocnonssoBarbes GopMynoH HHTErpH-

POBaHHA NO HACTAM.
8. [csin2zdz. 9. [s%e2ds. 10. [ @ +2+1)coszda.

11. j(2:c2+l)cos3zdz.

¥xasanue. Ilpumep 11 nogpoGuo pacemorped B «OTtperax p petle-
HEAX», OCTANbLHLIE TPH AEJAICTCA AHAJOTHYHO,
12. L —
{(z-2)(z—-3)
¥YKasaHue Bocnone3cBaTecH TOXNSCTBOM
z _ A + B
@-2)(z-3) =z-2 -3
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wucaa A u B HaxopsTca npupaBHMBaHMEM K0S(QUIHUEHTOB NPH ONHHAKO-
HHIX CTENEHAX Z lllocae ocaoﬁo:ueﬂa%;rr 3HaMeHaTens. i
r+ xr
3 [ i 1 o= 15 [s50
YrasaHue Chaenars 3aMeHy nepemenHofl no dopmyne /z = z.

IB.J\/%.

Yxazanue. Cnenarh 3ameHy nepeMenHoil T2 — 5 = z,
17. | sin’ zcos z dz.
Yxasanue CrenaTs 3aMeHy nepemeHHo#H cosz = 2.
8. j"‘f’“:”dz.
5N &
¥rasauve Cpenarb sameHy nepemeHHol sinz = z.
dz
19. [tgzda:. 20. Jm
Yxaaanue Caenate saMeHy nepemerHol z = at.
dz . .
21, Jﬁ 22. [arcmna:da:. 23, Jarctga:da:. 24, Je”sun?)zdx.

25. le“cos%d:c.

Yxasanne. B npuvepax 22-25 npuMeHHTh HHTEFpPHPOBAHHE IO
"12CTSM.

O6mee sameuanme. [loansyack pasniuyHLIMA NpHeMaMH, HHOTAA Io-
AYYalT AAA OJHOTO M TOTC e HHTerpafa pasAHYHHE BHpaMeHHd. 3To
He FOMMHO CMYLIATh YHTAaTeNA. EcaM BHUMC/ACHMA CAehaHH BEepHO, TaKHe
ALIPAXeHAA JO/LKHE! OTHYATHCA JHLIb Ha NOCTOARHYIO. [lpK RaxoxneHnn
onpefeseHHOTO HHTEFpPaia Pe3ybTaTh OKAXKYTCA OfHHAKOBLIMH.

TposepbTe aTO 3aMeuanue Ha NpaMepe 17, NpAMEHAB 3aMeHY SinZ = 2.

§ 16. 3ameHa nepeMeHHOH B ONpeAcIeHHOM HHTErpaJe

Paccmorpum npumep. [Tycts TpeSyercss BHMHCAKTD
k
j (az + b)2 dz.
”

MoXHO DOCTYNMTH CJICAYIOIIHM 06pasoM: BHYHCIHTH CHayada
HeoTpefieleHHRIH HHTErpan J(aa: +b)2dz, a sateM cocraBuTh
pasHOCTD €r0 3HAUeHHA NPH =k 4 NpK = = n.

Jas BHMHCNEHHA I(ax + b)? dx cnenaem sameny nepemenHo# no

bopuyne z=azx +b. Tornad: =adr u

ar 3
j(ax+b)2dz=%jzﬂdx=§=(——§ﬂ.
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INosTomy

_ (ax+ 0% _ (ak+b)* - (an+b)°
e .

k
j(ax+b)2dm . =

"

Moxno, oaHako, meficTBoBaTh HHaue. BusAcHuM, Kak OymeT us-
MEHATBCA 2, KOTAa T HiMeHseTcs OT n A0 k. TaK Kak z H & ¢BA3aHH
dopmynoll z = ax + b, To npd HaMenenHd x or n o k z Gyaer
MeHaThCH OT an -+ b Ao ak + b. CheaoBarennHo,

k ak+b 3 3 3
g, 1 g, _ 2[*tP _ (ak+b)°—(an+b)
l(aa:+b) dz—a Lz dx—&lm— %a .
an

Ilpn HaXOXAeHAM HHTErpasioB YAOGHO MOCTYNaTh HMEHHO TakK,
T. €., BHINOJIHAA 3aMeHy NepeMeHHOH, OHOBPEMEeHHO HAXONUTH H HO-
Bule npefienl HHTerpupobaHus, Toraa B BHPaXKeHHd Heompeje/eH-
HOr0 WHTErpaja He NMpUieTCA BO3BPAIAThCA Ha3aa, K crapoft mepe-
MeHHOH.

PaceMoTpHM npHMEpH.

b ds
1. IloacuuraeM peqMuHHY HHTErpaja Iﬂ 3ameTHM cpasy
- X
0

1

Ke, YTO PYHKUHA - npH usMeHenuH ¢ or 0 go 1 npunaMaer

[ do
NOJOXKKUTebHME 3HAYEHUH, MOITOMY ,[_3

1e-9
SHaMeHaTeJb B 3TOM NPOMEXYTKe He ofpamiaeTcs B Hy/lb, TaK 4TO
MOANHTerpajbHas GYHKIHSA BO BCeM NPOMEXYTKe koHeyHa. ClelaeM
saMeny nepeMenHol 2 —x =y, de = —dy. TorBampuz =0 y =2,
npuz=1 y=1u

= (; BMecTe C TeM

1

i do =-j%. (16.1)
0

2

B npaeoit yactd (16.1) opegenn uHTEerpupoBaHus A3HH YiKe JJS Y.
Yuratens MOKeT CMYTHTb 3HaK MHHYC B nocjelqHeM paBedcTse. efi-
CTBUTE/ILHO, CIIpaBa M CJAEBA CTOAT MHTErpajibl OT MOJOXHTEJNbHHX
$yukuuil, modeMy ke MOJNOKHTENbHA NpaBasn 4acTth (16.1)? Bee aeno
B TOM, YTO B MHTerpajie CrpaBa HHXKHHIA mpefies GoJbllle BEPXHEro.
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Tak KaK IpH nepeMeHe NpeAe/oB UHTErpPUPOBAHHA HHTErpaJ MeHseT
HaK, To paseHcTBO (16.1) MOXHO 3amHCaTh TaK:

1 2
I &= _ j dy
— )3 )
le—ar 719
Teneps B uHTerpaje cnpaBa BepxXHHH mpefiea Goabiie HUXKHEro H Ac-

MO, YTO HHTErpaJ cnpasa NOJOKHTeNeH. BHYHCAeHHS Jerko A0BeCTH
L0 KOHLA:

!_='2y2| 78 +"=%

€
2. B § 15 Mu paccMatpHBann pyHkuH© f(z) = [ e~ dz. Yacto
0
a

NPUXOATCA HMeTb Heno ¢ dynkuuedi ¢(a) = Ie"“"’2 dz, roe k —

0
nocTosHHOE YHCAO0. [TokaxeM, uto Mexny yHKUMAMH ¢ H f cylle-
CTBYeT OPOCTAs 3aBUCHMOCTD.
B supaeHuH AJia ¢{a) cliefiaeM 3aMeHy nepeMeHHOH no dopMy-

se ka? = £2. Orciona naxomus VEz =t, ¥ = —=, dz = —= dt. TIpn

vk’ vk
r=0 t=0,npuz=a t=ayvk. [TosToMy nonyuaem
avk avk
e P S T R R
ola) t[ i by t[ et dt ‘/Ef(m/_).

Hrak, ¢(a) = —l]; f (a\/E ). CaegoBatesbHo, AAA JMO6G0r0 3HAYEHHS
He3aBHCHMOH mepeMeHHOR x

o(z) = % F@VE).

HMes rabauny ¢pysxumn f(x), MoXHO HafiTh TakXe HHTErpas ¢(x)
npy Mo60OM 3HaYeHHH K.

3. B rnabe | Mu BHAeaHn, YTO onpeneieHHHA HHTerpasJ uMeer
pasMepHOCTb B CJy4ae, eC/AH HMeEIOT PasMepHOCThH NOANHTerpab-
Haf QYHKUMA H npefesH HHTerpHpopanHs, Hacto, onHako, OHpBaer
yno6HO NMPUBOAHTEL HHTErPal K (espasMepHOMY BHAY, BHIHOCH BCe
MHOJKHTEJIH, HMEKLHE Pa3MepPHOCTD, 33 3HaK HHTerpada. ITokaxem,
KaK 3T0 MOMHO CHeAaTh.
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b
[Iycrs Aan Jf(:::) dz. O603HaYHM Yepe3 fmay HaHUOOJBIIEE 3HA-

yeHye ¢yHKnHHa f(z) Ha npoMeXyTKe MHTeTPHPOBAHMIN:

b b b
Jf(m)dx=J%fmdm=fmI%dx- (16.2)
HCHO, YTO0 B NoCJjienHeM HHTErpaJe nNoiblHTerpaJbHan q:lYHKl.lHﬂ f(z)

Ge3apaamepHa, TaK KakK f(Z)} 4 fmax UMEIOT OIHHAKOBYIO paauepnoc*rb
Ilepefinem x GeapasMepHHIM mpefienaM HHTerpupopauus. s atoro
BRIIOVIHHM 3aMeHY nepeMeHHOR mo dopMyne

2, wm z=a+z(b—a) (16.3)

z= b—a

Hs (16.3) Buano, uto z — GeapasMepHas BeJHIHMHA. Tak Kak dx =
=(b-a)dzuz=0mnpux=4¢a, z=1 np z = b, TO HATErpax
B popmyne (16.2) npuuHMaeT BHA

1l
f(=) fla+z(b—a)]
Ifmda: (b—-a)!—ﬁsz. (16.4)
IMonoxum
fla +f.:$ -a)l _ ol2).

Toraa u3 (16.4)

b 1
f(=z)
lfT“—dm - a)lqi(z)dz,
OKOHYATeJIbHO
b 1
[ 1@)dz = fuux- (B —0) [ol2) 2. (16.5)
a 0

1
B dpopmyae (16.5) Jtp(z) dz ecTh GespaaMepHan BeJUUNHA.
0
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Ecan f(x) Mano uaMendeTcsi Ha MPOMeXYTKe HHTEIPHDPOBAHHS,

0 18
™ Foax

= |, nosTOMy

1

1
p(z)=1 n Iq;(z)dzml-jdz
0 0

1.

Taxum obpasomM, B 3TOM cayuae Ge3pasMepHBIH MHOXHTENb Jq>(z) dz

eCTh YHCJO NMopsAKa | H BeJHYHHA HHTerpaja onpelensieTcs rJ1aB-
HHIM 06pa3oM npoHaBeAeHHeM

fmax - (b—a).

PaceMOoTpuM 3JeMeHTapHHA npuMep: cBoboaHOe NMajeHue Tena
tg

B TeueHue BpeMeHH fg. ITyTh ecth Iv(t) dt. CKopocTb Tesa paBHa

0
v = g(t), H MaKCHMaJbHAA CKODOCTb AOCTHraeTcsi K MOMeHTY tp:

tmax = gto-

3aMeTHM, 4T0 3AeCh MaKCHMyM OOGYCJOB/eH He yMeHbilleHHeM
CKOpOCTH nocne ¢t = £, a MPOCTO TeM, YTO BpeMeHa, GéauliHe ig,
He BXOJAT B MPOMEXYTOK, IO KOTOPpOMY BeAeTCH HHTErpHpOBaHUe,
0 < t < ty. Beogum

=t
to ¥
1

Tv(t)dt=vmt0.l.2dz=gtg.l.zdz= %20.
0 0 0

PaccMOTpHM B 3aKJIIOYeHHe MpHMep, MOKa3HBAIOIMA HeoOXORH-
MOCTh BHMMATEALHOrO PaccMOTPeHHA (YHKUMH H ONACHOCTh (op-
b

dx
MalbHOro nofixoaa. Beuncaam I = I — . HeonpeaeneHuuft HHTErpaa

$2

dz 1
Z="% + C, noatomy

1 1 b-a
=_3+E =3 (16.6)

Tak Kak nofikHTerpaibHad QYHKUHA DOJNCKUTENbHA, Pe3yAbTaT
AO/MKeH OLITbL MOAOXKHTENEH, ecsd b > a. OtBer no dopmyae (16.6)
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AeffcTBUTEIBHO MOJOXKHATE/EH pd b > a, ecsln a H b ofiHOro 3Haka.
+1

Onuaxko A HHTerpaia I do tdopmyana (16.6) naer ABHO Hesenwf

pesyabrar I = —2. (!) l'lpx-mnna 3aKA09AETCH B TOM, 4TO HOAHH-
TerpanbHasf QyHKIHA oOpamtaeTcs B GECKOHETHOCTh BHYTPH HpOMe-
KYTKa HHTEerpHpoBaHuA NpH & = 0 H B 3TOM Xe MecTe TepuHT Gec-

KOHe4HH pa3phiB (YHKIHA (—%), ABSICILIAACK HeonpejeneHHM

HHTerpaJsoM (yHKHUH =

Yro6u pa3obparthcs B NMOJAOXEHHH, HEOOXOAMMO HCK/IOYHTD H3
Beero HATepBaaa —1 < T < +1 Maaywo ofaacth o0ko0 0cOG0R TOUKH
=0 —e <z <e (g H gg — MaAhe NONOXKUTeJbHEHE YHCAA),
A paccMoTpeTh

Tdar [do
K=[5+]5
-1 g
o dopmyne (16.6) momyunm
K=l_sl+l-82=—-2+l+_l..
& & e &

HcHo, uTo DpH £) H g, CTpeMAIIUXCA K Hyao, K — 00.

B Apyrdx cAydasX MHTerpal ¢ MNOAWHTErpaJbHOM (yHKEH-
e, ofpamwaomieiica B GeCKOHEYHOCTh HA HMHTEPBAJE HHTEIPHPO-
BaHHA, MOXET JaBaThb BNOJNHe onpelefeHHHN KOHeYHWH pesyib-

rar. Tak, Hanpumep, J = 2. Jlna nokasaTelbCTBa BHYUCIHM

J— =2 — 2./e; npu e — 0 unTerpan crpeMurcs K 2.

Takore poaa paccMoTpeHUHe HeoGXOZHMO BCeraa mMpH oOpalleHnH
MOAKNHTErpajbHOR QYHKIMH B 6€CKOHEYHOCTD.

§ 17. Pagm

IMocTaBHM cefe 3afiauy MOCTPOHTHL ApocToe H yAoOGHOE mpubJan-
MeHHOe BHpaxenue dynkuun y(z) (3amaHHOM TOUHO KaxoR-JHGO
dopmynoli) Ha HeGOJLILIOM NMPOMeXYTKe HIMEHeHHS apryMeHTa I,
HanpHMep, NpH 3HaueHHAX Z, OJMH3KUX K a.
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Onpefienenne NpOH3BOAHOMA, KOTOpoe ObJIO AaHO B raase I, Mox-
HO 3aTMHCATh B CAEAYIOLUIEM BUAE:
/(@) = lim Y2 =¥,

Tr—a r—a

W3 atoro ompenenenns cJemyer, 4To B Npefiefie, T.e. TeM TOUHee,
YeM MeHbLIe PasHOCTh (Z — a), MOXHO HANHCATD:

¥(z) =y(@) + (z — a)y (a). (17.1)

Sra popMysa COOTBETCTBYET CMHCJIY NPOH3BORHONR Kak CKOPOCTH
u3MeHeRus ¢yukuun. Ecau #asectHo sHaueHHe ¢yHKUMH B AaH-
woll TouKe y(@) M CKOpPOCTH H3MeHEHHS (YHKIMH B 3TOH TOUKe
::g . y'(a), To npH x, GAH3KOM K @, KOrJA APryMEeHT HIMEHUACH
Ha BeJHYMHY (X — G) MO CPABHEHMI0 ¢ HAYAJLHHIM 3HAYEHUEM &,
(pyHKIUA H3MeHsieTeH Ha (z — a)y'(a). Bupaxenue (17.1) saasercs
NPHO/AKEHHHM, H TOUHOCTH €r0 TéM MeHEblle, YeM GoJblue IpoMe-
MyTOK (2 — a). HeflcTBHTENBHO, NPH pacueTe H3MeHeHHA QYHKUHH
1o gopuyae (z —a)y'(a) Mu moaB3OBANKCHL 3HAYEHHEM CKOPOCTH
ameHeHus: GpyHKIMH y'(a) B Havasle NPOMEeXYTKa OT @ Jio . Mexay
TeM Ha 3TOM NMPOMEXYTKe caMa CKOpoCTh ' Takke Medsercq. Tou-
Has dopMysna HMeeT BUA

x

wo) = (o) + [ @) . (17.9

Tpumenum ¢opmyay (17.1) x nponasonsolt y'(z). Toraa
V(@) =v(a) +(z - a)y(a). (17.3)

TMpexxae yem MATH Aajblue, HAMOMHHM YdTaTeNlo, uto ¥'(2) —

BTOpaf MpPOM3BOAHAA (PYHKUMA ¥ MO x, 0603HAUaeMas TaKkKe %,
¢CTh NPOHSBOLHAA MO Z oT ¥ ()

y’f(m) = %’

Tax 4ro y" cBA3aHa ¢ y TakuM Xe o6pasoM, KaKk y' cBAsaHa ¢ ¥.
AHaznoruyHO onpeaensercs ¥’ — TpeThs NPOH3BOAHAR,

#V — uerBepras mpoussoxsas, y' — NATam mPOHSBOAHAN H T. 1.

[lponssoanan n-ro nopsaka, KOTOpas NOJAYHAaeTcA B pesyJnTare
1-KpPaTHOTO Noc/AeJ0BaTe/IbHOT0 B3ATHS NPOM3BOAHOR $YHKUMH y(x),
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o6osauaercs (™ (z) aau % B o6osuauenun y(™ suauox n cra-

BHTCA B CKOOKH, 4TOGH OT/HYHTD €ro OT NOKa3aTeds CTeNeHH.
BepHemca K 3afiaue opubanmxeHHOro BupaxeHna ¢pyHkunan. Pop-
myna (17.3) ana npouseopmofl ecTb He 4UTO HHOE, Kak (OpMY-
Aa (17.1), B xoropyio BMect0 y(z) moacTamneHa ¢QyHkuua y'(z).
IoncraBumM BHpaxxenue npoussoaHoi (17.3) B dpopmyay (17.2). Toraa

¥(@) =3(@) + [ ¥/ (a) + (¢ - a)y"(a)] dt =

=y + @ -al @+ 5L ). (74

Sra ¢opMyna Tounee BpaxeHus (17.1). IIpn susoae (17.1) npea-
nosiaraercst (B mepBoM NPHGAHMKEHHH), YTO CKOPOCTb H3MEHEHHH
GYHKUMH y, T.€. e NPOM3BOAHAN ', MOCTONHHA W papHA 3Haue-
HHUI0 OpoH3Boadoll npH x = a. llpn sToM noayuanace AuneBHas
sapacumocTb y ot = *). Ilpu susone dopmyan (17.4) yureno, uro
npoussoaHasn ¥ (z) HeNnocTOSHHA, HO M3MeHeHne ¥ (X) yuTeHO JMIL
npubanxenno: popmyna (17.3), xoTopolt MH noAL30BaMHCL B XOfe
BRBOfa ¢opMynn (17.4), moapasymepaer moctosHcTBO Y'(T), 4TO
¥ NPUBOAHT K JNdHeMHOR 3aBHCHMOCTH ¥ OT z; npH 3TOM Aax y(z
NoJIyuaeTcs KBafpaTUUHaA 3aBHCHMOCTb.

YrounuM emte dopmyay (17.4). daa atoro cilemyer yuecTb, 4TO
u y” HenocrosHHa. Bocnoabsyemcs dopmynoi

v(2) =y(a) + (1)t (17.5)

Ona nonyvaerca us (17.2) samenoft ¢ Ha y. 3aMeTdM TakXe, uTO
a1y popmyny [xak u (17.2)] nerko oposepHTh, NONCYHTAB BXOAAIIHIM
B Hee uHTerpai. 3anuumeM Teneps ¥’ (z) mo dopmyae Tuna (17.1),
npuMeHeHHoH Kk y”(z):

¥'(2)=9"(e) + (z - a)y" (a). (17.6)
Torsma u3 popmya (17.5) u (17.6) nonyunm

&

V@) =¢(@)+ [ly"(a) + (t - @)y ()] a2,

o

*) B mupaxenne gaa ¥ (17.1) # mxomMT ToMbKO A mepmofl cTemenu. Huaue
TOBOPA, Y eCTh MHOrouAeH Nepholi creneHH ot x. Takan aaBHCHMOCTL BasHBaeTca
auHefinoN, MoTOMY 4TO rpafuYecKd oHa Haolpaxaerca npaMoft JuHued (cM. ria-

sy IV, §4).
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V@) =y@+@e -+ 5L ye. 1)

3ameTnM, 4t0 opmyaa (17.7) ectv dopmysa tuna (17.4), sanucan-
nas aas ¥ (z).
Bripaxenue aas y'(z) us (17.7) noacrasum B (17.2):

y(z) = y(a) + J [y’ (@) +4"(a)(t — a) + ¥"(a) @]‘# -

=y(a) + ¢(a)(z —a) + 2’_}‘_‘2 (x—a)?+ 222 y"’(a) (x—-a)d. (17.8)

Teneps sierko npeactaBHTh cebe, KaKofi BHA GyAyT HMeTb dop-
MyIH s y(z), ecam emie mMpoAOKATh APOLECT YTQUHERHA: ecly
y4ecTs, uto ¢ HenocTosnHa, To B popMyuy Bofiner y'V(a); Bupare-
e ana y(z) Oymer comepxars (z — o)t Kaxpuit cremyommii war
no yrouHeHHI0 ¥(x) faeT AONONHMTENbHHH usieH ¢ GoJee BHCOKOH
cTeneHblo (Z — a).

STOT 3aKOH NPOSABAAETCA €O BCER OMEBUAHOCTHIO, €CJIH CPABHHTD
yXXe HmOJydeHHHE HAMH BHIpaKeHHA. B camom rpyGoM npuOawxe-
HUH, eC/lH & — @ Maad, MoxHo cuurath y(z) = y(e); Ana 3roro
He HYXHO 3HaTh BHCIIei MaTeMaTHKH. HasoBeM 3To paBeHCTBO
«HyNeBHM npubauexnnem», upaxenue (17.1) — «nepeuin mpuGan-
eHneM», Bupaxende (17.4) — «prophiM mpubamkeHneM», BHpaxe-
Hue (17.8) — «TpeTnHM npubAMKeHHEM» M BHMHIIEM YMOMAHYTLIE

bopmMyaH paaoM:

y(z) = y(a) (rynesoe npubanxenne),
#(z) = y(a) + (= — a)y'(a) (mepsoe mpHGANXeHHE),
W2) = (@) + (e — (@) + EZL y(a) (sropoe mpa-

GanxeHue),

@) =y(a) + (z —a)y'(a) +
M Chl)s a) v'(a) + (- a) y"(a)  (Tperne mpubmmKenme).

Jlerko Aoramarbes, Kaxoﬁ BHA OyAeT HMETb pPesy/lbTaT, ecJH
BCe JaJblle YTOUHATL (hopMyan. Kaxxaoe caenyiomee npubanxenne
COJEPXKHUT Ha OAHO caaraeMoe GoJible, YeM MpelnAyliee NpuGAHxKe-
1I4e, T. ¢, ueM Goabile creneHell (T — a) BXOAAT B DOPMYAY, TeM OHa
TOUHEE.



130 Buucsenue npouaaodnsix u unmezpaios [Ta O

PopMysny Takoro BHAZ MOXKHO NOJAYYHTH H HECKOJIBKO APYTHM
crioco6oM.

BosbmeM TouHOe paBedctao (17.2) u mpounTerpupyem ero no
YacTAM, 3aMeHHB *) criepBa roa HHTerpaioM dt Ha d(t — x):

¥(z) = y(a) + [ () dt = y(a) + [V (D) d(t — 2) =

=y(a) +/ )t - :::)I: - j (t —2)y () dt =
=ylo) + (@ —a)y/(t) + I(t —z)y(&)dt. (17.9)

[

IpoBoAs MHTErpuUpOBaHHE MO YACTAM 7 Pas, Mhl MOJYYHM TOUHOE
BHpaXeHHe Ana y(x), cocroduiee u3 n + 2 uneHoB, Ilepruie 1 + 1
YJIeHOB COBMAfialOT ¢ 7i-M NpHUGJHMeHAeM NpPEAHAYNIEro BRBOAA.
TMocsenHuil ufeH AseT BHpPAXKEHMe OCTATKA B BHAE HHTErpaia or
(n + 1)- npousposnoit GyHKIMH y(z):

y(x) = y(a) + (x — a)y/ (@) + (w—_éi)% y'(a)+...

j(x — Oy () de. (17.10)

(z-a)" (n) 1
-t 2-3...ny (@) + 2.-3...n

Bes necieaHero ujieHa ¢ HHTerpaJioM (hopMyna sBAsercsa npHGAY-
xeHHo#l, B ofuweM cayyae npoussosbHON ¢yHKIMH (&) HHKaKoe
KOHEYHOe YHCJO creleHedl (z — a) He fgacT aGCOMIOTHO TOYHOH
gopmyas **). ToaHyio (opMYNy MOXET AaTh TOABKO BHIPAXKEHHMe,
coliepXalee Gecync/eHHOE MHOMKeCTBO creneHelt (x — a):

yz)=cotefz—a)+elz—a+... +enlz—a)*.... (17.11)

Bripaxenue Takoro pufia Hashpaerca GecKOHedHHM PsifioM. OORYHO
¢/I0BO «6eCcKOHeHBI!» ONMYCKAIOT # TOBOPAT MPOCTO <Py,

*) Npi HHTerpHpOBARHH i ecTh TepeMenHas (HeMas), £ PACCMATPHBAETCA KaK
nocToRHHANR, NostoMy df = d(i — £) H 3aMeHa ZomycrHMa,
**) Kpome cayuas MHOTouleHa, ¢M. KoHen § 18,
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Kosdpduumesta cg,¢1,...,6n,... PasAHMHH JAA Pa3AHYHBIX
fpysgnu. OHH 3aBACAT TaKXKe OT 3HAYEHHA BeJHHHHH 4. JTH
ko3dPuIHeHTH MOXHO HaliTH OoJjiee GHCTPHM (Mo cpaBHeHHIO
¢ NpHBeIeHHNM BHBOAOM) cnocoboM. JJaa 3Toro mnocTynmHM
chaeytoliuM ofpasoM. 3anumem paseHcTBo (17.11) 4 BHuHCAHUM
1IePBYIO, BTOPYIO, ... ¥ N-I0 MPOH3BOAHKE OT 00eHX ero dactedl:

y(@) = co +c1(z — a) +ex(m — a)* + 3z —a)* +
v tep(z—a)+...,
¥ (z) = 1 + 2c3(z — @) + 3cs(x — a) +
e Fne(z—a)* 1 4.,
(@) =20 +3 - 2c3(x—a)+... +n(n— Den(z —a)* 2 +...,
¥’z =n{n—1)...3-2c, +
+(n+1n(n—1)-3-2cn41(x—a)+...,

Kaxpoe W3 HanmucaHHHX BHUE PABEHCTB I103BOJISET ONpPeXeNHTDb
0AHH U3 KO9dpaUHeHTOB Ci. HefiCTBATENLHO, NOMOKHM B KaXKAOM
W3 3THX PaBEHCTB COpaBa M cleBa T = a. IIpH 3TOM BCe UMAEHH,
vofepiKalHe MHOXUTENRA (T — a), OGpaTATCA B HyAb H MBIl TMOJYUHM
yPaBHeHHA AAd onpelefeHHs Ko3dOHUHEeHTOB:

y(a) = co, oTKyAa co = y(a),
y'(a)=ci, a =y(a),
y'(a) = 203, = 3v/(a),

y"(6) =325 &5 = 75 "(0)

--------------------------------------

Taxum o6pasom, noaydaem
w(x) = y(a) + v'(a)(z — a) + y’_’é_@ (x-a)?+ ‘{ ( ) (—a)® +

v (n)
+§.3E‘.;3; (x—a)‘+---+'ﬁ!{.(£;—11)n(""“)”+““ (17.12)
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Ileppuie n unenoB stoll ¢opmyan ¥ dopmyas (17.10) cosnmagaior,
OTMerdM ellle YaCTHHHA caydafl GopMyaH, Koraa a =0,

¥(z) = y(0) + ¥ (0)z + @aﬁ + %aﬁ +... (1713)

I npousBefieHHA TNOCICAOBATENBHHIX HATYPANbHHX YHCeN
n(n—1)...3-2 ects ynoGHoe oGosHaueHue n! (YHTaeTcs 9H-
¢daKTopuan, No-AATHHM (PAKTOp — COMHOXHTeAb). TakuM 06pa3oM,
Hampumep, 3!=3-2=6;41=4.3-2 = 24; bl = 120. [Ipanaro npu
onpefesieHHH (aKTOpHaAa TNPHNHCHBATE B YHCAE COMHOMHTENeld

eme 1:
nl=n(n-1)...3-2-1;

OT STOro, OYEBHAHO, NPOH3BENEHHE He MeHserTcs, 3aTo yloGHee 3a-
NoMHHTb: 1! eCTh NpousBelieRne N NOCJeNOBATeALHHX HATYPaIbHHX
yucea or n go 1. Hanpumep, 3! ectb nmpoHsBeseHHe TpPexX MHOXH-
Teqeh, 3:-2-1, or 3 no 1. Ilpu sTOM OnmpenencH#H, eCTECTBEHHO,
nonyyuM 1! = 1. TIpu noMomu Takux obosHaueHuiH 3anHiIeM popMy-
au (17.12) u (17.13) B yaoGHo# cxkaToli dopme:

y(z) = yla) + ; % (z —a)", (17.14)
y(z) = y(0) + ,; 7O g, (17.15)

Dopmyant (17.14) 1 (17.15) pawT pasaoxenue ¢pyHuuu y(x) 8 paa
No LeJHM cTeneHaM £ — a (unu x). Dopmyna (17.14) Hasusaerca
pagom Teitaopa, (17.15) nasmpaerca pagom Makaopena. [lycrs,
HanpuMep, y(z) = * Torna:

y=e =65 .. yW=¢5
Bocnonbayemes opmynoit (17.15) psama Makaopera. B ramem

e W0 =y(©) =¢"(0)=... = 1.

Iopcrarnaa B (17.15), noay4yunm pasnoxende GYHKIHA ¥ = & B paf
M0 CTeneHsaM .
© |

3“
?'i"-s--i'...-l-;;!“i'....

PacesorpuM ¢opmyay, Kotopas nodaydaerca H3 paja Teitaopa,
€CJIH OTPaHMUHTLCS, HaNpHMep, TpeMs YAeHAMHA,

) = v(a) + (2 — /(@) + ESL (o)

e=1+z+
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PuckpoeM B npaBoil 4ACTH CKOOKH H DACNOJOXKHM DPeSyJILTaT Mo
CTeneHsM T

1 1
W2) = [v(a) - o/ (@) + 3 0%'(@)] + V(@) - ' (@)a + 3¢/ (a)e*.
(17.16)
Cnpaea B {17.16) crout MHOrouner BTopofi crenend, OGpamaem
KHHMaHHE YATATeAs Ha TO, YTO STO BLIPAXKEHHE He COBNARAeT ¢ TeM,
“Te NOAYYHTCA, €CAH B3ATH TPH 4ieHa B pafie MaknaopeHa:

() = 4O + ¥ O + L 22, (17.17)

JT0 CTAHET MOHATHBIM, €CAH BCIOMHHATD, uTo $opmyaa (17.16) paer
XOpoWHA pesysbTar, ecld = GIH3Ko K a, a popmyna (17.17) xopoura,
tenH & GJH3KO K HYJIO.

B rnase I Gunio paHO onpeneneHHe NPOK3BONHOH Kak npegena
OTHOUIEHHS NpHpaleHHs QYHKUHH K NPHPALIEHHI0 He3aBHCHMOHA nme-
M'MEHHOH.

Teneps, Nocae TOro Kak NOCTPOEHO BHpaXKeHHe DYHKUHH B BR/le

psaa, MOXKHO AATh oK oTBeT Ha BONIpOC O TOM, KaK, N0 KAKOMY

: Ay dy
UHKOHY OTHOWeHHE —— npu6AHKaerca K 7, TIP# CTpeMieHnH Az
K HyJI0.

BoabMem pap Teftiopa u ofosHauuM (2 — a) = Az. [Ipu atom
y(x) — y(a) = Ay. Momyuun

A 1 . 1w
a =v(@) +3v @bz + cy" (@) (Az) +....

|1pn Maaux Az Bropoii uner ¢ Az Goabiue TpeThers unena ¢ (Ax)2
Ilpeugﬁperaﬁ MOCACHAM, MPHAEM K BHEOLY, YTO OTIHYHE OTHOIIE-
WIS Ey OT 3Ha4YeHHS MPOM3BOAHON Ha KPAK) NPOMEKYTKA MPONOPLH-

MIaAbHO BeJWdHHe NpoMexyTka Az M BTopolt npoussogxoll y”(a).
[lp# 5TOM MB CPABHHBAGM OTHONICHHE MpPUPAIICHHUA HA YYacTKe OT
& =a J0 T =a-+ Az ¢ npoussoaHolt Ha Kpaw yyacTKa y'(a).
TpoKaBOAHYIC MOXKHO Kgqnmn AH:c HHAYe; BO3bMEM MprpalleHHe
1|p¥ H3MEHEHHH £ 0T @ — —— JI0 G -+ —— |, NOfieAKB Ha A%, CPABHHM

2
Y70 OTHOLIEHUE ¢ mpouseoAHofi y'(a), T. e. ¢ NpousBoAHOil B CepefiiHe

y'laCTKa. HOJIY'-IHM:
o= o)1= )
Az

1(a+52) = @)+ 52 7@+ 5 (B2) (@) + 3 (52) (@),



134 Buiyucaenue npoussoduvix u urmespas0s [Ta. H

#(a-58) = 1@ - Z 1@ +2(5) @ - §(52) (@)

T z)? "
&= 1@+ g5(3) Mo =r@+ G ).

Takoft cnoco6 ropasao TouHee: PasHOCTE MEXKAY OTHOIICHHEM MPUpa-
weHul ¥ NpousBoAHOH NponopuHonansra (Azx)? a e (Az), u K To-

MY e CONepPXHT KoadupuuueHT 5

Ynpaxueans

1. PasnoxuTh nonsHoM Tpethelt creneny ¥ = ax® +bx° 4 ¢ +d B pAn
no z — £o. CpaBHHTL NepBele JBA, TPH, METHPE WIEHA ¢ NOTHHOMOM.

2. PasnoxuTe B pan MakaopeHa dyHKuMIo y = 2€; IPOREPHUTH, UTO
ee pasjioXeHHe MOXHO NOJNYYHTh U3 pasiCKeHHA e,

3. Pasnoxutsh ¢yBxumio e® B pag Teiinopa no crenenaM (x — 1).

4, HafiTu uncieHHO npousBoaHyio GpyHKNMH e* npu z = 0, sapasasch

UHTepRanoM Ax =1; 3135
B. BusicHHTb TousocTb hopMya (1 + r)™ = e™", Jlaa aToro sankcaTh
ee erylo uacts B uge (1 +r)™ = e™ = (14+7) 4 pagnoxcurrs In (1 + r) B pan.

§ 18. Buruncaenve sHauenult pyHKOHE
MIPH TIOMOMM PAAOB

OcTaHOBHMCA BKpaTIieé Ha NPHHUHOAX, MONOXKEHHHX B OCHOBY
dopuyn § 17. B nauane nayyeHns BHCIIeH MaTeMATHKH Mbl CYUTANH
H3BECTHHIM MOHATHE (GYHKIMH H HCXOAHAH H3 TOTO, YTO MOMEM
BHYMCAMTL 3HaYeHHe GYHKIMH NpH A060M 3HAYEHHH apryMmeHTa.
[lesroMy NpH paccMOTPeHHH NPOH3BOAHMLX MH HaxXORHAH HX Heno-
CPeACTBEHHO, TAK CKA3aTh, CMNLITHHM NYTEM, BWYHCAAS 3HAYeHHsA
(pyHKIEH NpH GAHSKHX 3HaueHHAX aprymeHra. [loToM MH Hay4HaHCh
HAXOAMTH NPOH3BOAHHE NO (POPMYNaM, H 0Ka3aiA0Ch, UTO COCTaBlAE-
HHe (HopMyA A5 NPOM3BOAHKX — ROBOJAEHC nmpocToe neno. Ilostomy
BHIYHC/AeHHE 3HaYeHu# GYHKIA Npr noMolul GOPMYIH, B KOTOPYIO
BXOAAT NPOHU3IBOAHHE, 0KA3HBaeTCA HacTo faxe Gosee NPOCTHM, UeM
npsAMoe BHYHCNEHHe (GYHKLHH.

Tak Kak ToJIbKO B cay4Yae MHOrousieHa paa Teitaopa o6puiBaercs,
COAEPKHUT KOHEUHOE YHCO YJEHOB, TO Aw6as PYHKUMSA, OTIHYHASA
OT MHorouseHa, Gyder mpencraBieHa GeckoHeuHnM psaioM. [Ipak-
THYECKAs IeHHOCTE TAKOTO pAfia AN BHMHC/IEHHH CBA3aHa ¢ BOS-
MOKHOCTBIO OrPAHHUHTLCH ABYMS-TPEMH UJE€HAMH PAfia H NOJYYHTb
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/OCTaTOYHO TOUHHA pesyabrar. Mlas storo Heo6xofHMO, YTOGH OT-
fipoweHHbe WIEHH pAla He GHAN BeJMKH.

PacemorpuM Heckoabko npocteiimnx npuMepoB. [Tyers ¢ = €7
B npepsityinem naparpage 6uiaa nosydeHa opMyaa
2 2P z"
?+-€+°"+E+”” (18.1)
B uyacThoCTH, NoAcTapasa z = 1, NOJAyYHMM BHpaXeHHe YHCNA € B
hHze paja

€=1+z+

1 1 1
e=1+l+s+gtot_+... (18.2)

3ra ¢popmyaa nospoaseT GHCTPO KM ¢ GONBIIOA TOYHOCTBIO BHYHC-
JAThL €5, YTO MOXHO BHEETH H3 TaGu. 2.

Ta6auna 2

= 2 2 & 2

T e 14z l+$+? l+a:+?+? l+£+?+?+ﬁ
0,10 | 1,L1052 | 1,10 1,1050 1,1052 1,1052
02512840 ] 1,25 1,2812 1,2838 1,2840
0,50 | 1,6487 | 1,50 1,62560 1,6458 1,6484
075 | 2,1170 | 1,75 2,0312 2,1015 2,1147
1,00 | 2,7183 | 2,00 2,5000 2,6667 2,7083
1,25 | 3,4903 | 2,25 3,0312 3,3568 3,4585
1,50 | 4,4817 | 2,50 3,6250 4,1876 4,3986
2,00 | 7,3891 | 3,00 5,0000 6,3333 7,0000

Ieperie fBa ujexa popmyan AaioT TouHocts 0,5% npu z = 0,1.

IMepBuie Tpu uaena ¢opmyas RanT TounocTe 1,4% npu = = 0,5.

Ieppre uerhipe uneHa ¢opMyan jgaloT TouHoeTh 1,8%
up ¢ = 1,0.

Takas xopolias TOYHOCTb CBA3aHA, OYEBHAHO, € TeM, YTO 4YJEHH
paga Oucrpo yOuBawt. Kaxau#i chepyiomuii uneH paga MeHbile
IpeHAYILEro, NPeX/e BCero, MOTOMY, YTO 3HameHaTeab (n 4 1)-ro
w1eHa B 7 pa3 GoJiblle 3HaMeHaTeNs NpefsAylerc n-ro 4aeHa. Ecan
r < 1, T0 K 3TOMY p0oGaBisercs elle TOT (aKT, 9T0 ™ TeM MeHblle,
neM Gosikiiie 1.

Ho maxe nmpu z > | B JaseKHX uJieHax psAfia yBelH4YeHHe 3Ha-
MeHaTeJsl 06R3aTeJbHO MepecHanBaeT yBeaHueHHe uucaurens. Kak
HMAHO W3 TaGAMUb, Npd = = 2 cymMMa NATH YJAEHOB pAAa Aaer

OWHGKy 5%, ecau e ROGABHTH IIECTOHN WieH (

), TO DOAYUHM
7,3500. Omn6ka cocrapaser 0,5 %.

=z
120
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IMocTpouM GOpMY/H TAKOTO K€ THNA AJA TPHTOHOMETPHHEECKHX
GyHKUMA:

y(z) =sinz; 3 =cosz; 3"(z) = —sinz;
¥(x) = —cosz; y¥(z) =sinz.

3aKkoH AJIA NOCASAYIOIMX NPOM3BOAHBIX QUeBHAEH,
Ioacrasasa z = 0, noayuum:

¥0)=0, YO)=1, ©0)=0, ¢"(0)=-1...
CnepoBaTesLHO,

3

. 5

. 7

T

Sl]l&'"—'&?—g"'m—m-l-...- (18-3)
AHanoruyHo noAyudM gopmyay
4 6
cosz=1-S 45 2 o (18.4)

2 24 720
Ha puc. 52 # 53 nokasann rpadMKH CEHYyCa, KOCHHYCa, a TaKxe
rpadKH MHOTOYJEHOB, KOTOPHE MOJAY4aKTCs, eClH GpaTh OfiUH, ABa
HJAH TPH UIEHA COOTBETCTBYIOIIEro paza. BHuHO, Kak yaydmaercs
TOYHOCTh M0 Mepe TOro, Kak MH GepeM BCe GoJiblilee YHCNIO uje-
HOB pAAA.

B, 2
¥ oy= Y=¥-s*im
=ginx
)
ol 1 2 3 x
Puc. 52.
Y =1
.lJ y
o 2, 2
_l__+_
y/_ 2 24/,
0l 1 2 I
2 Y=CO8x
2
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B taba. 3 1 3a npusencHH 4YHCACHHHEC Pe3ysNbTaTH IJAA CHHYca
A KOCHHyca cooTseTcTBeHHO. Kak BHAHO W3 TaGJawil, AOCTAaTOYHO
NBYX-TPEX 4JieHOB pAAa, YTOOH MOAYUMTh NPEKPaCHY TOYHOCThH
¥ npomexyTke ot 0 1mo E TakuM oGpasoM, cTeneHHOH pAA naer

OYeHb YAOOHSH NPAKTHYeCKHH Cocol BHUKCIEHHS 3HAYeHRIT TPHro-
HOMeTPHUeCKHX (yHKIMH. 3aMeTHM, 4T0 1o aGCoMOTHON BeanvKHe
ile paBHBIE HYJIO YJieHH PAZa AAA CHHYCa M KOCHHYCa B TOYHOCTH
aBHH COOTBETCTBYIOLIMM ujeHaM pAfia dyHkuuu e”. [losTomy Bee
¢KalaHHOe o0 yORIBaHHU YJEHOB C BLICOKEMH CTeNeHAMH Z B ¢op-
myne (18.1) gas e® OTHOCHTCA K K DAAAM AJAS CHHYCA M KOCHHY-
ca (18.3) u (18.4).

3aMeTHM, YTO eC/Id MOACTaBATL B Bupaxenue (18.1) z =g/ —1,
# B supaxenuax (18.3) u (18.4) samenuTe  Ha ¢, TO HmOJTydMTCA
cootHomenne €%V~-T = cosq + /=1 sing, ynomanyToe Ha c. 98.

Ecaiu ¢yukuua y(x) ects MHOroYMeH CTeneHH n, To ¥/(x)
¢CTh MHOroudeH creneHu (n — 1), y”(z) — wmHorounen creneHu
(n—2),...,y™(z) — nocroannas semmuuna, a y™+(x) u Bce

IpoHU3BORHEe Gosee BHICOKOro mopaaka — Hyau. Ilostomy paa
Tatéanua 3

z | ) sing z z— 5 T — % + %

0 [ 0° | 0,0000 | 0,0000 | 0,0000 0,0000

% 9° | 0,1564 | 0,1571 | 0,1564 0,1564

% 18° | 0,3090 | 0,3142 | 0,3090 0,3080

% 27° | 0,4540 | 04712 | 0,4538 0,4540

% 36° | 0,5878 | 0,6283 | 0,5869 0.5878

% 45° | 0,7071 | 0,7854 | 0,7046 0,7071

o | 54> | 0.8090 | 09425 | 0,802 0,8091

% 63° | 0,8910 | 1,0896 | 0,8780 0,8914

% 72° | 0,9510 | 1,2566 | 0,9258 08519

% 81° | 0,9877 | 14137 | 0,9427 0,9898

2 | 90° | 1,0000 | 1,5708 | 0,248 1,0045

Ve— yroa, cooTBEeTCTEYIMIME &, HO BHPaXKeHANN B Ipagycax.
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TaGanua 3a
> ¢ CO8 & l—% l—%2+;—: l—§+§—7ii
0 | 0 | 1,0000 | 10000 1,000 1,0000
% 9° | 0,9877 | 0,9877 0,9877 0,9877
i% 18° | 0,9510 [ 0,9506 0,9510 0,9510
g—; 27° | 08010 | 08800 | o801 0,8910
.;% 36° | 0,8090 | 08026 | 0,8091 0,8080
% 45° | 07071 | 06916 | 0,7075 0,7071
o | 54m | os78 | o888 | ose87 0,5877
?2% 63° | 04540 | 03954 | 0,563 0,4539
% 72° 10,3000 | 02105 | 03144 0,3089
% 81° | 0,1564 | 00007 | 0,1672 0,1561
; 90° | 0,0000 | —0,2337 0,0200 —0,0009

MHorouaeHa pax Tefimopa (17.14) o6priBaeTca, OH COCTOHT H3 KOHEY-
HOTC 4HCAA YAeHOB. Mul noAyvyaeM MHOrowleH, pacroAcXeHHNH No
creneHsaM (z — a). [IpH 3TOM A MHOTQOUJIEHOB - CTeNeHH CyMMa
nepBHX 1 + 1 4aeHos paaa Te#inopa RaeT moutoe paBeHCTBO, BepHOe
npu MOGHX &, 2 He TONBKO NMPH &, GAHSKHX K a.

§ 19. YcaoBue npuMEeHUMOCTH PAOB,
T'eoMeTpHIecKas nporpeccus

DopMyJIE, B KOTOPHX OYHKIMH NPeACTARISIOTCH KaK CyMMH PH-
Aa crenened & ¢ NOCTORHHHIME KosdhdHUHeRTaMH, OHlIH COCTAaBACHH
B NpelnpylieM naparpade aas Tpex $yHKuMiA: €, sinz u cosz.
B 3THX Tpex cAydasx oKasaJoch, YTO NpPH A60OM T KaXKAWH cae-
Aylommi ujJeH pAAa, MCKAIO4YAfA, MOXeT OHTH, HECKO/IbKO MepBLIX
YJIEHOB, MEHbIIE NpeAnAyliero H yeM GoAblle HOMEP 4WJIEHa, TEM
6auxe STOT WiaeH K Hymo. B stHX npamepax Nnpd AiofoM z MOX-
HO BHIYHCAKTL 3Ha4YeHHe (PYHKIMM NpH MOMOLIM DPAfa, eclAM B3AThH
AOCTATOYHOE YHCJIO YJACHOB pAAla, TaK 4robsl oTOpoleHHBIE YJEHbI
NpaKkTHYeCKH He BJAHAMH Ha Pe3ysbTar.

HamoMHHM, 4T0 MW HaudHan® ¢ 33fa4d O MpHOAHIKEHHOM
BHpaxKeHHHd ¢(yHKUHH B Majofi 06JacTH H3MeHeHHS MepeMeHHOH
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W CTPOHAM Bce Gosee TOuHBE QOPMYJH C Y4eTOM MNeppoft, BTOPOH,
TpeTbefl H T, A, NPOHU3BOAHHIX. TOUHOCTD KaXNOH GopMyan:

¥(z) =y(a), (0)
y(z) = y(a) + (z — o)y (a), ()

) =) +e-y@+ Ly m

TeM GoJbllie, YeM MeHbllle BennunHA (2 — a). C Apyro#i CTOPOHH,
1pH BaHHOM (z — a) dopmyaa (I) Tounee dopmyan (0), popmyaa (II)
touHee dopMyast (I) u T. A. 3HauHT, yBeNHUEHHe YHCAS WIEHOB pAAa
1103B0/IAET YBeJHUHBATD BeJHUHHY (Z — @), COXPaHAA 3aRaHHYIO TOY-
HOCTb.

Bonpoc 3akaiouaerca B TOM, BCeraa AH MOXHO GyfieT AOCTHYbL
3afaHHON TOYHOCTH mpm N0GOM sHayeHuH (Z — @) MyTeM yBendue-
N1A YHCaa udeHoB pafa. Ha oueHb BaKHOM nmpHMepe MH yGeAHMCA
ceifyac, 4ro 970 He TaK. CreneHHOH psA, NOCTPOEHHHIH TaK, 4TOGH
AaTh XOpolliee NPHOAUXeHHe B Majofi OGAAacTH H3MeHeHHA T, [PH
no6Hx (T — a) MOXKET MMeTh eCTeCTBeHHHH mpesies] IPHMEEHUMOCTH,
Ipeien AOMYCTHMOro yeenuueHus (z — a) (He aaBucamuii or uncna
B3ATHX YACHOB PsAAA), XOTH STOTO H He GH/O B MpHUMepax mpenbiAy-
wero naparpada.

PaccMoTpuM dyHKIHIO

i

y=1=( —z)"L
Buiuncnsan nocJIenOBa'reJlbno nponssonnue, HAaHAEM:
— r_ 14 . . a0 — n!

e R e R
l'lo.uc'raBJlnn z=1_, no.nyqnm.

y0) =1 YO =1L y0)=2% ...; y¥™0)=n!
Taxkum o6pasom, NoAY4EM psR

ﬁ=l+z+x2+ma+...+a:"+.... (19.1)

[Tpumep (yHKUMH ﬁ 3aMedareJeH He TOJNBKO HeoOnuafiHo

HPOCTHIM BHAIOM MOJNYUMBLIErocA CTeneHHoro pafia (Bce Ko3PduuM-
¢HTH paBHH 1). B 3ToM cAyuae HeTpPyAHO Aarh TOUHYK (hopmyay

ANS CYMMHL 12 epBHIX wieHoB paAa (19.1):
l4z+22+...+2" ! =

1-z"

— (19.2)
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B cnpaBepauBocTd 5Tofl dopMyAH yGeaumcH, yMHOXasn ofe ua-
et (19.2) Ha (1 — z). Gopumyay (19.2) MoxkHO nepenncaTs Tak:
l+z+22+... +2*! —T_l_"l—z_—,;' (19.3)

CpaBrupas (19.3) ¢ dopmynofi (19.1), BaaEM, yTO p

BeJM4YKHA, KOTOPOH Mbl mpeHeGperaeM, eclH OrpaHUYHBaeMcs nep-
BHIMH 7t Y4JeHaMH pPAja:

R o A U o (19.4)

Ecau —1 <z < 1, 7o 2™ Tem Gauixe K Hymo, Yem Gosbllle n, H cae-
BOBaTeJbHO, BB AOCTATOYHO MHOIC WJICHOB PAAa, M OTOpacHBaeM
MaJdyK BeJIRUBHY. 3aMeTHM, 4To ueM Guimke z K 1, TeM Goabue
YJICHOB Psa NPUXOAUTCA OpaTh 474 NOJydeHHA 3aflaHHOH TOUHOCTH.

Bcs KapTHHA HSMeHMTCH, eclu B3ATh z > 1. B atom cayuae
KaxAu# crenyiomult yneH paaa (19.4) 6oaswe npeasizymero. $op-
myJa (19.3) ocraeTcs B cune, 0RHAKO npu £ > 1 a:: HEOTpaHHYEHHO

€CTh Ta

PacTeT BMECTe ¢ POCTOM 7 K NOSTOMY APOOLIO n:_z npeHeGperarb

1
HHKaK Heapss. Popmyaa (19.1) B atom caydae HesepHa. Her Raxe

HHKAKOTO KauyecTBEHHOTO CXOACTBA MeXAY CYMMOl NMOVIOKKTeNLHEX
cnaraeMux (19.4) u orpunartensHolt (Tak Kak z > 1) BeauumHoH
i 1&.. Ha dopMyant (19.3) suaum, uto npu z > 1 cymMa paga (19.4)
HEOTPAHMYEHHO YBeJAUYUBAETCA NPH yBeJHUeHuH 7. TaKde pARM
Ha3HBAIOTCH PACXOAAIMMHCH.

Unenu pana (19.4) o6pasyloT reoMeTpHuecKyio MNPOrpeccHIo.
Mu yCTaHOBMJIH, YTO CyMMa 4JI€HOB GeCKOHeYHOH reoMeTpHuecKoH

NpOTpeccHH paBHa t—, ecH lz| < 1. Ecau xe z 2 1, 10 Gec-

KOHeUHas reoMeTpH4YeCKas MPOrpeccHs He HMeeT KOHeYHOH CyMMH.
OrMeruM eme, 4T AK06as nepuoAHTecKas APOGE MpeACTABAAET
co60f CYMMY YJICHOB TeoMeTpruecKol MpOrpeccHH, HanpHMep,

1,(1)=1,111... =1 +0,1 + 0,01 + 0,001 +... =

1 1 110 .1
=1+ oﬂoo*ﬁu‘o"“’"‘"l_ _____ il

1——

10

Takum oGpazoM, ¢ npocTefiliuM psgoM (reomeTpuuecKodt npo-
rpeccuefi) MH BCTpedatuCh yXe M paHbIUe, B apudMeTHKe K an-
reGpe.
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dyuruug y = 'l_l_a:' (puc. 54) TepnuT paspuB nNpH £ = 1: ecaH =

Bausok K 1, Ho Soamie 1, To — GSoavinoe no aGcoaioTHoM

1—=2
BeTHUMHE OTPHIUATENBHOE YHCAO, ¢C/H & 6JH30K K 1, HO MeHbie 1,

TO y= =2 6ospllloe MOACKHTEAbHOEe YHCAO, CaeaosaTensHo,
NnpH nepexofe £ 4Yepes sHaueHpe

1
=1 ¢yuguus y = i—z e yﬁ

PEXOBHT OT GOJBUIMX MOJOXKH-
TENLHHX YHCed K GOMBIIMM [10
a0coMoOTHOA BeJHYHHe OTPHLA-
TebHHM YucAaM. STo# ocoleH-
HOCTH NoBeAeHHs (YHKLIHA PAR —/
ONHCAThb He MOXKeET. 0
OrmeTHM ellle  cAenyioiliee
ofcroaTeancTBO: NpH z = 1

QyHKUHE § = T—% ofbpaliaercs

B 6eCKOHEUHOCTh (4eM Samke &
k 1, TeM Gosbllie y o aGconoT- PHe. 54,
HOH BeJHYHHE)}, H IPH STOM XKe
r =1 unennt pspa (19.4) nepecraioT yOusaTb. Pag moxer OuTh
MPHrofieH AN BHYMCAEHHH, JHIIL ecAH ero 4YieHH YSHBAwT Mo
abcomotHoli Bemuuube *). Tlpu = = 1 pax Ann BuuHCHeHul Hempu-
rofieH, TaK KaK ero YjeHH He YOHBAIOT. SHAYUT, PAf HENpPHrofeH
LA BHYMCJIGHHS SHaYeHMA GYHKUMH K npa z = —1 (TaKk Kak npu
z = —1 ero uJeHn ToXe He YOHBAWT N0 alCOMOTHON BeJHYHHE),
XOTA c:;ma q)yulxum npd ¢ = —1 paspuiBa He HCTIHITHBAaeT K pab-
Ha T— =i

Kak 6n M HH BuGHpann koa¢dHIHeRTH MHOTOWJIEHA, ero rpa-
¢uk Bcerta SyfieT CNMOWIHOHA, HeNpepuBHOA JNHHHEH; y MHOro4/IeHA
HeT paspuBoB, [losToMy ecnam HekoTopasa ¢yHkuua f(z) Tepnur

2
L]

- e I e o et

1
paspeB NpH « = zp { %o = 1 B npaMepe ¢ T_E)' TO Npy 3HAYEHAH

T = mg paA, cocTaBNeHHuR Ans f(z), 3aBefioMO HenpuroAeH AAd
puvpcaeHufl. Tak kak moGoft uneH paga ¢,z™ TeM Goaslle noO
abcosioTHOH BeluduHe, dYeM Oodaslue abcoioTHas BeJHYHHA X, TO

*) KoHewHo, ecAH OAWH-LBA HAH HECKOALKO MEPBHX WIEHOE PANA BO3PACTHIOT,
3T0 He CocTaRAAeT GefiH, C/H ceayollipe Aabme WIeHH pala SHerpo YOWBAOT;
CM. mpEMep ¢ €” npu z = 2, Taln. 2.
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npu aiobom x, no abconioTHON BeaHuHHe GoJbllieM, YeM g, PAN
TaKXKe HEMpPHroAeH IJsA BHYUCACHHIA.

Takum o6pasom, mpn HaAMYMH PaspuBa f(z) MOXKHO 3apamee
YKa3aTh Takoe ZXp, 9TO NpH BeeX X, G6ABIUMX Tg no aGCOMOTHOR
BeJIHUHHe, pAj OyZeT HenpHroAeH AAs BRYHCAEHHM.

OTMeTHM, uTC HaJAHYHE pa3puiBa (QYHKIHE SABAAETCH AOCTATOYHHM
YCJIOBHEM AJIS TOrO, YTOOH PAA NEpecTaBaJl CXOAMTLCH, HO He Heobxomu-

MHM. B KagecTBe mpHmepa paccMoTpHM (PYHKUEI ¥ = Tre TMpumensa
dopmyay (17.13), nattnem

_.._l =1- .

s =L z+ -2 +.... (19.5)

BosbmeM, Hanpamep, & = 2. Torna
1 1 1

Cymma e uaeHOB paAfa

l-z+2?-22+... {(19.6)
PE3KO HIMEHSALTCHA B 3aBHCHMOCTH OT HIMEHEHHs YHCAA YIEHOB N
n t 23 4 5 6 7

cymmaunenos 1 —1 3 —5 11 —21 43

$icro, 9T0 NIpE & = 2 Takoll pAn HenpurofeH AAa BeuHCAeHHH. [Touemy
e 9710 npousomno? Benp cama PyHKuMA y = HE 7IpH T = 2 H HHTAE

1+z

or =0 5o £ = 2 paspuiBa He HcnwTHBaer (prc, 55).

l Vi

|

''\2

|

I

I' l&—— L L

- o 1 2 3%

i

|

|

|

{

|

|

Puc, 56,

OyHKIHa § = ﬁ, 0fHaK0, HCTINTHBAeT paspws npH z = —1, Tlo-
sTOMY npd = = —1 uneHu pAna (19.6) He yOHBAWT. 3aMeTHM eme, YTO
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AGCONIOTHEE BEANYKHH WieHoB pana (19.6) #e saBucar or anaka z. Che-
A0BaTeAbHO, H NpH £ = 1, ¥ Tem Sonee npu 2 > | pall aaA BEIMHCASHHA
NeNpUrokeH.

TosToMy fRa)ke ecnd HAC HHTEpecyeT NOBEfieHHE psifia TOABKO NpPH
x> 0, To BCe paBHO Haj0 MPUHHMATH BO BHHMAHHE BCE 3HAYEHHA T, B TOM
HCAe M OTPHNATE]bHHE, TNPH KOTOPHIX pasiaraemas (YHKLHA TEPIHT
[33pHIB,

Ha camoM Aene Ha CXOAKMOCTL PALA BAKAET BaXe nopefieHue QYHKIHY
UPH KOMIIEKCHHX 3HAYeHMsX aprymeHTa. IlpiBefieM mpHMep., 3aMeHHB B
popmyae (19.5) z Ha 2% noayumm:

1
=1-2+st-ab+. ... 19.
T+ teoa (197
MpadK PYHKIHK § = l-f-;z’ (puc. 56) He UMeeT HUKAKKX Pa3pHIBOB, HHTAE

iie YXOMMT B 6eCKOHEWHOCTE HY NPH NMOMOKHKTENbHEX, HH NPH OTPHIATENb-
16X 2, Omnaxo pan (19.7) npurofeH njs BHuRCHeHwd, AR ecan 22 < 1,
1.e. mpH —1 < z < 1. IlpuamrHa aToro B TOM, 4TO ApE = *+/—1 = &i,

Y

2 -1 O i %
Piic. 56.

T.e. npr 7° = —1, dyHkuua y = l-: = ofpaiaerc B GeCKOHEYHOCTD,

NOSTOMY UJEHH pAZa He YOHBAOT N0 abcooTHOR BeaHuKHE NpA T2 = —1,
3uauut, Mo aGCONIOTHON BENHUMEE OHM He YOmBanT U npK o2 = 1. OnHako
nofpo6HO H MOHATHO BOMPOC O MOBENEHHH (PYHKUHH NpPH KOMIIEKCHHIX
3HaYeHHAX T B JAHHOH KHHTe pasbAcHETh HeBoaMmoxHo. HHrepecyiome-
FOC WHTATENS MOMXHO OTOCHATh, Hanmpumep, K KHHre H.B. 3ensnoeuda
WA J. MHIIKHCa «3neMeHTH NPUKAAfHOA MATEeMaTHKH?.

PaccmorpuM eme oaue npamep. Hafinem pag Maksopena ana GyHKUpH
# = tgz. Tlo o6muymM nMpapHAaM HAXOAMM:

y=tgz="T, yuy- L. =20,

z cos’ s cos’
. O . .3
y’”(::) _ 2+4§m n:; yw(z) - lenz-l;Bsm z;
co8' T Cos8 &
gV = 16+88sin’ s + 16sin’s
cossm '
Orcioaa:

y0) =0 JO)=1 ¢"(0)=0;
¥V'(0)=2 y¥(0)=0 'O =16
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[Moaromy
Takum obpasom,
— 1 3 o4 92
tgz=z+z2" + :1:5+315 +2835w +.. (19.8)

B nocnenneM BHpaxeHHH KodhdumuenTH npu 2’ ¥ z° MoryT 6HTh moay-
YeHH TaK 3Ke, KaK NONy4eHH B TeKCTe Kosdduument npu x, z°, °

Yro MOXKHO CKasaTh 06 o6iacTi npuMeHUMocTH psiaa (19.8)? Inana na
rpaduk Taurenca (cM. puc. 48), nerxo coobpasuts, uTo pax (19.8) moxer

GWTL MPHrOfeH IS BEYHCAEHHH JHUIL TIPH 2| < =, TAK Kak npu z = %

(YHKIHSA t€ 2 BemeT cebd 'rax e n.noxo. KaK PYHKIIHA ——-l—- npu z = 1.

Tnazst Ha caM pag T + + :1:5 +..., GEI0 6Ll HE/ETKO CKA3aTh, TIPH
KaKOM 3H24eHHE T 3TOT psm Henbsn 6y,ue1‘ TIpHMEHATE, TTOTOMY 4TO 3aKOH,
KOTOPOMY TOAMHHAIOTCA Ko3(OHUIHeHTH pAfa, He DPOCTOH, B OTJAMMHE OT
paccMoTpeHHOT0 BHile pAfa 1 4+ z + o S

¥npamnenus
r+1
11—z

2. Hanucars pang Maxaopena mist ¢yuxouu ¢ = In {1 + z).

3. Hanucars psix Tefinopa aas gyskupd ¢ = In  no crenensm (z — 1).
KaxoBa o651acTb npUMeHEMOCTH pAAOB, NIOJYYEHHHX B 3afauax 1-3P

4. TloayyuTs NepBuie TPH WieHA PasioXeHHA B PAK IO CTENEHSM T
npoussenenus dyakuur f(z)g(z). IlocTpouTs TOT Xe psii NepeMHOXeHHEM
pana zas f(z) u pana nas g(z).

1. Hamucare paz MakaopeHa A5 GyHKIHH y =

§ 20. Bunom HuloTona ans measix
H IpoOHBIX MoKa3atejei

CocTaBuM passioXeHHe B Pl Mak/iopeHa MPOH3BOJILHON cTeMe-
HH m OBy4neHa (a + z): y = (a + )™
Io ofitemMy NpasHJy-HafiieM CNEpPEa MPOU3BORHHE:

¥y =mla+z)™ !, ¢ =mm-1){e+2z)™?

Y™ =mm-1)...(m~n+ a+z)™™",

ooooooooooooooooooooooooooooooooooo
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H 3HaueHHs (YHKIHH W NPOM3BOAHHX mpH x = 0:
y(0) =a™, y(0) =ma™"',
¥"(0) = m(m — Da™ 2, .. (20.2)
y™(0) = m(m - l)...(m—n+ 1}a™™™, ....
Orciona nonyyum psag Maknopena

(e +z)"=a™+ Eam_lm + ——-—-—m(T 3 1) m-242 4 ..

m(m—l)(m 2)...(m—-n+1) a™ gt ... (20.3)

1l

Ecsii nokasaresb CTENeHH M €CTh NOJOXKHTEABHOE 1IeJI0e YHCIO,
10 (@ + 2)™ eCTh MHOTOU/JCH CTENEHH M, TAK YTO B 3TOM CAY-
vyae pag (20.3) Gymer koHeuHHM: NpoH3BoHadA (m + 1)-ro nopszka
thyukuun (@ + z)™, a 3uaUUT, H Bee GoJce BHICOKHE &€ MPOH3BONHHE
paees Hymio. Popmyan (20.1), (20.2), (20.3) orpaxkaior 310 o6cTo-
HTEJBCTBO; B CAMOM jeJie, IpH 1t = i + 1 Muoxutens (m—n+ 1)
ofpariaerca B HyAb; NPH > m + | rae-T0 B NOCACAOBATEABHOCTH
MHOXHTeJIeH m(m — 1)... HaliieTcs MHOXWTEJNb, PABHHH HYJIO, H,
(1e0BATE/IbHO, IPOH3BEACHAE PABHO HYJII.

TpH en0M MOMOKUTENLHOM M IPOU3BEicHHE B YHCIUTE/IE MOXK-
110 3amucaTh B Gosee ynoGHOHA dopme:

mm—1)...(m-n+1)=

_mm—-1)...(im-n+1)m-—n)m-n—-1)...-3.2.1
- m-—n)m—-nm-1)...3.2-1 -

_ om!
T (m—n)’

Taxum o6pasoM, NpH DeJOM NOJOKHTENBHOM 11 MOJYYHM OKOH-
HATEJIBHO

(e+2)"=a™+

alz + M mr2

Il (m—1) 2! (m—2)!
ml a™" m 2 m—2
e e P T Tl
m! m~1 m

B ¢opmyne (20.4) cnpaba M cneBa HaNMHCAHK MHOTOYJIEHH CTe-
neHH m. TakuM oOpasoM, AAS cIy4yas LEJOre IMONOKHTENbHO-
o m MH NoJy4YaeM TOUHOE PABEHCTBO, CMPABEAMMBOE NPH JOGHIX



146 Buigucaeniie npouseodnvix 1 UKMEspAA0S [T 11

sHavenuax . Popmyaa (20.4) cuMMeTpUYHA OTHOCHTENBHO T H 4!
KoapPHIHEHTH NPH YleHaX a™ 7x™ u ™2™ ™ paBHH. 3TO NOHAT-
HO, TAK KaK (Z + @)™ He 3aBHCHT OT NMOpAAKA C/IAraeMbHX B CKOGKe:

(z+a)™ =(a+ )™

®opuyna (20.4) nasupaerca 6uHoMoM Hplotora. Ee MoxHO no-
JIY9HTB, HEe NOAb3YACH BHCIIEHi MAaTeMATHKON H NpoussogHKEMH. Jlas
STOT0 HYXKHO B3ATb Npoussesiente (a +z)(a + x) ... (a + ), Bumoa-

v

™m pas
HHTb YMHOXEHHe H NPHBECTH mofobHue wieHH. OfHako NpH m, 3a-
IaHHOM B o0lieM Buae GYKBO#, a He YHCAOM, NIPHBCACHHE NOAOOHBIX
Y/IeHOB CTAHOBHTCA AOBOJNBHO TPYAHHM, H B LIeJOM BHBOA GHHOMA
Heiotona npu nomomy pana MaksnopeHa OKashBaeTcsl MpolIe.

OrserumM, yto HeloTor noayuus obuiyio dopmyay (20.3), 1.e.
pasnoxkenue (z + a)™, B cayyae mo6wx Nokasateaefi m. IlosTomy
npaBuabHee ObI0 66 WMeHHO dopmyry (20.3) HaswBaTe GOpPMYIO
6unoma Helorona, a se (20.4), koTopas mpeacTaBaseT coboit mpo-
cTo#l HacTHH cayyvail dopmyan (20.3).

Bepuemca k ofmeit dopmyae (20.3). Ilycts m He Ueace mo-
JoxuteabHoe. B pase Maknopena (20.3) creneHH nepemeHHoil z,
T. €. YHCHa N, UedHe NoaoKuTeabHue. 3uaunt, B (20.3), ecin m He
NONOKHUTENbHOE LEJI0e, YUCAHTENb He obpalllaeTcs B HYAb HH NPH
KakoM n, gopmyaa (20.3) naer 6eckoHeunnii pag. B yactHoetd, aas
m = —1 aToT pAA HMeeT BHA

1 1 2 o
a+:c_E_;§+E§ At (20:5)
3ameTnM, uto npu ¢ = 1 dopmyna (20.5) nepexofUT B YKe IHAKO-
MYI0 HaM thopMyay
1

ot _ .3
m—l z+z2—23+..

Uz dpopmyan (20.5) saxonum Takxe
— =i+ AR A
ada—x a G

I[nnm=%nonyqnn

1 2 1 2 1 2

Vatz=va+s a—gm+mm_
5 7 3 21 b

_1_2.50\/_.]._ 7 1024"‘5‘/‘E+.... (20.6)
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B paszsoxenun (@ + x)™ mpu mo6oM m Bce YIEHH HMeIOT
O\HHEKOBYI0 CYMMy CTENCHEA ¢ H &, KAXABA CASAYOWAA YaeH

r
OTAMYAETCH OT NPeINAYIIEro MHOXHTEAEM (E) H K09¢$PHIHEHTOM.

usnk ckasaa 6, uto ¢ U ¢ B dopMyne (20.3) zoaxum OHTH
T

OAHHAKOBOA pPa3MEePHOCTH, 3HAYMT, a GeapasMepHo. Moxuo G6rij0

¢ CaMOro Ha4yaJa BHHECTH 3a ckoOKy a:

(a+2)™= a“‘(l + E)m

Ty™ z

W PA3JAraTh (1 + E) no cTenensM —.
OkasniBaercsi, 4T0 mpH BceX m (OTPHLATENBHWX H APOGHEIX
nonoxurentHHEX) paa (20.3) mpurones AHIIL NPH E <1, 1.e. mpH

J¢| < |a|. TTpu l%l =1 pan (20.3) — pacxoasmuitcsa. Hekmouenue

NIPEACTABASIOT Liefbe NOJAOKHTENbHHE M, IOTOMY 9TO B STOM CJY-
uae popmyaa (20.3) conepxUT KOHEUHOE YHCAO U/ICHOB.
dopmyaa (20.6) aaer xopomuit cnocob BuYKcIeHus KopHet. [Tpu

T
YTOM YeM MEHBINE |—|, TeM MeHBIIE LICHOB MOMHO 6patp B (20.6)
AN HOCTHXKEHHMA 32[aHHON TOUHOCTH.

YnpamHeHHA
1. Tiyrem pasnowenns B pay Hatitu /1,1 1 /1,5 kax 142z npu
+ =01 u npu x = 0,5, yrepKuBas B pas/oKeHHH ABa, TPH W HYETHpe
wiena, CpapHHUTS ¢ TaONUYHHMH 3HAYCHHUAMH.
2. TokaaaTs, uto npu |z| < | cnpapeAnnBa MPUOAHIKEHHAN (OpMysa
Vi+z =1+ E, KOTOpas TeM TOUHEE, YEM MEHBIIE T.

8. Hafitu no qopMyse mnpeamaymero ynpaxsuenss 1,2, ¥1,1,
¥T,05. CpaBHHTb ¢ TAGTHMHEMH SHAYEHHAMH.

4, Haiith v6 ¢ TpeMs BEpHHMH 3HAKaMH TIOCHe 3amaToit.

YKasauHe Bocnonb3osaThea TeM, 4t0 6=4+2, V4 =2, u npH-

menuts thopmyay (20.6).
5. [Touemy HeNbaa pasAOXHTL ¥ = /Z 110 dopmyne Makaopera?

§ 21. Tlopsaok BospacraHus M yOoipanus dynxnmit

Paanoxenne ¢yHxkuuft B pAa maer ofmuA cnocol mpHBemeHUA
pasnuqHNX QYHKIMIE K ONHHAKOBOMY BHAY W NO3BOJISET CPABHHBATD
MeXay cobofi pasauuHee (pyHkunH. Taxoit crnocob cpaBHeHHS Hy-
eH, HAMPHMep, B TeX CJIYYasX, KOTfia PACCMATPHBAETCA OTHOLIEHHe
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f(z)

ABYX yHKIIHiA o MpPH TAKOM 3HAYEHHN apryMeHTa Z, IpH KOTOPOM

3HayeHHs1 ofenx QyHximi GAH3KH K HYIIO.

Ha npuMepe BHUHCAeHHS NPOH3BOAHHX GHJIO MOKA3aHO, YTO OT+
HOUIeHHe ABYX O4YeHb OJIH3KHX K HYJIO BeIHYHH MOXeT GHThb BIOJHE
onpejeeHHHM YHCAOM. B HEKOTOPHX clydasix 3TO OTHOLIEHHe Mo-
3keT GHITh paBHHM HYJIO HAH GecKoHedHOCTH. [IpHBesieM HecKOAbKO
npuMepos. JIAA npocToTH 3arnHcH BO3bMEM NPHMEPH, B KOTOPHX
HHTEpecylolliee HAC 3HAUCHHE I PABHO HYJIW.

Ipu ManoM z $yHKIHH sing H tgz Takke Mann. PyHKUHH €F
H cosz GaHaKH K 1, a crepobarensto, e — 1 U 1 — cos z Maanl. IIpy
STOM aHaueHWs ¢yHxumi sinz, tgz, ¢ — 1, 1 — cosz TeM Gamxe
K HYJIO, 4eM MeHblue |z|.

CpaBHuM sTH GYHKIUH c BeaHuuHo#t z. Ilns sToro HanMineM HX
pa3JoxkeHHa B pan Maknopena:

3 R
g =g — 2
sihnz ==z 68+....
tgm=m+%+...,
s 2. > (21.1)
l-cosz=2 - ..
2 24 ?
22
E€—-l=z+—=+....
2 /
Orclona HaXooHM
_;E—l_fz;+
3 — 6 T
CaegoBaTeAbHO,
ginx . Bnx
— —1, gan lim —<==
T g0 z—0 T
Ananoruyso us (21.1) Haxonum:
e _ L2,
x
l-cosz =z z°
z ~3 at 3%
l-cosz 1 a? 1
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MoxHOo HaliTH H Gonee CJIOXKHBEIe cooTHolenus. Hanpumep, Ha

sinzg = a:—xa+ Ca
- 6 ' 120 7
tgz = :~-:+"'3+125 +..
CAeYeT: { ]
tgx—sinx=-2-x3+§x5+..
" tgz—si.n:c___’l
23 z—0 2°

Mo:XHO NOCTPORTE LIKaNy NopAnka yOnBaHHA PasiHYELX PYHK-
IIWH TIPH CTPEMJIEHMM T K HYJIO; MOPAAKOM YOHIBAHHS HAa30BeM
cTeneHk ¢, KOTOpas yOHBAeT Tak e GHCTPO, KAK paccMaTpHBaeMas
neauynna. Econ dynxuus f(x) uMeer k-if nopsanox yGupaHus NpH

k .f()

MaMHX X, 5TO 3Ha4YHT, YTO OHA }’6]:1338'1‘ KaK " T. e. OTHOLIEHHe ——

HMeeT mpefiesioM npH & — () KOHeYHOe, HE PaBHOS HYJIO, tmc.no

Taknm o6pasoM, sinz, tgz, e* — 1 y6HBaOT O NepBOMY NopAf-
Ky, 1 — cosz yGuiBaeT no BropoMy nopaaxy, tg« — sinz y6rBaer no
TPETbEMY MOPAAKY NPH MAJHX Z.

B HeKOTOphIX KOHKPETHHX CJIyuasX MOPANOK YOLIBAHHSA MOXHO
ONpefle/IMTE H Ge3 pasioxkeHds B psa. Hanpumep, HavyepTHB JHHUH
CHHYCA H KOCHHYCa, yOeAHMCS M3 YepTeXa, uTo Ssinz &~ x, tge ~ =
HpY MaJHX Z, T.e. 8inx U tgx HUMeIoT nepauxﬁ nopagok y6oiBa-

2 .. T
nus. Cnpaeeanusa dopMyna | — cosz = 2sin 3+ B Tak Ka sing
1NlepBOre NopsAKa, TO OTCIOAA BHAMM, 4TO 1 — cO8x HMeeT BTOpOH
1OPSAAOK yGHBaHHﬂ Oyukuuo tgxr — sinz MoxHO 3anHcaTh Kak
HII’l.’B
(USE
k 1, sina nepsoro nopsaka, 1| — cos® BTOpPOro Nopsaxa, TO ACHO,
1To tg x — sin z Tperbero nopaaka. OfHAKO STH KOHKPeTHHE NPHEMH
tpeGyioT GoJbIleé OCTPOYMHR, H HMEHHO MO3TOMY Iovie3eH IpocTol
(e30TKa3HHA 06K MeTOd.

Takoe cooTHOlICHHE MEXKAY OCTPOYMHBIM pelCHHEM OTAE]BHEIX
3afa4 W OOIUMH MeTOAaMH HabJa10AaeTcs Be3lie: CBOHCTRA KacaTelb-
iBIX K rmapabode, naollagb Kpyra, o6beM nHpaMunahl, o6neM liapa
H38eCTHH OBIIH JIPeBHHM TpeKaM, HO TOABKO AHdMpepeHIHAbHOS
H HHTerpajbHOe HCYHCJIeHUA Aajad obmue, mpocThHe crocobH pelle-
HU4 BCeX 3aAa4 TAKOro THNa,

[Ipyu nomomy psAOB MOXKHO HAXOAHTH He TOJAbKO OTHOLIEHHS
(pYHKIIHH K CTeMeHH I, HO M OTHOWeHHe OnHOi QYHKIHH K APYro#.

—sinz = E (l — cos x). TaK KaK I MaHX & cos & 6n30K
I
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[IpuBoauM npuMeph:

2
e —1 z+-’-:2-+—:§+... l+:—2':-+..
- = 3 = 32 —_}1’
sz -+ 1-Z 4. =0
2
e —1 z+%+... l+§+
= —+ 00
1—cosz g ‘ﬁ+ E_z_s.g. 20
2 24 2 2
z
&1 z+?+... 1
A - “/5+§""‘/5+'":.00‘

Kos¢¢dunuents paaoB Makiopena BHpaxaioTcsl uepes NPOH3-
BoAHHe. [103ToMy MOXHO cHOPMYTHPOBATE PESYALTATH, MOMydae-
MH€e TIPY IOMOLIH PSIA0B, B BHAE NPABMJ, OTHOCAIIMXCA K NPOHSBOA-
ueiM. Ecan f(0) = g{0) = 0, To us dopmya

1@) = FO) + F @)z + 5 F"O)2 + ..

H
g(z) = £(0) + ¢ (O)z + L £'O)’ + ..
NOJXY4aeM: )
f(a) = O+ § 700 + ..
H
g() =g+ 520 + ...
Orciona
f@) _ L@+ 3£ O+ FO+3' Ot (o
8@) @O+ 3O+ {0+ 1Oz +... =0 €O
T.€.

1@ _ £
g(z) a0 Z(0)
npa f(0) = g(0) = 0.

Takum o6pasoM, BMecTO TOr¢ uTOOH PacCMATPHBATH OTHOILUE-
HUe IBYX QYHKUMHA, 3SHAUCHHS KOTOPHX GVIM3KH K HYAIO (TaK Kak
o6e ¢yHKUMH 06pallaloTcA B HYJb NPH ONHHAKOBOM 3HAYEHUH ap-
TyMEHTa, BGJU3N KOTOPOTO PacCMATPHBAEGTCA OTHOLIGHHE), MOMKHO
paccMaTPHBAaTh OTHOUIEHHEe HX NPOU3BOAHHX. STOT Pe3yAbTAT HA3HI-
BaeTcs npasusom Jlonumaar.
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Mocne HaydyeHus papgoB yaoGHee He 3aNOMHHATh Hekoe ocoloe
RpaBHIIO, A IPH MAJBIX T MOJb30BATHCA PANAMH, B KOTOPHX QYHKUHSA
jpa3noxKeHa o creneHaM T. Beioay TaM, rae CTOHT cyMMa pasaH4HbIX
¢TeneHelt z, NpH MepexoAe K MANLIM T OCTAB/AAEM TOJNBLKO YJjieH
¢ HaHMeHbillell CTeNeHbIo.

TouHo Tak e KaK paccMaTpHBaeTcsi MOPAAOK yOHBaHMA IpH
Manbix x GyHKIHHA, paBHHX HyJT0 NpH 2 = 0, MOXKHO paccMaTpHBATh
noeefieHde QYHKLUHMHA Npy HEOrPAHHUEHHOM BO3PACTAHHH &, T. €. MPH
r — 00. Ec/l MH HMeeM Aie/10 ¢ MHOTOYJIEHOM, TO O4eBHUAHO, UTO NPH
6oAbIIOM & BaXKeH TOJABKO WieH ¢ HanGojiee BHCOKOH CTENeHBIO ;
MOXHO TOBODHTB O TOPSIAKE BOSPACTAHMS KaK &, KAK 22 H T. .

BaxkHefimuii ¢akT sakmovaeTca B TOM, YTO QYHKIHA e Bo3-
pacraer GHicTpee JMi000f creneHH x™ npH HeorpaHWYeHHOM BO3pac-
TaHuH 2. JIng AoKasaTenbcTBA HCMOJAb3yeM Bhpax<eHHe e B BHie
paa, CnpaBelIMBOC, KaK 2T0 BhisicHeHo B §19, mpu mobux z.
lonyuum
* l

S RIS TP R ca

e Ao T

1
St ot (21.2)

H‘-Sl [

llpn samaHHOM n H npH AocTaTouHO GoMbLIOM X Apobb :—:— CTaHeT

CKOJIb YTOAHO GOJbIIOH 33 CYET WIEHOB C MONOXKHTEAbHBMH CTereHs-
Mi z B popmyie (21.2). OueBHAHO, TO XKe CaMO€ OTHOCHTCS K (yHK-
ItHH €™ ¢ MOJOXKKNTEabHHM k: ofo3Havas kT ==y, HaftgeM, 4To
kx ¥

E?=k“-ef-,;=k"e—,, —+ o0. (21.3)
T (k2) y® y—ox
(JcTaeTcA 3aMeTHTh, YTO €CIH Y — 00, TO U T — 00. PaceMoTpenne
APOGHOTO 7t HHYEero He H3MEHMT B pe3ysbTaTe. TakHM o6paso,
1l0Ka3aTesIbHasA (DYHKIMA NPH CTPeMJIeHHH apryMeHTa K 0o pacTeT
fibicTpee JAI060# CcTeNneHHOA PYHKLIMH.

IokazaTesnpHasA QYHKIHA C OTPHLATEILHHM NIOKA3aTEJNIEM B Ipe-
nefie MpH CTPEMASHHH & K 00 yOuiBaeT GricTpee Mool oTpHLlaTelh-
10#t cTemeHH. DTO yTBepXfieHHEe 3alMCHBAETCA TAK: NMpH J06OM n

f=

ITonbsopareed AIA AOKA3aTeNLCTBA PasfoXeHHeM e~ * Mo cTefe-
HAM & NpH OOJIBILIOM T He/b3f, MOTOMY YTO 3TO pasJoKeHHe 3HAKO-
llepeMeHHoe. IToaToMy paccMOTPHM OGPaTHYI0 BEAHYHHY:

e-ﬂ
—n

o

=z"*—0 npu = — oo.
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Botwucaenye npoussodnmx u URMeepaaos

[Ta. 1]

Cornacto (21.3) npu mobom n BeanunHa f~! = e*/z" — oo
npn z — oo. Us roro, ato f~! — oo, cnemyer, uro f — 0, uT0
H TpeboBanoch A0Ka3aThb.

Takum oOpa3oM, B npefiese, npyu GOJMBIIHX aGCOMIOTHLIX 3HAues
HHUAIX apryMeHTa, CTOAIIEro B NoKasaTese, NOKasaTeNbHas (PyHKIMA
(9KCNOHEHTa) 3aBHCHT OT T CHJbHee, YeM J06afd MOCTOAHHAA CTe-
neHb z; ¢* BospacTaeT GucTpee x% e~ y6uBaer Grctpee ™. Hinke

B Tab/yune 9TO HATMSNHO BUNHO HA MpHMepe T° U e
T 1 3 5 10 20 50 100
z° 1 |32 |3125( 10° [3.10°| 3.10° | 10"
e 27220 150 | 2-10* | 4.10° | 5.10* | 10%
& _e® -13 —3
Fo o 037 | 16 21 ] 0,01 10 10
YopaxHenus
HaiiTH enegyiomue npefems:
1. hm_l_—“"’” 2, ljmJ——)_—"‘ Itz)-e 3 |y B2
T=0 3:2 = &
4,mu5 hme_l . sing—z
z—0 e z—0 Sina z—0 & —tge
NPHJOXEHHE K TJABE 11
Tabaunma l
Tabaana NPoRsBOIHBIX
. y=c %=0.
y=2 &1
_ @_ a—1_ ¥
y=2z° . — o =ec.
=" dy _
4 y=¢ i e*.
= a% ﬂ: P
v=ea y 2,31ga - a”.
- v _1
6 y=Inz =7
_ dy 04341
y=log,z dz = lga o’
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8. y=sinz %=cosz
9. y=cosz %=—sinm.
d 1
10 y=tgz %=m23.
- y=ces %=_si::2:c
12, y=&l‘03i11$ ::_g= llwx.
13. y= arccosz %=_ 11,«,2'
1
14. y=ercigz %=l+zz
1
18. y = eroctg %=_l+zﬂ
Tatbauna Il
HATerpajn 0T HeKOTOPHIX ByHKIMii
L Jdm=m+0.
9 do zu.+1 c
. J:r:“ =1t (a #-1).
3. J£=ln..~:+0.
xr
dz 1
4 [gr=ibes+y+C
_ o
5. Ja’dz_ma+0
6 [dz=1et+C
7. J«":“e"”dm=% nekz _ T [ yn—1hz g
de 1 et
& [ =ghim+C
ke
9. Ieb”sinaxdm= € (ksinaz — acosaz)+C
+a?
kx
10. |

11

: jsinkz

** cosax dr = e—s(kcosam—asinam)+0_
a

K+
dx = —-'l;coskz+6'.
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{Tn 1l

12, Icoska:da:=%sinkm+0.

13..

14,

15.

16.

17.

18.

18.

21.

22

23.

24

25..

26.

27.

[ -

gin? kz d

2™ coskrdr = & ginks — ™

_[ooskxcoslmdz=

[sinkz ootz do = _os(k+lz

1

—i' ctgkm +C.

DU

1

coa2kzdx=—m+%ain2kx+0.

2

k E
_gin{k-lz sin{k+=

J
J
Ia:“sinkzd:c = —%cosk:c+ %Iz""coskzd:c.
J
J

(k1) 2(k+1)

Jz“"sink:cdz.

sin kz sin {z dz = - +C,

ecau |k| # |1| (ecnnm [k] = |I|, cm. Ne 15).

sin (k — )z
2k —1)

T2k +)

sin(k + Dz +C,

ecnnt |k| # 1) (ecan k| = |I|, cm. Ne 16).

cos (k — Dz

2+ 2k-1)

: Itgkmdz=—%]ncoskx+6‘.

[ctghodz = ¢ msinks+C.

. [vaTtdz= 2 la+p +C.
J.{/a_:ib:z@-'_c'
Iﬁ__ﬁ=m§+a
Immdx=2(3m—22}/(az+bs e

+C,
ecau k| # [I].
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28. lv::?-—::z = (zVa§—$! +a23rcsin§)+0.
29 ]—-—de=1’@§—;§—6111”— V:g“"g+c_

T

1
2

0. [ovaTFm do=3/@+mpP +C.

31 J\/_xf'i_m =ln{z+vzZ+m)+C.

32, [—“’“’f’dzm/a‘h? —alp8tvel+a? V‘;“f’”+c.

33. IVz’+mdz= %[z\/?+m +mhn(z+ vVt +m)]+C.
34, I—“i_“xdx=w/?—a’ —aarocos%+0.

de _ 1, z—a
P
3. |52 =arcctgZ+C.

40 a a

dx 2 20+ b
37. = azct C,
J‘a;"r+ba:+c Viac -1 g¢4ac-b?+
ecns 4ac — B2 > 0,
| S— ez +b= V¥ —dac
ax’ +bx+¢c VB —dac Zax+b+VE—dac
ecan 4ac— b2 < 0,
do _ 2az +b
38 J(ax’+bm+c)“ " (n—1)(4ac — b*)az® + bz + )" +
(2n - 3)2a ] dx
(n = D{4ac—b*) ) (a2’ + b+ )"
gde _ _ 1 b de
89. .[a.'c2+bm+c_2aln(w2+bm+c) 20-[az2+ba:+c
(cm. M 37).
dz _ 1 £ b dz
4. Jz(ax’+bm+c)_2c]naz’+ba+c 2c.[a.'c2+ba:+c

(cm. Ne 37).
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n _[ 1‘d:n: __ _ll — -
2™ (ax* + bz + )" (m — Dex™ ' {a2® + ba + )"
_(2ﬂ+m—3)aJ' dx _
(-1 J g™ (a2 + bz + )"
_(pim-2) dz 1
(m-1)c ]z"‘"(ax’+bx+c)“ (m>1).
42. J{‘)’_de _(5H—“l“)"2\/'—m+b+o.
J "»(az+b! 1 +C.
Vac+b (n-1)a Vaz+b
4. [mdz=zhz-z+C.
45, j(]nz)ﬂ dz = z(lnz)® — nj(lnz)ﬂ—l dz.
46, Jarwin%dx=xarwin§+x/a’—x§+0.
47. Jm%dx=marecos§—\/a§—m§ +C.
Zir= z_¢g 2 4 22
48. Ja.rctgndz arctg - 2ln(a +2%) 4+ C.
49, _[arcctgzdz=marectg£+51n(ag+m2)+0.
a a 2
Tab6auya Il
HekoTophie pasnoxkenHd B PALI
L 4z =1tmet DO D mm_Jm-D sy
C (F1<z<)).
9 ging = @ & o 6
. SnE=T-g g -t (z — moboe).
_ e 7 2
3. (mm—l—ﬁ-Fﬁ—a-'-... (I—JIDGOE).
D o7 + 52
4 tgr=z+32+ :c5+315 2335"”9"’
(—g<x<g).
5 e"—l+£+z—2+w—s+z—4+ (z — moGoe)
: - n 21 a4 - :
N
6. ]1'1(1"‘37)—3 ?+?—T+-- (—l<$-<..1).
: a4
7. m(l-m)=—z—%—%—’%— (-1<z <)
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2 1-3-2° 1.3.5.27
8 mmz—m+§_—3-+2_4_5+2_4_6_7 (-l<z<1).
3 5 7
9. arctgr=z-—2>+2 % 4 | (-l<z<]l).
3 5 7
Ta6auua IV
a et e = * e* e™*
0 1,000 | 1,000 2,2 9,025 | 0,1108
0,1 ( 1,105 | 0,905 24 11,023 | 0,0907
02 | 1,221 | 0,819 2,6 13,464 | 0,0743
03] 1,350 | 0,741 28 16,445 | 0,0608
04 | 1,492 | 0,670 3.0 20,086 | 0,0498
0,5 | 1,649 | 0,607 3.2 24,533 | 0,0408
06 | 1,822 | 0,549 34 29,964 | 0,0334
0,7 | 2,014 | 0,497 3,6 36,598 | 0,0273
0,8 | 2,226 | 0,449 38 44,701 | 0,0224
09 | 2460 | 0,407 4,0 54,698 | 0,0183
1,0 | 2,718 | 0,368 45 90,017 | 0,0111
1,1 | 3,004 | 0,333 5,0 148,41 0,00674
1,2 | 3,320 | 0,301 5,56 244,69 0,00409
1,3 | 3,669 | 0,273 6,0 403,43 0,00248
14 | 4,065 | 0,247 6.5 665,14 0,00150
16 | 4,482 | 0,223 7.0 1096,6 0,000912
1,6 | 4,953 | 0,202 7.5 1808,0 0,000553
1,7 | 5474 | 0,183 8,0 2981,0 0,000335
1,8 | 6,050 | 0,165 85 49148 0,000203
1,9 | 6,686 | 0,150 9.0 8103,1 0,000123
20 | 7,389 | 0,135 95 | 13360 0,000075
10,0 | 22026 0,000045
Tabauua V
x Ina T Inz T Inz
1,0 0 2,2 0,788 50 1,609
1,1 0,0953 2,4 0,875 55 1,706
1,2 0,182 2,6 0,956 6,0 1,792
1,3 0,262 28 1,030 6,0 1,872
1,4 0,336 3.0 1,099 7.0 1,946
1.5 0,405 3.2 1,163 7.6 2,015
1,6 0,470 34 1,224 8,0 2,079
1,7 0,531 3.6 1,281 85 2,140
1.8 0,588 3.8 1,335 9.0 2,197
1,9 0,642 4,0 1,386 9.5 2,251
20 0,693 4.5 1,504 10,0 2,303
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Tatauuma VI

T gin& coB & tgx T sing cos % tgx

0 | 0,000 1,000 0,000 | 3,2 | —0,0684 | —0,998 0,0585
0,1 (00998 | 0,995 0,100 § 33| 0,158 | —0,987 0,160
0,2 ] 0,199 0,980 0203 f 34| -02566 [ 0,97 0,264
0,3 | 0,296 0,955 0,309 | 35| 0351 | —0,936 0,375
0.4 | 0,389 0,921 0423 § 36| 0,443 | —0,897 0,493
0510479 0,878 0546 f 37| —0,630 | —0,848 0,625
0,6 | 0,565 0,825 0684 | 38| -0612 | 0,791 0,774
0,7 | 0,644 0,765 0842 (| 39| -0,688 | —0,726 0,947
0,8 | 0717 0,697 1,030 § 40| 0,757 | —0,654 1,158
09 | 0,783 0,622 1,260 [ 4,1 | —0,818 | —0,575 1,424
1,0 | 0,841 0,540 1,687 [ 42| -0,872 | —0,490 1,778
1,1 ] 0,891 0,454 1965 | 431 0916 | —0,401 2,286
1,2 | 0,932 0,362 2572 |44 -0952 | 0,307 3,096
1,3 | 0,964 0,268 3602 [ 45| -0978 | —0211 4,637
1,4 ] 0,985 0,170 5798 | 46| —09%4 | —0,112 8,860
1.5 | 0,997 0,0707 14,101 | 4,7 | ~1,000 | -0,0124 | 80,713
1,6 | 09996 | —0,0292 | —34,233 f 48 | —0,996 0,08756 | —11,385
1,7 0992 | -0,129 | — 7,697 | 49| —0,982 0,187 | — 5,267
1.8 10974 | -0,227 | — 4,286 | 50 | —0,959 0,284 | - 3,381
1910946 | —0,323 | — 2927 ) 51 | —0,926 0,378 | — 2,449
20]099% | -0416 | — 2,185 | 52 | 0,883 0,463 | — 1,886
2110863 | -0505 |- 1,710 [ 53 | —0,832 0,664 | — 1,501
220808 | 0589 (- 1,374 | 54| 0773 0,635 | — 1,218
230746 | -0666 | — 1,119 § 55 | —0,706 0,708 | — 0,996
2410675 | 0,737 [ - 0916 [ 56 | —0,631 0,776 | — 0,314
25|0598 | -0,801 | — 0,747 | 5,7 | —0,651 0,835 | — 0,660
261} 0516 | —0857 | - 0602 |58/ —0465 0,88 | — 0,625
2710427 | 0904 | — 0473 § 59 | —0,374 0,927 | — 0,403
281033 | -0942 | — 0,356 | 6,01 —0,279 0960 | — 0,291
29(0239 | —0971 | - 0246 [ 6,1 | —0,182 0983 | - 0,185
30)0141 | -099 | — 0,143 { 6,2 | —0,0831 0,997 | — 0,0834
3100416 1 —0,999 ( — 0,0416 | 63 | 00168 1,000 0,0168




Taasa I

NMPHIIOXEHHA THOPEPEHIHMAJDBHOIO
H HHTETPAJIBHOIO HCYHCJIEHHA
K HCCJIENOBAHHIO ®YHKLIMA U TEOMETPHH

§ 1. Hccnepopanne MAKCHMYMOB H MAHMMYMOB (GyHKIMH
NpA NOMOMK BTOPO ITPOKSBOAHOM

3apaya 0 HaXOXOeHHH TOTO 3HAYeHHA &, NMpPH KOTOPOM ZaHHas
tyHkuua y = f(z) DoCTHraeT MakCHMyMa HJH MHHHMYMA, He pas-
pelIdMa B 00IleM BHAE CPeACTBAMM 3JE€MeHTapHOH aarelpH.

B raape I MB yCTAHOBHJIH, UTO B TOUKaX, rfie HYHKUMA AOCTH-
raeT MAaKCHMYyMa HJIM MMHHMYMA, ee MPOH3BONHAA paBHa Hyawo. Tam
®e GHJIO TIOKA3aHO, KAK, MONMb3YACh NMPOH3BONHOH §, YCTAHOBMTS,
46 UMeeT (QYHKUHMA B JAHHOR TOUKEe Ty — MAaKCHMYM, MHHHMYM
wiaH neperu6. Jas 3TOro NpHXONMAOCH BHUHMCAATh 3HauyeHHA ¥ npu
3HayeHHNX &, GAH3KHX K Tg, CTipaBa H CAeBa OT Tg.

B nanHOoM naparpade ME nazum Apyro#l croco6, NpH KOTOpOM
K HCC/IEI0BAHUI0 MpPHBJIEKaeTcsl BTOpas NpPOH3BOXHAS Y, HO HYXHO
3HaTh ee SHAYeHHEe MOALKO Npu T = Iy.

IToxarkeM, uTO ecAu B TOUKe T = Fy

f'(m0) =0, f"(zo) <0,

To B paccMaTpupaeMofi Touke (yHKIMA f(r) HMeeT MaKCHMYM.
JehctBuTenbHO, U3 ycaoBHA f!(xg) = O caenyer, uTo KacarenbHas
H TOUKe & = To ropHsoHTannHa. Us Hepamencrsa f(xp) < 0 cneny-
¢T*), 4TO TOYKA & = T ABNAETCA TOYKOR BHIYKJIOCTH, T. €. Tpaduk
BONMSH X = ¥y paclofoxKeH 104 KacaTeJbHOH, a 3TH ABa ¢dakTa
W 03HAYaioT, uTO $yHKuHA f(2} B TOUKe T = Z( HMeeT MAKCHMYM.

TouHO TaKMMH Ke PacCYXHEHHAMH JErKo YGefuThCs, YTO €CJH

B TOUKEe T = Ty
f’(ﬂ:]) = 0, f”(ﬂ:l) - 0,

*) CM. Takxe § 5 sToft rnass, c. 185.
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TO B paccMaTpruBaeMoli Touke (GyHKUHS f(z) UMeeT MHHHMYM. DTH
BHBOAH MOJYYAKTCS TAKXe NPH paccMOTpeHuu psixa Tednopa

1
(=) = f(zo} + f'(20) - (2 — o) + 5 £ (o) - (= - zo)l+....
(1.1)
Iycts f/(z0) # 0. Hanpumep, nycts f/(xg) > 0. Ipn z, Sanzkux
K Zp, BeJMUMHAMH (T — zp)2 (z — xp)>, ... MOXHO npeHebpeub NO
cpaBHeHHI0 ¢ (2 — g). [lonyuaem

f(z) = f(zo) + f'(z0) - (= — zo),

HIH

(=) = f(zo) = F'(z0) - (z - 20). (1.2)

W3 (1.2) supum, uto npu z > zy f(z) — f(zo) > 0, T.e. f(z) >
> f(zp). Ecan xe z < 29, To f(2) < f(xo). [TosToMy npu = = g
HeT HM MaKCHMyMa, HH MHHMMYMAa. AHaJOTHYHO HM MaKCHMYMa,
HA MHHHMYMa HeT, ecjH f’(mg) < 0. Ecan xe f/(zq) =0, To mpe-
HeGpeub WieHOM ¢ (r — Zp)® YXKe Heabas. l'lpeueﬁperas YJIeHaAMH
¢ (z—x0)° (z — z0)* ¥ T. 4. no cparennio ¢ (z — zp)% nonyyaem

u3 (1.1)
f(z) = f(zo) + ﬁ " (z0) (% — mo)>

Orciona BumuM, uto npu f"(m) > 0 f(z) > f(zo) HesaBucuMo
OT TOro, GyAeT T < To UMM T > Tp. 3HauMT, f(zp) MeHbUIe BCeX
COCRAHUX 3HaueHMA f(z) ¥ nostoMy f(zp) — MWHMManbHOe 3Ha-
yenue byHkuan. Ecan f(mg) < 0, 0 f(z) < f(zo) u flzo) —
MaKCHMa/bHOE 3HaueHHe (YHKIHH.

Moxer cayunTthes, ofiHako, uto u f”(z9) = 0. Kak B aToM cay-
yae UCCIENI0BATh 3HaueHHe QYHKUMM 1pH T = xo? Hyxuo o6paTnTs-
el K chenyiomuM npoussogHuM ¢yHkuuu f(z). Ecan f%(xg) # O,
TO, mpeHeSperas BeAWYHMHAMH {2 — Zp)* U T.J. MO CPaBHEHHIO
¢ (z — 20)3 moayuum us (1.1)

7(@) = f(zo) + § " (@o)(& ~ 20’

Pasxocte f(z) — f(zg) MeHseT 3HAK B 3aBHCHMOCTH OT TOTO,
6yneT x > o uAn ¢ < Zo. [Ipn & = T He NMeeM HH MaKCHMYMa, HU
MUHHMYMa.

Ecan xe u f"(29) =0, a fw(mg) #0, To

7(5) = F@o) + 95 " (z0) @ — 20)*
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3uak Bupaxenns f(z) — f(xo) ORVMHAKOB NpU T < To U MpH
£ > Ty, OH OnpesielAETCA SHAKOM f¥(zy). Ecan fV(zg) > 0, 10
iMeeM MHHHMYM, ecid fT¥ (zg) < 0, To MaKcHMyM.

BuumaTeAbHWH YHTaTeNb, BEPOATHO, YKe NOTANaJiCA, 4TO eCHH
HpH % = g NepBas He PaBHAsw HYJMIO

IIpOU3BOAHAA HeUeTHOr0 MopAnKa (nep- it
haA, TPeThbd, TIATAA H T, A.), TO HH MaK- p——t= o= o= o= o ¥

¢HMyMa, HH MMHHMYMa Her, Ecan xe
HepBad He paBHaf HYJI0 TIPOM3BOAHAsn
MCTHOTO TIOpAfKa (BTOpas, ueTBepTas
H T.1.), To AMeeM aUGO MaKCUMYM, Ju-
60 MMHHMYM, B 33aBUCHUMOCTH OT 3HaKa
yTo#l mpoH3BogHOA,

PaccmoTpuM mpHMepHl.

1) U3 kBappaTHOTO XECTAHOTO MH- |l 2a >
¢Ta, CTOpOHa KOTOporo paBHa 2a, Tpe- Puc. 57,
fiyeTcs cOenaTh OTKPHTHA CBepXY AIHK
Ho3MOXKHO GoJabmiero o6evemMa, BHpe3as paBHHe KBaipaTh MO YIaaM,
yAaaasa X H 3aTeM sarHGan xecTb, 9T06H 06pasoBarh GoKa AmuKa
{(puc. 57). KakoBa pnomxHa OHTh AAWUHA CTOPOHH Y Bbipe3aeMHX
KRaapaToB?

Ilyets cTOpoHH BHpe3aeMHX KBaApaToB paBHH T. OGbeM suidKa
4ABHCHT OT TOro, KaKolf KBajpaT MW BLpe3aeM, [I03TOMY €ro ecre-
¢TBeHHO 0603HaunTh V(x). [ToAcunTaem 3TOT 06beM:

V(z) = (20 - 22)%z = 4(a — 7)%x

Haiinem Tenepb npou3BouHyio 3ToRt GyHKUUU:
V'(2) = —8(a — z)z + 4(a — 2)2
Pemum ypasuenne V'(z) = 0:
—8(a—z)z+4(a—2)>=0, nan (e —=)(a—3z)=0,

a
0TKYHA T =@, Ty = 3.
3aMeTHM cpasy ke, 4TO 3HaueHHMe I| = G HAaC He HMHTepecyer,

TaK KaK NMpH TaKoM cnoco6e paspesaHHA AHCTa HHKAKOro fAllHKa He

noayunrca. Ocraerca ¢ = 5 [Ipu sToM:
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V¥(z) = 8z — 8(a — z) = 24z — 16a;
w8y _ _
v(%) =-8a<o.

CaenosatesibHO, GyHruus V(z) npu = % HMeeT MAKCHMYM.

a
HTEIK, HanboJbllee 3HAYCHHE NOMYYAETCA NIPH & = g, T. €. HAAO

BHPe3aTh KBaZPAaTHKH, CTOPOHY KOTOPHX COCTABAAIOT % CTOPOHH!
HCXOAHOTO KBajpara.

IMoacuntaeM V(z) npu HecKOALKHX ¥, GAM3KMX K
NOACHETOB CBelcHH B TalJaHIY:

z Viz) z V(z)

0,25a | 0,5624% | 0,40a | 0,576a°
0,30z | 0,5884° | 0,45a | 0,5404°
0,332 | 0,5924%

a

3 Peaynprath

a
M3 Tabauus! BHAHO, YTO MAJBE H3MEHEHUS £ BOIHIM £ = 3 T. €,

OKOJIO 3HAYEHHS X, KOTOPOMY COOTBETCTBYeT MAKCHMYM (YHKIMH,
BHI3LIBAIOT BeCbMa Majnle HsMeHeHHR V. (DyHKUHA BOMMIH MAKCHMY-
Ma H3MEHNETCs OUeHb MeAJIEHHO.

dro e BuaHo U3 dopmyan Tefinopa (1.1). Tak Kak B Touke
makcumyma f/(zg) =0, To (1.1) npunnmaer BuA

f(z) = f(zo) + %f”(fvo) c(z—zp)? + %f”’(mo) (z—~z)*+....

Pan we comepxur (x — o). Haumensiuas creners (z — zo)2 a ona
BeCbMa Maja NpH T, GAUSKOM K £p. B HameM npuMepe uaMeHeHue I
Ha 9% (ot 0,33a mo 0,30a) Br3HBaeT H3MeHeHHe V' MeHbIIE 4eM HA
1%, a naMenenme T Ha 24 % BH3nBaeT HaMeHenue V Ha 5%.

INoaToMy eclM Hac MHTEpECYeT MakCHMaJbHOE 3HaueHHWe (yHK-
MM, 4 TIPH HAXOXKIAEHHM To U3 ypaBHeHus f/'(z) =0 MH monycThaH
HeBOJLLIYK) OIHOKY, HANPHMED, PemIdAM STO YpaBHEHHe MNPUOHM-
JKEHHO, TO 3TO OYEHb MaJO MOBJMSAET HA BEJMYHHY MAKCHMAJABHOTrO
sHaueHHR QYHKUMH. 3HaueHUsA QYHKUMH NPH 2, GAH3KHX K 2o, GYAYT
ovYeHb GIIM3KMMH K ee 3Ha9EHHIO NPU T = Zp.

2) y = A+ B(z - a)® Hallth MakcHMyMu # MHHUMYMH
byHKIMR.
Y =3B(z—a), ¥(a)=0,

y'=6B(z—a), 3'(a)=0,
4" =6B #0.
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[leppoft He paBHOM HyMO OKasajlach NPOH3BOAHAS TPETbero no-
paAKa. B Touke £ = a HeT Hu MaKCHMyMa, HH MHHUMYMa, a ecTb Ne-
peru6, 3To HATAAAHO BRAHO Ha rpadHke, R300paXKeHHOM Ha puc. 58.
{Ou noctpoen gns ciyuag A=2, B=1,a=1)})

3) y = A+ B(z — a)® UccnenosaTs (yHKUMIO HA MaKCHMYM
W MHUHHMYM.

A
¥ = 4B(z - a)®, ¥'(a) =0,
' =12B(x-a)?, ¢'(a)=0, 3k
y" = 24B(z — a), ¥"(a) =0, 2k
vY =24B #£0. 1/ o
01 2 3 X

[lepBoft He paBHO# HYJK OKasalach Npo-
N3BOAHAA YeTBepTOro nopanka. Ecau B > 0,
TO OHa MOJIOKHTEAbHA, MMEEM MHHUMYM; ec-
M B < 0, nMeeM MakCHMYM.

STOT BHBOJA JierKo GHJIO CAGAATH M HENO-
¢ pencraeﬂno HelictButensHo, npu B < 0
B3(z — a)* oTpumaresbHO TpH BeeX T # a,
IpH £ = a — 3To Hyab. [lostomy u3 A Bce- Phe. 58.

Il BBIYHTAETCHA KAKafA-TO NOJOXKRTeNbHAs
#eMUMHA, 4 MPH T = @ HMYETO He BHUHTAETCA. 3HAYHT, IPH T =a
MAKCHMYM.

AnanornuHo, eciii B > 0, To npH T = ¢ MHHUMYM,

4) M3 uMeromuxcsa J0COK MOXHO clesath sa6op mannodl § M. Kak
¥TMM 3a60POM ONOPOfMTD MPAMOYTOMAbHbIM
nsop HaWGoJbIIEA NIJIOMIAAH, HCNOJNb3YA Yz
I KauecTBe OAHOH CTOPOHH CTEHKY mnpH- x X
sexaiero sganus (puc. 59)? To2x

IMycTs ABe CTOPOHH HMEKIT AAMHY Puc. 9.
o zM. Tora TpeTbsi CTOPOHAa HMeeT
nnny I — 2z. Tlnomaps ppopa S(z) = (I —2z)z = 222 + Iz,

Sz) = —4a + 1. Pewas ypaBHeHne &(z) = 0, nonyyaem = = i,

S (z)=—-4<0. Ipu 2 = S(:c) HMeeT MaKCHMYM,

o

3anmuwem S(z) no q:oopuy.ne (1.1), nonarasa xy =

S(:c)=§ 2( -%)2. (1.3)
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Tak Kak S(x) ects MHorouneH BTOpo#t crenenH, To (1.3) — TouHoe
paBeHcTBo (cM. § 17 raaem II). M3 mero cpasy Buamo, uto S(z)

AMeeT MakCHMYM NPH £ = —.

Papencteo {1.3) MOXHO moAyuHTh, H He mpHberad K MeTogaM
Bhicilefi MaTeMaTHKH. IeficTBATENBHO, MYCThH HYKHO OTHICKATh MaK-
CHMYM (MM MMHHMYM) MHOTOUJIEHa BTOPOM cTemeHH

y=az®+bz+e (1.4)
INpeobpasyeM MHOTOYJEH chefylolllnM o6pasoM:
y= (9:2+§:c+5) =a(zz+22—iz+£§—{%+ﬁ) =
f(er &) 4 S5 oo ) 25
y=a(:r:-|- %)2+ 4MT762 (1.5)

2
3ameuas, uto (z + %) 2 0 npu Bcex z, NpUYEM PaBEHCTBO HYAK

Hrak,

UMeeT MeCTO MWL NPH T = —g-, MOAY4aeM B3 (1.5), 910 Yy HMeer

b
MaKCHMYM, eCJIlt ¢ < 0, K 3TOT MAKCHMYM MOJYYaeTCA IpH & = '—%;
4 HMeeT MHHHMYM, eCAH a > 0, H 3TOT MHHHMYM NOJYYaeTCHd

npH T = —'2—-.

3nauenpe = _EE MH [NOJAYYHJH, NpolefiaB CneluHAJbHBE

HCKYCCTBEHHHe MpeobpasoBaHUs ¢
MHorouseHoM (1.4). Tloabsyace npo-

b
H3BOLHOM, HAXODMM X = —g, 4BTOMa-

THYeCKH. JlelicTBHTENLHO, PHPABHAB

Hymo npoussogHyio oT (1.4), moay-

qaeM 2ax + b =0, oTkyza z = -%.

Bropas npoussogmas ot (1.4): ¢! =

= 2a. [losToMy BOMpPOC O TOM, HMeeT-

Puc. 60. €A MAKCHMYM HJIH MHHHMYM, pellaeT-

CAl B 3aBHCHMOCTH OT 3HAaKa YMCHA 4.

5) IMemexony u3 nyukra A TpeGyeTcs NMOACHTH K pexe (mpaMas

A1 By), a 3arem npmiitk B nysktT B. Kak npomenaTth STOT IyTb,
npofigs HauMeHbllee paccrosHue (puc. 60)?
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Wrak, AA) = a, BB; = b, A|B) = ¢; ukcaa a, b, ¢ gauu. Ilycthb
nyTh nenrexoaa usobpaxkaerca AoManolt AMB. Hyxuo yaHaTh, npH
KaKOM noJioeHud Touke M Ha npamoit A;B; stor nyTe Gyner
nauMeHbMM. Jlaa Toro 4tobu oNpeAeaMTh [OJOMXKeHHe TOYKH M,
A0CTaTOUHO 3amaTh paccrosHne M or Toukd A), nexamelfi B 0CHO-
BAHKH NEPMEHAMKYAAPA, ONYUIEHHOr0 U3 A Ha IpAMYIo, H3oBpaxKa-
ouyio peky. O6osHaqanM 5To paccTosnue A) M uepes z. Torga:

AM =+/a?+2?, MB=/®+(c—z).

ITytb, npolinenunft NemexoaoM, 0603HaYHM S(T):
s(z) = Va? +2? +4/02 + (c—x)2. (1.6)

() = x _ c—zx .
() N/ \/52+(c_$)2

VlpupaBuuBas s'(z) Hymo, nosyquM

x c—ZI
Vat+a?  fpy(c—ap

910 ypaBHeHWe HETpyZHO pellltTh. BosBead ofe yacTH B KBajpaT,

Haxomum

(1.7)

NONYUHM
@ _ (c—-=z)
a+22 B+ (c—-2)P?
HAH
228 + 22 (c - 2)? = a®(c~ 2)* + 2Hc - 2)%
2
% = lom )t T &
T a*(c — z)%; P
Haenekas ua ofleux dacTeli KopeHb, HAXOAHM
z e
c~z :':3’
OTKyHa

[loncTapassa sHaueHHs &) M Tz B MCXoAHoe ypasHenue (1.7), Bu-
AMM, YTO BTOpofl KOpeHL HE YAOBJETBOPAET ypaBHeHMIo, JT0 Io-
CTOpPOHHHI KoOpeHb, NOJYUMBUIHWCA M3-32 BO3BeJEHHS B KBaApar,

ac
T = —_—
Hrak, Py



166 Tipusoxmenun x uccaedosanuo Pynxyuld u ceomempun [Ta. II1

Onnako MOXHO, He pelilas YpaBHEHHA, ZaThb HaIlAAHYIO [eOMeT-
PHYECKYI0 KapTHHY, MO3BOAAIOYI0 MOJAYUHTh OTBET. Ycaosue (1.7)
TiepenuuIeM TaK:

AM  MB,
AM A MB MB "
Ho ﬁ = cos A{M A =sina. AHanornuno _M_El- = cosBlM.B =
= ginB. Yeaosune (1.8) paer:
sina = sin p. (1.9)
Ho o u B — yrun octpue. ITostromy 13 (1.9) noayqaem:
oa=p.

TakuM 0oGpasoM, Nelexox AC/AMEH ABUIAaTBCA TaK, KK ABHXKETCH
JIy4 CBETA; YroJl NafIeHAs PaBeH YWy OTPAa)KeHHA.

JLins MONHOTO pelleHHs 3aZaYH OCTAeTCA NOKa3aThb, YTO MpPH Ta-
KOM TIOJIOXKEHHH TOUKH M nyTh AeHCTBHTENLHO GYAET MHHUMAAbHEIM
(a He MaKCHMaJABHHM). DTO MOXHO CAeNaTh, BHUKCJIMB BTOPYIO
npouspoaHyo or (1.6).

MoxkHO, OlHaKO, MCMOJML3OBATH APyrue coobpaxkeHna. HUa Bhi-
paxenuss (1.6) mas s(z) eumuM, 4TO NpH JIGOM T BeAHHUHA
s(z) nomoxureavsa. I[Ipy sToM s(T) HEOrpaHWUEHHO BO3PACTAET
BMeCTe ¢ POCTOM abCOMIOTHON BeJIM-
YHHH ¥, He3ABHCHMC OT Toro, Gymer
z>0mm z <0. A taK KaK §(z)
ofpamiaercs B HyJb JAHIIb NPH OA-
HOM 3HAYeHHH T, TO SICHO, UTO MpH
STOM 3Ha9eHHH T QYHKLRA 8(x) HMe-
eT MuHEMyM. Ecam B HHTepecylo-
HIeM HaC MPOMEXYTKe NepBas Mpo-
M3BOJHAS HMEET JMINL Of(MH KOPEHB,
TO HalMAfHHE COOGpayeHHs 4HacTo
nosBoJIgI0T H3bexaTh GOpPMasLHOrO
MCC/IE/IOBAHASA TPH MOMOIM BTOPOH
[IPOU3BOAHOMN.

3agauy 5) MOXHO pelIMTb YHCTO
reoMeTpudeckd, He npuberas K Me-

Puc. 61 TOAaM BhiCIIei MaTeMaTHkH. Ha npo-
momxeHuu orpeska AAy (puc.61)

ornonum A1A' = AA;, u Touky A’ coemummm ¢ B. Toraa
AM = A'M, rak kak AAAM = AAA'M. Tlostomy AM + MB =
=AM+ MB = A'B. Jlaa mo6oli Apyro#i ToukH D Ha oTpeske
A B, 6yner AD+ DB = A'D+ DB u AD+ DB > A'B, tak
KaK JoMaHas AjudHHee oTpeska npsimod, HickoMas Touka M ecTs,

4




§2] Hpyetie eudsl Marcumymos i sunumymos. Hssomwu » paspsign 167

¢NEIOBATEALHO, TOUKA nepeceueHus npaMux A’'B u A B;. Orciona
cnepyer o = P.

JlBa nocjieAHMX MPHMEpPa NOKASHBAIOT, HTO HEKOTOPHE 2a/flauH Ha
HAXOXAEHUe MAKCHMYMa M MHHMMYMa MOXHO DeUIMTh CpPeiCTBaMH
WieMeHTapHO# MareMaTHkd. OpHako, BO-TIEPBHX, AaJleKC He BCe
38044H MOXKHO OCHJMTb, He mpuberas K BhCIIeH MaTeMaTdKe, BO-
HTOPHX, pelileHHe 3/IeMeHTAPHHMH CpeJCTBaMH TpebyeT CMEeKaJKy
H OCTPOYMHS; BHICHIAA MAaTeMaTHKa AaeT CTAHAAPTHHHA cnocob peme-
HHA TAKHX 3aja4.

10 Be 3Ha4HT, YTO B BHLICHIEH MAaTEMATHKE He HYXHH CMeKalKa
H ocTpoyMue! Ho Tenepe oHm npurogarca Aas Gojiee TPYOHHX BO-
11pOCOB.

¥Ynpaxnenus

1. Hs npAMoyTOJLHOIO MeCTAHOrO JMCTA CO CTOPOHAMH @ b AeaaioT
WILKK, BHPe3as paBHEE KBajparTe mo yraaM. Kakosa Jo/mxnHa GITs CTOPOHA
Y BHPE3AHHKX KBA[PATOB, YTOSH ALK HMeJl MAKCHMANLHEIT o06BeM?

2. B oCTpOYrOABHRH TPeyrONbHHK ¢ OCHOBAHHMEM 6 W Buicotolt H
BIHCATh NPAMOYTOIBHUK, JBe BEPIIHHHM KOTOPOrQ JAKAT HA OCHOBAHHMH
TPeyroIbHHKA, HMeomui HanGOABIIYK IIOMAAb H3 BeeX NPAMOYTOJbHH-
KOB TaKOro BHJA.

3. Oupeneaurs nauboanmyo LIOWAAb MPAMOYTOJNbLHHKA, BNMCAHHOIO
# Kpyr paauyca R.

4. Tlpu xakoM pajuyce OCHOBAHHA M NPH KAKOH BHICOTE 3aKpHTAaA
WHJRHAPHYEcKas GaHKa jaHHOro o6beMa V' GyleT HMeT: HaHMEHBIIYIO
NOAHYI0 TIOBEPXHOCTR?

5. Jpa Tesa ABWramwTCA MO CTOPOHAM NMPAMOro YA € MOCTOAHHEIMH
CKOPOCTAMH ¥ H vp (M/C) 1O HanpaBAeHMic K BeplUHHe, OT KOTOpOii
1 Hadajie ABHXREHHA NEPBOE HAXOJHJAOCH HA PACCTOAHHH @& M, BTOPOe — HA
paccToauuu b M. Uepea CKOJILKO CEKYHA NOCAE Havala ABUXKeHHS paccTos-
HHe MexAy TesiaMH GyAeT HAHMEHBIIAM?

6. HoxasaTs, uTo npousBeAcHHE ABYX NOJIOKHTEJAbHHX HHCEN, CyMMa
KOTOPWX MOCTOAHHA, MMeeT HaHOO/bIICE SHAYueHHe NPH PaBeHCTBE COMHO-
Kureqedi.

7. TTpamoit [ naockoceTs pasgesneHa Ha Ase 4actd (cpeau I u II). Texo
Asukercd B cpefe 1 co ckopocteio vy, a B ¢pepe II co ckopoeTsio ve. Tlo
KaKOMY MYTH JOJKHA ABHTAThCA TOYKA, YTOOM BO3MOMHO CKOpee monacTsb
w3 naHHOH TOukH A cpeau | B Jannyw Touky B cpeau II?

§ 2. Jipyrre BAAN MAKCAMYMOB H MAHHMYMOB.
H3joMB H pasphIBhI

Jlo CHX Mop MH TOBOPHJH, 9T0 MaKCHMYMB H MHHUMYMH YHK-
WA GHBAOT NpPH TAKMX 3HAYEHHAX X, MPH KOTOPHIX NMepBas Mpo-
H3BOAHAR ofpallaercs B HyJab, ORHAKO MAKCHMYMH (M MHHHMYME)
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MOTYT GHTbL M NPU TAKUX 3HAYeHWAX apryMeHTa, KOTOpHe He ofpa-

L[A10T B HYJb NEPBYI0 NPORSBOAHYIO.
PaccMorpuM caeayiotyio sazady. OmnpenefuTh, NpH KaKoM
3HaUeHHHd CONPOTHBJCHHA R, BKJIO-

& L, —& r YeHHOro MNOCJAeNOBATENBHO € HHTes
PECYIOLIMM HAaC CONPOTHBJIEHHEM T,
|—' HA T BLAENAETCH MAKCHMAJIbHAS MOLIL
HocTh (puc, 62). [Ipu aToM conpoTuB-

Peic. 62. JeHue r ¥ HanpsKeHue GaTapen &
CYMTaEM MOCTOAHHBIMH.
Tok I B uenu nony4aeM, noibsyach sakoHoM OMa

Momnocts W(R) = Iy, TIe ¢ — NafeHHe HanpsKeHUs Ha
conporusacHuK r. [To aakony Oma ¢, = I'r, ciiefoBaTeLHO,

Bor
R+
Jaa onpepenenus MakcuMyMa W(R) pellnM ypaBHeHWe

28 _" __~o.

(B+7)?

TonyueHHOe ypaBHeHHE He UMEeT peliieHuf. 3HAuuT JH 9TO, UTO
MOIIHOCTb MOMXET PacTH HeorpaHWHYeHHO, UTO 33faYa 0 MAKCHMAJb-
HOM MOLIHOCTH He HMeeT pemeHusa? Bens us QUaMUECKOro CMHCIA

3aa4u AICHO, HTO MOLIHOCTE GymeT HauGobliel

W(R) =

iW_ = 0; sTo paer
dR -\ rn

-~

npu R=0 (B 3TOM cayuae W = Tg [Toqemy

e MH He moJyumnH sHaueHuss R =0 us ypas-
HEHUs % =07?
~ Jaa Toro 4ro6H pasoGpaThea B 3TOM, pacs
ol "R cMoTpum rpaduk 3aBMcuMOCTH W(R) (puc. 63).
Puc. 63. H3 rpagmra Buano, 4To ecyaH 6ol R MOrJIO

NPUHHMATh OTPHLATEJNbHHE SHa4YeHMs, TO NpH
R =0 wmakcuMyMa He Onso 6H. OpHako orpuuaTenbHHe R He
HmeloT cMbica. Bo Beskoil ¢m3uueckoii 3agade noapasyMeBaeTcs,
g0 R 2 0. TakuM ofpasoM, BesuuuHa W HMeeT MaKCHMYM IpH
R = 0, notoMy uTo orpaHvueH NPOMEKYTOK W3MeHEHHs apryMeHTa,
3HauMT, eca¥ NPOMEXYTOK H3MEHEHHA ApryMeHTa OrpaHHueH, TO
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Np¥ HCCAEAOBAHMHM HA MAKCHMYM M MHHHMYM Hajfo NPUHHMATh BO
PHYMaHHE PAHHYHBIE 3HAUCHHA ApPIyMeHTa.

B cayuae, korga MakCUMyM (MHHMMyM) NOCTHTaeTCsa HAa Kpaio
NPOMEIXYTKA M3MEHEHUA apryMeHTa, psaf

f(2) = f(zo) = f'(wo)(z — 20) + ,—;?f"’(:so)(:c —20)% +...

MOXeT HauMHaTheA He ¢ (z — %g)2 a ¢ (z — zp). [losToMy ecnu
MaKCHMYM (QYHKUMH OOJNYUAeTCA NPH T = To, 4 MH HECKO/ILKO
OTCTYNHJAH OT Xy, TO TPH ONpefe/eHHH BeJHYHHH MAKCHMYMa M
MOEM COBEPHIHTH 3HAUMTENbLHYI0 omiHOKy. DTa omulKa mponopuH-

oHasEHa (T — Tp), a He (T — )% Kak Guuo B § 1. 3Hauut, Aaxe
He3HAYMTENbHH OTXOZ OT 3HAYEHUSA APryMEeHTa, AOCTAB/AIOUIETO
MaKCHMaJIbHOE 3Ha4Y€HMe, B STOM CJy4ae HexeqaredieH. '

B paccMoTpeHHOM cJyuae noapasyMeBaeTcs, uTo ¢yHKuMa f(z)
onpefesieHa opMyacl H npd ¥ < Zg, HO 3HA4eHHs QYHKUMH npH
. < Zg B JaHHOR KOHKpeTHOH 3aflaue HAaC He HHTEpPeCyKT (He HMeIoT
pusuwecKozo CMECAA).

Moxer cayuutbes, uto f(Z) mPOCTO He HMEET CMHCAA NpH
11eKOTOPbIX 3HAYEHUAX apryMeHTa. TaK, Hanpumep, ecid (QyHKUHS
CONEPKMT KOPEHb HEeTHON CTeneHW, HAMpPHUMep, KBaApaTHH, To mpo-
MEXKYTOK H3MEHEHMS apryMeHTa, KaK NpaBHio, GWBAeT OrpaHHYEH
(noAKopeHHOe BHpaXKeHHe He MOXeT GHTb OTpHLATeNLHHM). Cie-
NOBATEJIbHO, TPAHUYHLIMH ABJAIOTCHA 3HAUeHMA apryMeHTa, obpaima-
WIIHEe MOAKOpeHHOe BhipaxeHune B Hyab. Ilpu HccaemoBaHMm Ha
MAKCHMYM OHH JIOJDKHE OHITb PpacCMOTpPeHH CIEeLHAABHO,

PacemorpuM npumep. Iyets

y=a—-+vb—z, y¥=-—0o ﬂ (2.1)

Xora ¢/ B we ofpamaercs B Hy/lb, HCCACZOBAHHE HE 3aKOHYEHO.
JuaueHne x = b ofpamaer B HyAb NOAKOopeHHoe Bhlpaxenue. Us
{2.1) suauM, uTo y = a npu £ = b; ecin xe £ < b, 10 y < a, TaK
KaK H3 @ BHUHTaeTcd MoAoKuTeabHoe uMcao*). IMosToMy ¥ uMMeer
MAKCHMYM nipH € = b.

MakcuMyM (MM MHHHMYM) MOeT GbiThb M BO BHYTPEHHMX TOUY-
Kax, Iie NPOH3BOZHAsA He obpallaeTcs B HyJIb, eCJId KpUBas HMEeT
H3/JI0M, YIVIOBYI0 TOUKY. Takue TOUKH BCTPEHAKTCH, B YaCTHOCTH,
KOrAa KpHBasg COCTOMT M3 JBYyX uacTel, ONMMCHBAEMBIX Pa3JHYHBI-
MH ¢opmyaaMH NpH < Zg M NpPH & > Xg. IlpuBemeM mnpumep

*) Mu cuMTaeM, 9T0 /D — & TORMMAeTCH KAK MOJOKHTeAbHOe (aphpmernue-
CKOE) 3HAYeHHEe KOpHA.
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¢usuyeckoit 3agauu rakoro popa. [IycTh Ha SJEKTPOILIHTKE NOCTOAH~
HOMl MOLIIHOCTH HarpeBaeTcs 4alHUK. Onpefie HTh MOMEHT BPEMEHH,
Korga yaiiHuk ofaajaer HAnOOJALIIHM KOJu4YecTBOM TenaorH. as
npocTOTH OyAeM CYHTaTh, YTO KO3(WpULHEHT MOAEIHOTO ACACTEBHSA
nuatkd 100%, T.e. oHa Bce Temso oriaer ualinuky. [Tycts Mu no-
CTaBH/IM YaHHMK Ha MJHTKY B MOMeHT BpeMeHH { = 0. B aror moMenT
YyalHUK 00aafaN g KaJOpHSIMHM TEemJIOTh *). Koauuectso TenaoTh,
BHIENEHHOE MAHTKOHA, AaeTcH dopmyoit

Q =02412Rt,

rae I — cuaa ToKa B aMnepax, R — compoTHB/eHHe B oMaXx, t —
BpeMsl B CeKYHAAX; npd 3TOM () NoayyaeTcd B KaJOpHAX.
Takum o6pasoM, B MOMEHT ¢ KOJIHUECTBO TEIUIOTH B YaliHHke

Q = ¢ +0,24I°Rt.

B nexorophiii MoMeHT { = {p ualiHHK 3akunaeT. B 3T0T MOMeHT
B HeM Hakonmiock ¢ + 0,24I2 Rty TenaoTH.

Korza waliHHK saKumes, BOAA HAYMHAET NPEBPALlaThCs B nap **)
(puikunars). Tpu atoM Ha ofpazoBanwe |r mapa yxozur 539 Kan.
Toaromy, o6oaHauas uepes drm KOJAWYECTBO BOAM, BHKHNEBLIEE 33
BpeMs di, noayuuM

dm = 0,24I°Rdt
~ 53g
dm 024I°R
ChnenobatentHo, 3a 1 ¢ BHKHNaer & = 539 I' BOLHL.
KonnuecTBO BOAK, BHIKHNEBOIeEe B 1 ¢, YHOCHT U3 YaHHHMKA
9 _100.9m - 2 pp_
= =100 = = =5 IR = 0,041 2R xan.

[Tosromy K MomMenTy BpeMenu i (¢ > ) BWKHNeBmAR BOAA YHECeT
us uaitnuka Q = 0,04172R(t — tg) kan.
CrenoBaTedLHO, KOMMYECTBO TEIUIOTH B YalHMKe BHIpaxaer-

cfl TaK:
Q=q+0,24I°Rs,
ecau t £ to (A0 Hauana KHTMEHHA);
Q = ¢+ 0,242 Rty — 0,041 12R(t — to) = q + I R(0,281tg — 0,041¢),

*) 32 HyAb NPHHHMAETCH TENACBAA SHeprus BogH npH 0 °C.
**} [apooSpasoBanue NPOHCXOAMT Y Npy TeMneparype mensure 100 °C, Ho Mu
UM npexebperaem,
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ecan t 2ty (nocsie Toro, Kak ualiHMK 3akunea). I'papuk Q(t) uzo6-
paxer Ha puc.64. M3 pucynka acHo, uTo Q}(f) uMeeT MaxkcHMyM
npu t = £y, X0T4 NPOU3BOZHAA NPH STOM 3HAUeHUH ¢ He OGpALLALTCH
B HYJb,

o0 o'}
0241°R )
{
i
q . N i "
ol % t 0 ol t
Puc. 64. Piic. 65.

[IpousBogHas mnpu ¢ = %y TepnuT paspeiB. JleACTBHTEBHO,
Q'(t) = 0,24I%R, ecau t < tg; Q'(t) = —0,04112R, ecxm t > tp.
Mpa¢ux npoussoaxof npusBeneH Ha puc. 65.

[Tocnepuuit mpUMep NOKA3LIBaeT, UTO MAKCHMYM MOXeT OHThH
8 cAy4ae, ec/li MPOH3BOAHAA paspHBHA, T. €. Ha rpadHKe KpHBas 06-
pasyeT yroa. COOTBeTCTBYIOLIAR TOUKA KPHEOH Ha3WEBAETCA YIVIOBOH
TOMKOM.

y'Jk 5
2-

uY
)
e
[y
]

[ =2
—
N-

«Y

Puc. 66.

Hakoueu, us puc. 66, a*) BHAHO, 9TO MHHEMYM (HJTH MaKCHMYM)
MoXeT OHTb NPH TeX 3HAYCHHAX APryMEHTA To, IAe NPOHIBOM-
Haf TepnuT GeCKOHeYHHH paspuB. COOTBETCTBYWIAs TOUKA Kpu-
BOH HaakBaeTcd ocrpueM. I'paduk npomssommolt mas sToro caydas

*) Ha rpaduke usoGpaxesa dynxuus y = z2/% = ¥z2.
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H3o6paxeH Ha puc. 66,6, 3mech, KaK MU B ¢aydyae OGHIMHOTO MH=
HHMYMa, NpH 2 < T9 ¥ < O; MpH npubAHXeHMH K T = Z( C/leBa
¢yHkuMA yOuBaer. Ilpu =z > 2o 3 > 0; npu ysenuueHuu 2z, nocae
TOTO KaK 3HaueHWe T = &g NpofifeHo, ¢yHKuus Boapacraer. On-
HaKO NPH X = %o NPOU3BONHAN Tepser cMuica. OHa AenaerTcs Kak
yroaHo GoJbmo#i pH T, GAUSKOM K g, H & > Tg; OHA CTAHOBUTCA
CKOAb yrofHo Soabioi 110 a6COMIOTHON BeJHYHHE, HO OTPHILATeJb-
HOH npu T, ONH3KOM K Tg, H T < Zg. MaKCHMYMH H MHMHHMYMBE,
AOCTHTaeMuie MPH TeX 3HAUYEHHAX ApPryMeHTa, KOTJa NPOM3BOXHAA
TEPIIHT Pa3pLiB, HA3HBAIOTCS OCTPHIMH.

B cBAsM ¢ paccMOTpeHHeM OCOGeHHHX TOUEK Ha KPMBLIX H B
NepPBYI0 O4Yepeab TOYEK M3aoMa (cM. pHuc. 64) MOXKHO YTOUHMTH pac-
CYXKAeHUA, KOTOpHE NPHBEJH HAC K TOHATHIO NMpOH3BopHOH. B riaa-
Be | KHUIM MH, He OroBapuBas STOrO CreNMa/]bHO, pPaCCMATpHBAMH
raajKue KpHBHE.

[pousponuas i/ (), Baaran B TOUKe ¢, paBHA NpeleNy OTHOMIEHHS

ylte) — y(t)
-———§2 _fl ! (2.2)

TpH cTpeMNieHuH &p K &) K £ (Ipu sTOM pasHocThb iy — 1), OYEBHAHO,
CTPEMHTCA K HYM0). CrielHaNbHO NOA4EPKHBANOCH, YTO 3TOT Ipeaes
He 3aBMCHT OT TOTO, KaK BHIOpaHH t; M {{; OHM MoryT OHTH 06a
6oabiue ¢ uAM o0a MeHbme ¢, HJAH OOMH H3 HHX OoJblle, a APYroH
MeHbHIe ¢, WAH OMH H3 HHX paBeH f, a Apyrod GoJbile HJIH MeHb-
we £. B camoMm nene, xoraa mu GepeM

y(t+ At - y(t)
T H At > 0.

TO 3T0 BHpaxKeHHe COOTBETCTBYeT CAywaio, Korja B (2.2) ¢) = ¢,
tg =t + At > t. Korna Mu Gepem

y(t) —y(t— At
N , At>0,
TO 9TO COOTBETCTBYET B dopmyne (2.2) ¢; =t — At < i, tp =¢. Ha-
KOHEII, MH BHIYHC/SAJM TaKKe NPOU3BOAHYIO KaK Mpefesl OTHOMIEHUS

oo 5) -5-$)
At !
At

4YTO COOTBETCTBYET t1=t-%—t<t; tg=t+—2—>t.

B cayuae raaako#i KpHBOH BCe TPH BHpPRXKEHHA AAIOT OAMH M TOT
Xe Apepes, paBHI NPOU3BOAHON B XaHHOM TouKe. B cnydae kpupo#t
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¢ H3JIOMOM MoOJIONKEeHHe MeHsercd. B camom mene, ecin o6o3HauuTh
yepes ty 3HaUEHHe t, IPH KOTOPOM HMeeT MeCTO H3JIOM, TO, B3siB

y(to + At) — ylto)

At !
flofyuuM TpH Af, TOJOXHTENEHOM M CTpEeMAIEMC K HYJ/IO, Ofpe-
AeNleHHYI0 BeJHYHHY — B NpHMepe Ha c. 171 5Ta BeJH4HHA paBHa
-0,04112R; Takyio BeJHYHHY HA3HBAlOT <IPOH3BOJHAS CIPaBa.

Boss y(to) — y(to — At)
At '

NONYYHM NpH Af, TOJOMHTENLHOM H CTpeMsLIeMcs K HyJI0 Apyroi
npefen, papHuM B ynoMsHyToM npumepe +0,2472R. Dta BenHuHHa
Ha3LIBAETCH <NIPOH3BOAHAA CJICBA».

BaaB ¢ u i) ¢ pasHHX CTOpPOH iy, MOXHO NOJYYHTH B mpejeje
tg — o, t| — £y pasubie saHaueHus oTHoweHu (2.2). TakuM o6pasoM,
B caMoli TOuKe H3/J0Ma MPOH3BOAHAN He HMEET ONpeAeJeHHOro 3Haue-
HHF, HO MOMXHO OTPEJesATh «MPOH3BONHYIO C/€Ba» H «MPOH3BOAHYIO
cripaBas.

B raaee I, BnepBue H3y4as NPOH3BOZHHE, MH HaMepeHHO, AJf
YNPOLICHHS H3JOXKEHHH, He OTMeUANH KAXIHA pas, 4To onpeleeH-
Hoe SHaueHHe NMPOM3BOAHOH, He 3aBHcdAlUlee OT crocoba cTpeMJeHus
At x HyA (cAleBa WM CNpaBa), CYWIeCTBYeT JHIUbL ANA TOYEK,
B KOTOpHX KpUBasd — raiafkas. Kaxk BugHo M3 puc. 65, B Touke, rae
KpuBas y(t) UMeer u340M, KpHBasi TMpoHsso;mol y(t) Tepnut pas-
puis. Eciu wanoM Ha kpHBofi y(t) saMeHHTH Ayroft Masoro pagMyca,
Kacawuwefics KpHBo#l cfleBa H chpaBa (Kak TOBOPAT YEPTEXHHUKH,
CHENATh COMpSKEHHEe), TO HA TOM YYaCTKe H3MEHeHHd £, [Aie KpHBas
y#(t) saMenena pyrofi, kpuBas y'(t) Kpyro MeHsercs (puc. 67).

o a Q' 6

-,
=
&
~L
-

i
{
i
{
1
h

0

Pre. 67.
Ecmu kpuBag y(t) uMeeT paspsie B Touke £y (cM. puc. 68), To
MOXKHO CKa3aTh, 4TO B TOuUKe ip MpoussofHas y'(t) GeckoHeuHa:

B CAMOM JieJie, €CJIH PasphiB 3aMEeHHTh M3MEeHEHHEM ¥ OT ¥ RO Yo Ha
MaJioM otpeske oT fg — € 0 fg + €, TO Ha STOM OTPE3Ke IIPOH3BOAHAS
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paBHa L2 -yl, T.€. OYeHb BEJAHKA, TeM 601[]:]1[8, yeM MeHbllle g
(puc. 68).

- Fo=)

¥ I __ % 4

1

o

o

o

) -

0 f-Efotote 1

Kak oficTouT meso ¢ WHTErpaioM Iy(t) dt, ecam dyuxkuus y(z)

a
He raagkafd? EcaM (yHKOMA HMEeT H3JOM, TO NpH BHYHCJICHHH
IJIOLIAAH, OTpaHMueHHOH KpuBo#t y(i), HMKAKHX HOBHX BOMPOCOB
He BoaHHKaeT. B § 10 rnasw | Mu pasGupanu onpeneseHHbA HHTe-
rpal — oAbk — Ha CYMMY QUIOafedl NpAMOYTOJbHEX MOJOCOK

BHAa
Y(to)(trts —tn) HAR Yltns1)(Entt — tn).

B npenese, npu yMeHbINEHHH BeJIHYMH HHTEPBAJOB, T.€. pasHOCTEH
(tn+1 — tn), CTAHOBUTCS Ge3pasauuuo, Opath y(tn) UAH Y{tns1), KaK
B clyyae rMafkoi kpusoil y{t), Tak u B Ciyuae kpumoil y(t) ¢ us-
JIOMOM.

Ecnn kpuBas y(t) Tepmnut paspuB B Touke f = fy, HO OCTaer-
cfl OrpaHHYEHHOH, TO AR HHTEpPBaNa, BHYTPH KOTOPOTO HAXORMTCH
pasphB (tn, < tp < tn+41), BeAHYHHH Y(tyn) U Y(tns1) OCTAIOTCA pas-
JUYHEMH, KaK Obl MH HH COMMXKANH ¥, H f,4). TakuM o6pasoM,
B BHpaXKEHHH HMHTerpaja Kak CYMMH BeJMYMHA OFHOTO M3 c/ara-
eMHX B STOM C/ly4ae 3aBHCHUT OT TOTO, KaK GepeTcs CyMMa — No
¢opmyne (8.1) unu (8.2) us rmasn 1. Omuako NMpH cTpeMIeHHH
K HYJIO BeJIHYMHE HHTepBana t,y| — i, CAMO CIaraeMoe CTPEMHTCA
K HYNO, NOSTOMY fpedes CYMMH, T.e. WHTErpaJ, HMeeT BMOJHe
Onpepe/eHHOE 3HAaueHHe (He 3aBMcsmIee OT cMocoba BHYHCACHHA
CYMMH) H B TOM CAy4ae, KOTla MOAWHTErpaibHas GyHKLUMS HMeeT
paspHB B 06/1aCTH HHTETPHPOBAHUSA.

CoxpaHsieTcd M COOTHOLIEHHE MEXAY WHTErpaloM M MpoH3-
BOAHOI,

B wacTHOCTH, MOXHO CHOBa OGpaTHThCA K puc. 64, 65: Ha-
soseM Tenepb QyHkumio Q'(t), rpaguk Koropoli Aan Ha puc. 65,
Q'(t) = f(t). Toraa pyuxuua Q(t), rpadux koTopo#t nau Ha pHc. 64,
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npeAcTaBAfseT CoGoi HeonmpeAeneHHHH uuTerpam Q(t) = J' f(t)dt.
Ha 3ToM mpHMepe Mbl BHIHM, YTO PA3PHB NOAHHTEIPAALHON PYHK-
uvu f(t) NPHBOAHMT K H3AOMY B HHTErpaje 3Toi pyHKuun Q(t).
OnpeneneHHBIN HHTErpan PYHKUMH C KOHEYHBHIM PA3pPHBOM MO-
}eT 6HTh HalAeH C NOMOLIbI0 HEONpEAeJeHHOr0 MHTerpana mo o6-

ILleMy TpaBHTY

B b

ft)dt = Q) - Qla).

a

MoxHo noiiTd ¥ fanbile; paccMaTpuBas puc, 68, MOXKHO cKazaTb,
uTo A5 PYHKnMH, cTpeMAmielica K GeCKOHeYHOCTH, Ha HHTepBaJe,
cTpemsiiiemest K Hymo (puc. 68,6), HHTerpasn sBJAseTCA pa3phHIBHOM
pysRune#t (puc. 68,a). OzaHaKO NIpH STOM HAAO YTOUHAThH 3aKOH
CTPEMJIEHHSA K GeCKOHeYHOCTH QYHKIMH M K HY/AI0 HHTEpBaja, — Ha
3TOM MH OCTaHABJIMBATLCA He GyAEM.

YopawHenus

1. HaiiTi HauMeHBIIee 3HaueHue QYHKUHH ¥ = T2 — 27 + 3 NpH Hame-
Hennd z ot 2 go 10,

Haditi ocTpuift MakcHMyM (yHKuHIL

2. y=(z—5)V22.

3- y = l - \3/_33.

§ 3. Bruuncnenne naomanei

B rnase [ 6ui0 NOKAa3aHOo, 4YTO BEJHUYMHA OpeleJeHHOrO HH-
b

Terpana j f(z)dz naer maomane, orpa- y

i 3

HUYEHHYI0 CBepxy JauHuell y = f(z),
CHH3Y OCBI0O T W N0 O60KaM BepTH-
KaJbHHIMH TPAMEIMH Z =G W Z =10
(puc. 69). TlosToMy YyMeHHe HAXOAHTDH
onpefe/IeHHEE WHTErpaJibl JaeT BO3MOXK- y= ()
HOCTb BLIYHCJIATh CTAHAAPTHHMH TpHe-
MaMH pa3/iHyHHe O/OIlaAH, B TO BpeMs
KaK 3/IeMEHTAPHAA MATEMaTHKA MO3BOJA-
€T HAXOAKTbL TOJIbKO MJOIIAAH MPAMOJH- Puc. 69.
HeHHHX (HIYp H KpyTa.

=l
8
™
w
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Haiinem miomans, orpaHHueHHYI0 cBepxy Kpusol y = cz® (n >
> 0), cHH3y 0Cbio £ W cnpaBa npsaMol T = xg (Ha puc.70 n =2,

c=0,25): 20

n+1 |0 n1
S=£mﬂd¢=f+lo =S 3.1)
Dopmyny (3.1) nepennieM Tak:
S= %_H cxg 20,
HJH TaK Kak cxg = y(%g), TO NoAydaem:
§ = ——y(a0)zo. (32)

n+1

BenwuuHu ¢y ¥ z HMel0T pasmepHocTh AAHHH. M3 (3.2) Buaum,
yro S mefiCTBHTENLHO M3MEpAETCA B €OHHRUAX IiomagH. Mu BH-
JHM, YTO N0 MOPAAKY BeJHYHH NJOmMAAb ecTh ¥(Zg) - To; OT STOrO
NPOH3BECHHS BEJIMYHHA IJIOMAAH OTAWYAETCA TOJALKO MHOXKHTENeM

1
T KOTOPHHA 110 MopaaKy GAH30K K €IWHHLE TIPH He CJAMIIKOM

GOABLIHX 1.

4
7 {

1t
1+

0 2x x O xl 2 A %
Puc, 70 Puc. 71.

B kayecTse caefyiomero npHMepa HadiaeM nJomanb, orpaHHYeH-
HyI0 CBepXy JIHHHe#
y=ce ™% (a>0), (3.3)

CHH3y OCBI0 X, C/IeBa mpaAMof 2 = xo B crnpasa npamoll xz = A
(A > zo) (puc. 71). 2 mrowans pasua

A

A

Sa= J ce™%/0 dy = —cae™"/% = ca(e /0 — A%, (3.4)
2 zp

Ecau A Be/HKO 1O CPaBHEHHIO ¢ Zg, To e %0/% > ¢~4/%, Ypeauuus

3HaueHHe A, MH, KaK BHEHO H3 (3.4), MOYTH He H3MEHHM 3Ha-

venne S4. Ilpu HeorpaHmuenHoM yBemuuenud A Bequuuna e—A/6
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lHeorpaHH4YeHHO NPHOAMKaeTc K HyMo. [Io3TOMY MOXHO rOBOPHTbH
0 naoilaan QHUryph puc. 71, He orpaHHUeHHON crpaBa. DT1a NJoWaAb
€CTh oo
S = l ce~%/% dx = cae™ /% = y(zo)a. (3.5)
%o
B dpopmyne (3.3) mokasarenr cTemeHH AoMXKeH OuTh GeapasMep-
HbiM urcsioM. TloaToMy pasMepHOCTb & TAaKOBa JKe, KAK M pasMmep-
HOCTB X, T.€. AMHHA, PasMepHocTb y Takxe Anuna. PasmepHocTs S
ONATb-TAKH IJIOMIAAb.
OxasulBaeTcs, 9TO 04€Hb NPOCTO BHpaXKa- yl
¢TCA fVIOIIAAE [OA OAHOM AYrofl CHHYCOHAM
{puc. 72). HeficTBUTeNBHO, 3TA MJOWALL €CTD 5 A
x x

S=Jsinzdx=—0093’:=2' Puc. 72.

OnpeneauM naomaie S saaunca, 3aMeTHM, UTO B CHIY CHMMeET-
MH IOCTATOUHO HAMTH IJOMIAAbL S| TOM ero 4acTH, KOTOpas JEXKHT
b MepBOM KBalpaHTe, H pe3y/abTaT yMHOXHTL Ha 4. Urak, § = 45;.
Jlas Toro 4yTO6H MOACUMTATL S|, HalifileM y U3 ypaBHeHHA SJAHINCA.
YpaBHeHMe 3/MMICa ¢ MOJYOCAMH a H b H ¢ LEHTPOM B Hayale
KOOPAHHAT HMeeT BHA

£ ¢
St e~
a

v

{cM. Takxke § 7 raBu IV). Tak kak B nepeom KBagpaute ¢ > 0, To

Y= +§Va2 -x2,
loaToMy

§i=2| Vo =2t az. (3.6)
0

Beanuuny Hurerpana (3.6) serko HailTH, BHINONIHHE 3aMeHy mepe-
MeHHOH To gopMyne & = asint. Tloayunm:

n tf2 ‘8;‘2
I\/a.2——m2a'a:= J aV 1 —sin®tacostdt = l a® coa’ tdt =
0 0 0
o 1+ cos2t o (t  sin2\[/2 mna?
=a | TP a=d (5+57)| =T 6D

0D
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TMoabsysace (3.7), nonyuaem u3 (3.6) S| = 4 “—;— = be ITnosnans

Beero sJjutdmnca S = mab. Ecan a=b=r, 'ro nonrydaem S = arl
(nnomane Kpyra) B IOJIHOM COOTBETCTBHH C TeM, UTO MpH a = b =1
SJTHIC NEPeXOOHT B OKPYXKHOCTh,

OrMeTHM ofiHO BaxHoe obcrosrenbcTso. Eme B rape I mum
OTMETHJH, YTO NJOWAAb (MHTErpasl) MoXeT GHTb KaK YHC/AOM MO
JIOKHTEJABHbIM, TaK ¥ OTPHUATe/NbHHIM. BRHAY 3TOrO mpH HaX0XKAe
HHH IVIOIAfik HYXKHA HEKOTOpas ocTOpoxuocThb. IlycThb, Hanprmep,
HAC HHTEpECYeT KOJHYECTBO KPAackKH, HeoOXOAHMOE AJa TOTO, YTOOH
MOKPacHTh IJOWIAAKY, OTPARHHYEHHYI0 ABYMs AYraMH CHHYCOMAH
H ochi0 = (cM. pHc. 28), eCllH Ha OKpacKy eAHHHUM IVIOUIAZH Tpe-
Gyerca a rpaMMoB Kpackk. Kak nokasano ma ¢. 62, B 3TOM ciiyyae
He/bas CPasy BHUMCIATh BCIO IIOLWAAL OXHHM uHTerpaioM. Iphxo-
AMTCS OTHEJBHO 6parth MHTErpaie mo oTpeskaM ot O 5o = H oT =
Io 2n.

Boo6uie, ecH nopuHTErpaibHas GyHkuua y = f(z) Menser
3HaK, TO A/ pelleHHs 3ajay# O PAcXOfie KPacKW HYXKHO IpoMe-
KYTOK HHTETDHPOBAHHA Pa3GHTh Ha YacTH, B KOTOpHX f(x) 3Haka
He MEHSIeT, H CUHTATh MHTErpai Mo OTAeALHHM YaCTAM, NOC/Ae Yero
B3ATb CYMMYy aGCOMIOTHHIX BeJAHUMH MOMYYEHHLIX HHTErpajioB.

Hafigem eife naomage $GUryps, orpaHHYeHHOA cBepxy AuHMed y =
=z ® (n — nenoe NONOKHTEABHOS YHCAO), CHH3Y ochio T NpH = =2 0

(capasa ¢urypa He orpaHpuena).
31a NAoWAAL BHPAKAETCS HHTETPAAOM

JlAfl BHYBC/ICHHA 9TOTO HHTerpaia MPHMEeHHM HHTerpHpoBaHHE [10 SACTAM,
noJaras

e *dz =dpg, =]

Toraa:
g=—e* df =nz" 'de,

Jz“e"dz‘ = —g"™* Inm“'le'”dzc.

IMostomy

L= ] oo og
J e ®dr = —x"e” " o + J nz™ e %dz.
0 0
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B § 21 raaput Il 6uAo ycranoBAeHO, uTO T™e™% = 2 — 0. Tak Kax

€ z—roo
=0, cregoBaTensHo,

> =
e =0 npu =0, T0 —2"e™" .

o0 o0
J e %ds = J nz™ " le~%dx.
0 0

oo
O6oanauum j zhe~2dx =1I,. Toraa I, = ni, ;.

0
TIpimeHHE HHTErPHPOBaHKE N0 HacTAM K Jn—), NONYYHM TOYHO TaK XKe
fa1 = (n — DI,z u 1.8, Mostomy

I, =n(n—1)(n-2)...3. 20

oo
Ho Iy = Ie‘”dz. BenwunHy 3TOT0 HHTErpaNa MH NONYYHM, HOJOXKHB

0
8(35)c=1,a=1, zo=0. Torna I = ¢ = 1. Takum obpasom,

I, = J::“e"dz=n(n— Nn-2)..3-2.1=nl.  (3.8)
v]

¥Ynpamnaenna
1. Hafitu naomaze, orpaHMyeHHy® ONHOA AYrofl NHHMM y = sin’z
H ocko = (rpaduk QyHKIME y = sin® & HaoGpaxeH Ha puc. 73).

Y.
1

Puc. 73.
¥kasanue. Bocnonesoearher dopuynods

mlz=1_1
sin°z = 3 200322:.

2. To xe AiA AUHHH Y = COE” T.
3. Halitu naowmaap, orpaHudeHHY cBepXy juHMedi y = z(l — ),
CHH3Y OCbIO .

4. Haiita nhowmany, Ha KOTOpLE Napabona y = %xg IDeAUT OKPYKHOCTD
24 =8.
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5. Haiitn koaHdJecTBO KpacKd, Heo6XogHMoe JJifi OKPACKH ILIOUEAAM,
orpaHHYeHHOA KPUBOR g = l: el OChi0 ¥ M BEPTHKAJLHHMH NPAMHMM
z=lnz=-1,

6. To xe A7 NAOWAAH, OrpaHHYeHHON KpHBOH ¥ = o° + 222 — 7 — 2

H OCHIO T.
¥kazanue. [Ipespapurensno mocTpouts rpaduk yHxuun

y=2"+222—z-2.

7. Haiitn nnotiane sRaunca ;;— +% =1.

§ 4. Cpeanue 3navenus

HanoMHuM YHTATENI0, YTO CPEAHHM 3HAYEHUMEM QYHKWHH f(T)
Ha MPOMEXYTKe OT T = & 10 T = b HasuBaeTCs

b
[f(@)de
- —
fla;0) = ypat (4.1)

OrMeTHM ABa TPOCTHX (DaKTa, OTHOCAIIMXCH K CPENHHM 3Ha-
YeHMAM,

1. Cpennee 3HaueHHe MOCTOSHHOM BeNWYHHH Ha JAKGOM mpo-
MEXYTKe €CTh CaMa 3Ta MOCTORHHag., 3T0 fACHO (PM3HuecKw: Aeii-
CTBUTEJBHO, €C/IM MIHOBEHHAaR CKOPOCTh He M3MeHdeTcH, TO CpeX-
Heis CKOPOCTD 3a TIPOMEXYTOK PaBHA 3TOMY MOCTOSTHHOMY SHAu€HHIO
MTHOBEHHOH CKOPOCTH,

CoBceM POCTO NMOJMYYHTE 3TO H H3 dopmyan (4.1):

b

Cdz
Cla;b) =% = Cb-a) _ C.

b-a b-a
2. CpeaHee 3sHayeHHe CYMMH ABYX (PyHKLUH{ paBHO CyMMe cpeA-
HHX 3HAYCHHA ClaraeMuX

1 +ye=hH+%.

JeitcTBHTEABHO,

b
Yi+yp= blaj[yn(wHyz(:c)]dz:

b
[v2(a) dz =91 + a.

a

-4 -4

b
1 1
=3 Jyl(a:)d:c+b
a
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Hafigem cpeaHee sHaueHHMe pyHKIMM ¥ = Sin® Ha MpPOMeXyTKe
ommr=0m0 z=mx
[sinzda
oy O _2_
H(0;x) = 0 " = 0,637.

Cpelitiee sHaueHHEe (PYHKIHH ¥ = sinx HA NPoMeXyTke oT £ =0
nozx="5

b
sin z dx
= I —cosb
§(0;b) = 1= ;""“ : (4.2)
[to Gyner, ec/iH HeOrPAHHUEHHO YBeJUYHBATE YHCJO b, T.e, Heorpa-
IIMYEHHO YBeJIHYHBATH TIPOMEXYTOK?

Yucanreanb (4.2) npu mobom b He Goablle AByX (OH paBeH OBYM,
veaH cosb = —1, 1. e. npu b ==, 3x, 5x, 7x, ...). 3Hamenatean (4.2)
yfeT HeoOrpaHH4YEHHO YBeJHYHBATHCA, MOITOMy Best ApobGb Gymer
IIeOTPAHHYEHHO NPHOAMXKATBCA K Hydio. [loaToMy ueM GoJblue mpo-
MEXYTOK, TeM O/mXe K HYMIO CpefiHee 3Ha4eHHe sin .

TokaxeM, uTo cpefinee SHaueHHe PYHKLHH ¥ = co8x Ha OGecko-
IIeYHOM MPOMEXYTKe TaKike paBHO HyMw. JeficTRHTeALHO,

b
Imszd:v P
sinz

— . - 4] - 1 - Sinb
y(o' b) - b=0 - b - b - (4'3)
Fcau Temeph HeOrpaHWYEHHO YBeJHUHBATL 4YMC/I0 b, TO 3HaMeHa-
reJb (4.3) HeorpaHHUeHHO yBeJIHUHBAeTCS, a UHCJIHTENb OCTAaETCA
e Goneime equuuin, ChefoBaTesbHO, BC APo6Gb CTPEMHTCA K Hy-
ao; F(0;00) =0.
ByxBaJbHO TaK Ke NOJNy4HM, 4TO CpPefHee 3HadeHHe (PYHKIHM

y# = cos kz Ha 6eCKOHEYHOM TIPOMEXYTKe TOXe PABHO HYJIO,

HaiigeM cpennee sHaueHHe (pyHKUMHE § = sin® 2 Ha GeCKOHeUHOM

npomexyrtke ot z =0 n0 z = 00.
[To usecTHolt dopMysie TPHrOHOMETPHH

" 1 —cos2z
sin“z = 3
Orcona I 7 | :
i - — - | = -
sin"z = 3 20032:: 5 0 3
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Bocnosib3soBaBwHCE popMyaoil sin’ x + cos?x = 1, mosyuaem
CpefHee SHAYEHHe COS® T Ha TOM e IIPOMEeXYTKe:

=T-ada=1-1_-1
cos?z=1-sin’z=1 5=75

Ynpaxsaenps

1. HaliTa cpeanee aHavenHe GYHKIMA § = ™ HA OpoMeyTKe 0T £ =0
0 & = Zg.

2. Hafitn cpenmee suauenme dynkumu y = Ce*® na mpomexyrke,
B KOTOPOM Y MEHAeTCA OT ¥ = 7 A0 ¥ = M, BHPA3IHTD STO CPeLHee SHaueHHe
yepes nn U m, Hekawuads C u k H3 orBera. Hconenosars moayyenHoe
BhpaKeHHe NIpH ™, GAMIKOM K : m=n+v, v &N,

3. Haflti cpeanue sHavenns QyHrumii y =sin’z u y = cos’x Ha

npomexyTie: 3) ot =010 z =, 6)073:=0noa:=§.

4. Onpepenuts nepHoA ¢yHKumMH g = sin (ot + o), rAe o, a — NOCTO-
sauHue unena. Hadti cpeanee aHauenue dyHxumu y2 3a ee mepuon,

§ 5. Jauna ayrm KpuBofi M KPHBH3HA

TMoctaBuM 3ajavy HaliTH AJWHY AOYTH 8 KpHBoit y = f(z) or
TOYKH X = @& 10 TOYKH x = b (puc. 74).

Jnnny manoro orpeaka auHaY AC 3amendeM AAHHOA OTpeaka
npamoll, coegunsmomeit Toukd A u C. Mu paccMaTpHBaeM TOMEKO
KpHBHe 6e3 pa3puBoB i HanoMmoB. ITo Teopeme IMudaropa moayuum

" As = /(A + (AP =
Ay\2

% = (An)y1+(Z2)

12
ool Orciona

p >
As Ay\?
e 5_1/1+(A—$) . (5.1)

[Tepexoaum B (5.1) K npeneay, Az — 0; npu 3ToM % npespama-
ercs B npouasozuyo ¥ = f'(z), rae y = f(z) — ypaBHeHHe JAHHHUY;

moaydaem *
ds = /1 + f?(z) dz.

*} Otuaue AMMHN IYTH OT AJHHH OTPeska npamok mopaixa (Az)?, u npu
nepexofe K npefesy (k Znddepeniuanam) HM 3aKOHHO MOXKHO mpeHelSpeds.

il e o o o e -
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Beq HekoMaa JJaHHa AY¥TH eCTh
b

s =j\/1 + f2(z) de. (5.2)

a

HMs3-3a Haawuus KOpHA nof 3HakoM HHTerpaaa B (5.2) ueTerpan
PEAKO YAAeTCs IETKO B3fATh.

[TpHBeaeM HECKONBKO MPHMEPOB, KOTAA BHKJAAJKH HETPYAHO AO-
ECTH 10 KOHI(A,

l. Anuua okpyXHocTH Dygem uckaTh LIUHY OKPYKHO-
eti 22 + y? = R2. Tlpu 9T0M HaiineM OJWHY 8 4eTBEPTH OKpPYXKHO-
CTH, JeXKamefi B MepBOM KBafpaHTe, H Pe3yabTaT YMHOXKHM Ha 4.
W3 ypaBHeHHS OKPYXHOCTH:

=R — 22, -
y ¥ e
[To dbopmyae (5.2)

R R
’ 22 Rdz

Beegem HoByw» mepeMenHyio t no ¢opmyne r = Rgint; Toraa de =
= Rcostdt n u3 (5.3) nonyqaem *)
x/2
8= l Rdt =
0

=R
2 L]

OTKYZA NONyuaeM JJHHY OKpYXHocTH C = % -4 =2zR.
2. llenHaa AuHUA OT0 — KpPHBad, YPaBHEHHE KOTOPOH

y= % (e*t?/ 4 e7o/9), (5.4) yh

rae @ — nocromHHoe uHcao. Hassa-
HHe ¢LeNHasA JHHUA» TPOHCXOAMT OT TO-
10, YTO TaKyi0 ¢opMy NpUHHMaeT THOKas

H HepacTAXHMMasd TaXesas HUTb (Hanpu-
Mep, 1lenb), nojiBelleHHas 3a ofa KoH-
na. I'papuk nenHoii AWHHHY NpuBefieH Ha

puc. 75 (aaa a = 2). ol 1 "%
Hafinem aauHy Ayru uenHo# AMHWH OT
ToukH £ = 0 10 TOYKH z = Zy. Puc, 75.

*) Cu. § 16 raaem II.
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fo _ —xja
Hs (5.4)y = ¢ 28 ; TIOSTOMY:
/e _ -2z/a fa -zja
/l+y’2=\/l+eh 24+e i Cx +4e )2___
ez{o-'_e—a:{a
=—

z

xfa —xfn
g = J e te ™ g

zfa _ ,—zjfa
3 afe e~ %%

e%o/a _ g=20/a)

_1 “_E(
2 o 2
0

C anueOM AyrM CBS3aHO onpefiefeHHe pajuyca KpuBH3HH R
KpuBO# B HeKOTOPOH Touke. Beawunny 1/R Ha3HBaioT MpoCTO KpH-
BH3HON (4€M MeHblIe PAajHYC, TeM Kpy4e 3aBODAYHBACTCH JHHMIA).

BossmeM MaJjblil ygacToK Kpusofi (puc. 76) anuuofi ds u nafineM
YToJ MeXAy KacaTeNIbHEMH K KPHBOH B KOHLAX 3TOTO y4acTka. STOT
YIoJ MOMHO paccMaTpHBaTh Kak npupaileHue do Yraa o HAKJAOHA
KacaTeabHo#t K ocH x. [IpoBeseM B AByX cocelHHX TOUKAX HOpMa-
JH (MepOeHAMKYAAPH K KacaTeJb-
HEIM). YTONI MeXJAy HOPMaJfiMH pa-
BeH yray do. MeX7y KacaTeJbHEIMH,
COIVIacHO H3BecTHOH reoMeTpHueckoft
TeopeMe. OTCloa MOXKHO HAHTH pac-
croaHHe F TOUKY mepeceuyeHUs HOp-
MaJjied OT KPHBOA.

Bynem paccmaTpuBaTe Manani
Yy4YacTOK KDHBOR Kak ATy OKpyXHO-
ctv. HopMaab x oKpyXHocTH, ode-
BUJHO, NpecTaBaseT cobofl paguyc. Touka nmepecedeHHA HopManed
€CTh LEHTP OKpYXHocTH, Ecan 6n kpuBas GHJAA OKPYXKHOCTEIO, TO

ds = Rdo, nnu Lo " 5T4 BeJHUHH2 TOCTOAHHA IJA JSoro

Y4YacTKa AYrd OKpYXHocTH. A4 npousBojabHOH KDHBOH 3Ta Beu-

YHH2 E AinA OecKOHeYHO MaJoro Y4aCTKA KpHBOﬁ MOMeT CAYXUTH

onpeae/eHAeM KPHBH3HL B AaHHO#H Touke, [loansysach dopmyaoit aag
ds u TeM, uTO o = arctg i, MOXHO HaATH BHpaXKeHUe JMNA KPUBH3HHL

da:darctgy’:Ly;ﬁ, ds=1/1+y2 dz,

1+
da 1 dy' _ y’

R (T L T (F
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y y
>/” I
I
i I
I I
I I
1 P i
E

¥ o %
Puc. 77. Puc. 78.

w¥

o]

3HaK KPHBHSHBHI % COBNajaeT O 3HAKOM BTOPOH IPOH3BOAHOM

#" ¥ xapakTepusyer HanpapieHMe BHIYKJOCTH KpHBod. Ecau B
TouKe Zp BeJuunua ¥” > 0 (puc. 77), T0 KpuBas B6AM3M 3TOR TOUKH
IPOXOOUT BHIE KacaTeNbHOH B 3TOH TOuY-
X H HanpaBjeHa BHNYKJOCTbIO BHH3. Ecum
y"(xg) < 0 (puc. 78), TO KpHBas MPOXONMT HA-
Ke KacaTeJbHOH W HarnpaBJeHa BHNYKJIOCTBIO
HBBEPX.

Moxer cayuutnbes, ato i’ (2p) = 0, npuuem
cnpasa ot xzg (T.e. mpu = > x) ¥'(z) > 0,
a npu T < xg Gymer y"(z) < 0. 3To 3Hauwmr,
YTO CIpaBa OT TOYKW Xy KPHBasA HanpapJjeHa —_
BWITYK/OCTBIO BBEPX, 4 CJ€BA — BHMYKAOCTBIO O X
BHH3 (puc.79). B rakoft Touke (rouka M Ha Puc. 79.
pHC. 79) KpuBas NepPexomuT ¢ ONHOH CTOPOHH
KacaTeJbHOA Ha APYTYI0, B HeH KpuBas MeHseT HanpaBleHye BHIYK-
AocTH, «neperuGaercsas. [103TOMy TakHe TOYKH Ha3bBaIOT TOYKaMH
neperu6a.

¥i

Ynpampenns

1. 3amKcaTs B BHLE WHTETPajia AAMHY AYTH NapaGoin ¢ = Z2 OT TOYKH
(0;0) no Touxu (1;1).

2, 3anucats B BHAE MMTETPANa AJAMHY AYTH JHHHH ¢ = € 0T TOUKH
=0 180 ToukH z = 1.

3. 3anncare B BHAe HHTErPana AAMHY S/IHMCA.

4. HosecTH A0 KOHUA 3afa4y 2, BRNOJAHME B HHTETpajie 3aMeHy nepe-
menHol 1 + €22 = 22,

§ 6. IpuGaukenHoe BLIYHCICHHE JJIHHEI IYTH

B §5 Mu moayuumu dopMyny AnA BHYMCAGHHA IJAHHH AYTH

KPHBOH
s=jb,/1+y'2(a:) dz. (6.1)

o
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Tam ke Ouiio OTMeyeHo, YTO 9ame Beero ¢yHkuuio +/1 4+ y%(z)
MPOHHTEIPUPOBATH B SACMEHTAPHHX DYHKUHAX TPYAHO (WAH maxe
HEBO3MOXHO) W3-3a HaJuuua KopHs. [lTostomy Goubmiolt MHTepec
NpeIcTapAAlOT NpHOAHXEHHEE (OPMYJAB AAs BHYUCAEHHA AJHHH
AYTH.
TTpeanosoxuM, 9T0 BeHUHHA y2(%) Masa N0 CPABHEHHIO ¢ eflH-
wuuek: |y'(z)| < 1. Toraa, mpeneSperas B (6.1) y2(x), noayunm
b
y a m]ﬁd:::b—a. (6.2)
&

PasnocTb b — @ ecTh LJIHHA NOPHIOHTANBHOTO
OTpe3Ka, KOHIB KoToporo z =a u ¢ = b. ®op-
myaa (6.2) noxaskipaet, yTo ecaH i Mana no a6-
COMOTHOA BeaHdHHe (KpHBAA MaJ0 OTKJOHAETCH
OT TOPH3OHTAJIBHOTO OTPe3Ka), TO H AJAHMHA AYTH
9TOA KPHBOA GAH3Ka K JAJHHE TOPH3OHTAJIBHOIO
otpeska (puc. 80, a).

Ecmu 4%(z) > 1, 1o B (6.1) npeneGperaem

eauunned no cpasHenuio ¢ ¥2(x). Momyuaem

b b
s [ /y2(e) dz = [/ (z) dz = y(0) - (o).
a a (6-3)
Dopmyaa (6.3) nokaskiBaeT, YTO B STOM Caydae
Pric. 80. AJMH2 AyTH KpHBOW 6Av3Ka K A/KHe BepTHKaJb-
HOTO OTPe3Ka, KOHUH KoToporo ects y(a) u y(b)
(puc. 80, 6). HelicTBHTeNBHO, eCNH NPOH3BOAHAA ' BeJMKa, TO KpH-
Bas KPyTO NONHMMAETCHA BBEPX, a DOSTOMY [OX0XKA HA BePTHKAJBHYIO
npamMyio (I8 BepTHKaAbHOA MpAMO# NpoM3BOAHAA GECKOHEYHa).
Gopumyan (6.2) u (6.3) aaioT npocTrie, NpUOAHKEHHHE GOPMYJIH
IAf AAHHH IyTd, HO 3TO OueHb Ppy0SHe NpHOAHXEHHS, KOTOphle
MOXHO NOAY4uTh H Ges (6.1).
Moayuum Gosee TOUHEE HOPMYJIHL.
[yers |y/(x)] < 1. YnepxHBag nBa OepBHX ujdeHa B dopMyae
6unoma Helorora (riasa I, § 20), moayuum

J1+92(@) =14 37%(a).

dopmyaa (6.1) naer
b b
s[4 %yﬂ(x)] do=(b-a)+ 3 [(x)ds.
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lican |/ ()| > 1, 10

VI+s%e) =yl i+ el

K NocaeAHeMY KOpHIO mpuMeHMM ¢opmyay 6HHoMa HbloroHa, Tak
MK — < 1:
2

(@), 1+ i,% =(2) [1 + W‘(z)] — () + E?ITQ‘

lloacraBasasa mocaenuee B (6.1), monyuaem
b

"*”’/(‘“)"’2,/( )]d" J (z)dz+3 I?di=
d

=yt -3l + 3 [ 5.

Hrak, MH moayuuau npubauxeHHble GOPMYJIL:
b

s=(b-0)+3[y2(@)dz, ecnu y(a) <1,

° (64)

s=y()-p(e)+ 5[ . ecm W@)I> 1

Bxoasixe cona HHMTerpajn mpoine, 4eM uHterpaa B (6.1), no-
YTOMY 110 3TUM OpMyaaM ropaszo npollle CYMTaTh, ueM 0o $opMy-
Ae (6.1). Onnaro 314 GopMysH NpHGIUXKEHHHE,

Kakyio xXe ommuGky fenacM MH, nmonbsysick HMH? [lepBas M3
{popMyn TeM JAyuilie, ueM MeHblle ||, a BTOpam TeM JAyuie, uem
Gonbue |¢f|; o6e dopMyasl falT HauGodee MIOXOH De3y/ILTAT NPH
|t/| = 1. TlosToMy pas OLEHKH MOrPeIHOCTH PACCMOTPHM CAMEIH
IIEBHTOAMHH cayual y (a? =19,

ITo TogHof dopmyne (6.1)

b
3=IJl+ldx=\/§(b—a). (6.5)

") Ecam |3/ ()| = 1, 1o y(x) = z + ¢, rpadmx sTolt PyuKIEH — NpAMan NHHUA.
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o nepeo#t us dopmya (6.4)

b
3=(b7-a)+éjdz=

(b~ a). (66)

[ )

Bropas $opmyaa (6.4) naer To xke camoe: 8 = g (b — a). CpaBHHBas

(6.5) u (6.6), BuauM, 9T0 HauGOALIIAA HOTPeIHOCTE HPHOAHkKeHHON
dopuyan 6 %.

Ipu BuMC/IEHHH AAWHH AYTH KPWBYIO chegyeT pasOuBaTh Ha
yuyacTku, Ha KoTopuix Jubo |yf| < 1, aubo |y’| > 1. Torna owwGka
6yneT BO BCAKOM cayude He Goubime 6%. A Tax kax y2(z) mpu-
HUMaeT 3HaYeHWe, paBHoe 1, JHINE B OTAGALHLIX TOYKAX KpHUBOH,
TO MpW NpPaBHALHOM pa30MEHHH JAWHWH HA YYacTKH owmuSKka Oyzer
meHbme 6%. JAHHL NpAMONXHEHHBIX OTPESKOB, KOHEUHO, HAXOAMTD
no npubanxXeHHOH Gopmyiie HezaueM.

PaccMOTpHM NpHMEpH.

1. Haiity gauny ayTH napaGoan y = £2 MEXKAY TOYKAMH ¢ abCuMCcaMy
zr=0uz=2".

Hafinem npoussonayio ¢ = 2z, Ouna pasua | npu = = 0,5 1 Gosbwe
1 npu = > 0,5. [TosToMy AMMHY AYTH (81), COOTBETCTBYIOLLYIO H3MEHEHHIO
xz or O mno 0,5, uafinem mo mepsoft dopmyne (6.4), a mmny ayru (sg),
COOTBeTCTBYIOLLYX H3meHeHHI0 Z oT 0,5 no 2, — mo eropoil dopmyne:

05 3

8 = (0,5—0)+0,5I4a:2dz=0,5+2%- =0,58,
0
2

sp=4—025+05 j & o 3,75+0,25(n2 - 1n0.5) = 4,10,
0.6
Hckomas pavHa ayru
s=81 +5;=0584+4,10=4,68.
MMoacunTaem ToyHoe sHaveHHe NMHHE! AyTH mo dopmyde (6.1):

2
s=j\/1+4z2 dz.
1]

Cnenas sameHy 2z = z, no dopmyine 33 (c. 155) momyunm

j\/l +at dz = %[m/4ﬁ+1 +%]n(2x+ Viz? + I)]. (6.7)

*) B oTHX npHMepax BHUKCAERs MPOBEXEHH ¢ ABYMA 3HAKAMH Moche SamsToit.
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HeaopepuHBHIA YHTATeb MOXET YOSAHTECA B CIIPABEAHBOCTH (GOPMY-
A, BSAB DPOH3BOAHYIC npaso#t wacty (6.7).
Monbayacs (6.7), nonyuaem

= 3[2V17 + 5 ln(4+VI7)| =465.

Owubxa npu noacyere no dopmynam (6.4) coctasuaa okoao 0,7 %.

20. Haitth pauny ayru kpusofl y = e® MeXAYy TOYKAMH ¢ abcnHccaMu
r=0ug=1

B sToM cayuae ¢ = €% M npu HsMenenHu z ot 0 go 1 npoussogHas
pacter oT 1 Ao e. [ToaToMy Henoassyem sropyio dopMyay (6.4):

1
s=¢ —e°+o,5j"—"’ =272—1-05¢e"
]

cS

1
= 2,04,
0

§'I'50)quaa bopMyaa Jaer EAs AJHHE AYTH 3Hauenue (cM. sapaum 2 u 4
Ha

=VIiteE -VEi+im¥ite-l 1
’ + 2 Vi+er +1 2 V241

Owwrbka npuGanxenHod dopmyas 2 %.

mY2=1_ 50

Huorna ans npubaueHHOro BHUHC/EHHS JHHB AYTH NOAKHTE-
rpaieHyie ¢yHKuwio B (6.1) passnarawor B pag no creneHsM z. [Tpu
ITOM, YAepKHBaA HajJiexallee YHCAO YNCHOB PasJoXeHHA, MOXKHO
(IOJYYHTb 3HaYeHHE JJIHHB AYTH C JIO-

(ol CTemeHbY TOYHOCTH, Y )

PaccmotpHM npuMep. Onpejaenn Anu-
1y oKpyxHoctd. IIpp »rom GymeM HCKaTh
AJHHY 8 OYTH OKPYXKHOCTH, COOTBETCTBYIO- 3
uyio nearpaisHoMy yriay B 30° (puc. 81).
Hdauna oxpyxuocty C = 12s. flcuo, uto
Mel OOJIyIHM Takoft Xe MHTerpald, K&k
# 8 (5.3), HO ¢ XPYTMM BepXHHM NpeAeoM;

]
|- ..
a‘f

oA
8= I _Rds
o vV R? = z?
Puc. 81.
3amerum, yro OA = Rsin30° = %R. TMosTomy

R/2

¢ = l %. (6.8)
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[TonsinTerpanpHoe BpaxeHHe npeobpasyerca cenyioluM o6pasom:
R _ R — i )
R -G
-G 69
-(3)

Bupaxenue (6.9) paszoxim 5 paa mo Gopuye Guroma Heiotona *).

Ho

Jlas sToro NOMOKHM ( R) =t. [onyunm

[l—(ﬁ)gl_‘ =(1-tyV2=1+ t+ t2+ 5 t3+ -
-1+3(7) +3(3) w(%) +%(%) #oe 610
Ioacrapasa (6.10) B (6.8) u HHTerpHpys, MONYIHM
s=%R+ﬁR+m?32R+ 16.$'2,R+ 12::'2,R+... =
R( *t® 48 + 40332 + 16-‘5:-2” + 123?3-29 +) 6.11)

Buano, uto unenn paga (6.11) y6usalor noposbHo Grcrpo. [To-
STOMY AJA MONYYeHHs 8 AOCTATOUHO B3ATH HECKOJBKO MEPBHX uJje-
HOB pafia. B3aB OOHH u/eH pana, MOJNyyHM 8 = %R, OTKyla NJHHA

Beeft okpyXHocTH C = 6R. Banp zBa uneHa, nonyuus s = 0,521R,
C =6,252R. TpH unena pafa pawr s = 0,523R, C =6,276R n 1. 1.

Mu 3HaeM, 4TO IJHHA OKpyXHocTH C = 2xR. CpaBHuBad 5TO
¢ NMoJydYeHHHIMH HAMH pesylbTaTaMH, HaXOAHM NpHbAHNKEeHHBIe 3HA-

YeHHN YHCa X
3, 3,126, 3,138, ...

Yem Gosbine useHoB pafa (6.11) B3aTb, TeM TouHee NOAYYHM 3Ha-
geHHe ®. SHa4YeHHE YHC/a ® ¢ CeMbIO BEDHEIMH JeCATHYHBIMY SHaKd-
i 3,1415926.

Yopamnaenna

1. Haittu, monsayact nprOAHXKeHHEIME (OPMYNaMH, AAMHY AYTH Len-
HOH JHHHM MeXRY TouxamH T =0u z =2 (a = 1). CpaBHUTE C TOUHHM
3HAuEHHEM RJIHHL AYTH.

*} C. raasy 11, opuyay (20.3).
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2. lHaﬂ-ru AAKHY IYTH runepboasl zy = —1 mexxny Touxamy z = 0,5
we=1

3aMeuaHHe. B sToM cayyae TouHoTo pellleHH MOMYMHTEH HeJb3A,
18K KaK HuTerpan B (6.1) He MOXKeT GHTH BHP2KEH ¢ MOMOILBIO SMEMeH-
THPHBLX YHKIHIL.

3. INonyunts npHOMDKeHHBle SHAYEHHA YHCJA %, HCXORA H3 Nojcyera
NJWHE AYTH OKPYXKHOCTH ¢ LEHTPaAbHHM yriom B 45° (yaepxarh TpH,
"wTEpe B MATH WIEHOB pAaa).

§ 7. Boraucnenue 06beMoB.
O0beM B NOBEPXHOCTH TEJA BpPamIeHHS

B rnase I (§ 14) 6uina noaydyena dopmyaa
T
V= 5(z)ds, (7.1)
oo
rae S(z) — NAOMAAL ceYeHusA TeNa IMIOCKOCTDIO, lepreHANKYAAPHOA
K OCH Z H NIPOXOASIIEH yepe3 TOUKY ¥ (COBETyeM YHTATEJIO NOBTO-
[MTh BHEBOJX 3TOR (POPMYAH).
[Ipu nomow 3Toft dopMyIH GHIIO [OAYYEHO BLIpaXKeHHe AJA
vbbeMa Nupamuabl. BykBadbHO Tak e

A%

lionyuyaerca o6beM koHyca. BosbMeMm Ha-
"a10 KOOPAMHAT B LIEHTpe Kpyra, Je- 4
Mauero B OCHOBAHHM KOHYCA, a OCh T L
HanpaBUM 0O BHICOTe KoHyca (puc. 82). - =
llycte S(x) — nuomagp CeYeHHA KOHYCA ~—=
NAOCKOCTLIO, TIEPIeHAMKYAApHOA K BH- g H
¢OTe H OTCTOAMIeH OT OCHOBaHHMS KOHYy-
¢a Ha paccTOAHHH z. CedeHHe 5TO ecThb - T T
Kpyr paguyca r.. H3 nonobus Tpeyroyb- 0 r Y
HHKOB

r. _H-—2

r H Puc. 82,

merr — panuyc ocHoBanus, H — BHcCOTa kKOHyca. O1ciona vy =
7 (H — z), a caenosateanHo,

H H

=[x 2gp =™ [(H -2\ de =
V—ln—H-ﬂ(H—-x) d’”—EEJ(H z)dx =

_ = (H-—a:)a|H _wH  x?’H
~ H2 3 o 3H? 3
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Has noayuenus ofbeMa Imapa NMOMECTHM HAuak0 KOOPHHHAT
B LIHTp GOABIIOrO KPYrd, a OCh & HANPABHM MO AHaMETpy wiapa,
NePIEHAHKYAAPHOMY K MIOCKOCTH 5TOCO GOMBIIOTO Kpyra.

CeueHHe MOCKOCTBIO, MEpNIHINKYAAPHOA K OCH & M oTcTosmeR
Ha PACCTOSHHH ¥ OT HayaJa KOOpAMHAT, ecTh Kpyr paauyca R.. [pu
stoM R: = VRZ — 22 no teopeme ITugparopa. Mosromy:

S(x) =1:Rf,=a:(R2 —a:2),
R
V= J 1|:(R2—a:2)d:r=1c(R2:c—f—a)

3

R
Us dopmyau (7.1) caenyer npranun Kapaasepn *): nycts Mexay
OBYMA NapaJJeJbBHHMH TUIOCKOCTAMH P H ) pacnojioeHH /Ba
TeMla; ec/M B ceYeHHWH 3THX Tea BeAKo#

ys N MJOCKOCTBIO, MapaifenvHolt P u @, no-
y JAy4aloTcs paBHOBeJIMKHe uryp (pas-
3

Rk
4
—§1IR3.

-R

HH TOABHTErpadbHHe QyHKRnuMH S(z)),
TO H 00BEMH 3THX Tel PaBHHI

[Iycte TedAo nosydeHo BpalUeHH~
eM (QHrypH, H3oGpaxkeHHOH Ha pHc. 83,
BOKpYr oOcH x (QHrypy Takoro BHA3
Puc. 83. HA3HIBAIOT KPUBOJNNHeHRHON Tpaneunef).
B stoM ciydae ceyeHHe ecTb KpyTr pa-

auyca y = f(z) u 8(z) = ny? Moansysacs (7.1), naxogum:

<

-3

e
i

V= xifdm. (7.2)

Hafizem, HanpuMep, o6beM Tesa, GOJY4aeMOTo MPH BpalleHHH

BEpXHell MOJOBHHH 3JJMNca — + ol 1 sokpyr ocu z. Teno sro
o
Ha3BIBAETCA S/AHNCOHIOM BpallleHHS.
W3 yparHeHusa snaunca y = g\/a? -2, aus (7.2)

V=1:T %(a2—$2)d:c=';i:(ax——%a)a = 3 nab?,

- -8

[Ipu a = b = R nonyyaem o6veM wapa paguyca R.

*} Kapanbepn — maremaruk nepeodt nosopuus XVII pexa. YmoManyTeidl npHu-
nun 6ua cdopMyarRpoban (o cyiecTBY 063 HOKA3ATeNLCTBA) B €10 KHHTe «[eps
MeTpHs HegenuMex» (1635 r.).
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BuiBesiem Tenepb (opMyay HAs TOBepXHOCTH Tela BpallleHHA
(puc. 84). PaccMOTpUM Tes0, OrpaHMUEHHOE CedeHHAMM, NPOXoAs-

Puc. 84.

\MMH Yepe3 TOUKM Z H T + dz. OGo3Hauum 4epes dF Gokosyio
(I0BePXHOCTh STOro TeAa. CunTas ero ycedeHHHM KOHYCOM, NIOJNTYMHM

dF = x[y(z) + y(z + dz)] ds,
me ds — JBAWHA Maloro yYacTKa KpuBofi, npuuem ds =

V1+y2(x) dz (cm. §5). Cymmy y(z) + y(z + dzr) Moxmo
iilMéH)H‘l)‘b Ha 2y(z), npenebperas peanunHoH Y () dr no cpaBHeHHIO
e y(x)*):

[TosTomy

dF = 2nay(z)4/1 + ¥2(z) dz.

lea naomaAp NOBEPXHOCTH BpalleHHA ecTh

b
F= 21;[;;(::),/ 1+ y2(x) de. (7.3)

[Tp noMomm 310#i POPMYJH MIETKO HaXOAUM NMOBEPXHOCTD IIapa.
JleiicTBUTeILHO, AP MoJlyaaeTcs BpallleHHeM BepxHell MOAYOKpyX-
IOCTH BOKPYT OCH x. YpaBHeHHe OKpyKHoOCTH %2 + y2 = a2, oTKyHa:

y=va-a. V=g

Honcrasasa B (7.3), nonyaaem

= 4na?.

a
—a

[ 3
F=2uj a? — 2 — 2% _ dr = %maz

2 va? — a2

*) 3amernu, uTo B Bupamenun dF' cymma y(z) + y(x + dz) MHOXKHTCA Ha ds,
1K 4TO BENMUHHA, KoTopolt Mii mpeHefperaeM, nopsiaxa dz - ds = da”.
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YnpaxneHrs

1. Hafitu ofheM NMIHHADHYECKOrC OTpe3Kd, T.e. TeJa, OTCEKAeMoro
OT IpAMOro KpyroPoro LMAHHAPA paguyca K NA0CKOCTRIO, NpoBeAeHHOA
yepes AHAMeTP OCHOBAHMA LMAMHApPA oA yriaoM o (pHc. 85).

Puc. 85.

2. Haiitu ofbeM Kouyca, NOAL3YSCh TeM, YTO KOHYC — 3TO0 Tef,
Noy4aemMoe TIPH BpailleHHH TPAMOYTOJILHOTO TPEYTGALHHKA BOKPYT OIHOTO
H3 KaTeToB.

3. Halith o6neM Tena, moAydyeHHOro HpH BpallleHWH (urypH, orpa-
HHYeHHOM ¢BepXy JHHHeH y = /T, CHH3Y OCbi0 %, CTIpaBa BepTHKaJIbHOH
npamolt ¢ = 2,

§ 8. Kak Hajo cTPOMYL KpHBEIe

Camuit NpUMHTHBHBIH choco6 nocTpouTh rpaduk GyHKuuH f(x)
COCTOHT B BHIMMC/AEHHHM 3HaueHWH f(zp) AAA GOALIIOrO YUCAA TO-
YeK &Tn: IPH STOM OGHYHO TOYKH Xy, BHOHPAIOT B BUOE Ty = Ip + N4;
n=0,xI, £2,.... flcHo, uTo TaKoil cnoced He akoHomHyeH. IlnA
Toro, UToBH MpPOCAEAHT: H3MeHeHHWe (YHKUHH Ha HHTepBafie AL,
HY>KHO BHIGpaTh Il @ ropa3fio MeHbluM, YeM Az a € Ax. Ho npu
MaJoM [are noTpelyerc odYeHb GOJbIIOE YHCAO TOYEK AJASA TOrO,
4ToSH OXBATHTH BCKY HHTEPECYKIIYI0 Hac ofVIacTb.

[Ipuemu, paceMotpentue B §§ 1 U 2, mo3BoAAOT ropasfo GHCT.
pee H HajleXXHee GOCTPOHThL TpaduK, COCTaBHTh obmiee MpeACTaB-
JeHde 0 BHfie KpHBOii. [lna sSTOro caelyer mpexxae Bcero HaiiTH
XapaKTepHble TOYKHM rpadka — MaKCHMyMbl, MHHHMYMS, TOMKH
H3/IOMOB, TOUKH Meperiba H T. A,

[IpounmiocTpupyeM 3T0 Ha npuMepe rpadMKa MHOrOYJAeHa Tpe-
Thedl CTeMeHH, T. €. IpaduKa PyHKIHH

y=az®+ bz’ +cx+d. (8.1)
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3HaHue rpaguka NO3BOJAET NOAYUUTb O QYHKUMH DA BAXKHHX
ChefieHHH, HampHMep, YHCO BellleCTBEHHHX KOpHed, MPOMEXYTKH,
W KOTOPHX pACHOAATalOTCs KOPHH, H T. 1.

[Toctpoum, Hanpamep, rpapHK GyHKUHH

y =0,52% — 0,75a° — 3z + 2.,5. (8.2)

HefigeM, mpexge Bcero, MaKCHMyMH W MMHHMyMH. [IpHpaBHMBas
Hyio IPOH3BOAHYIO OT (8.2), mosyvum

y =1522—15z-3=0, (8.3)

OTKY#a HaxoguM 2 = —1, z9 = 2.

HcenepyeM kaxaoe W3 3TUX 3HaueHHit B oTAeabHOCTH. Jlaa aToro
nvinem y": " = 3z — 1,5, y"(—1) = —4,6 < 0. 3uaunt, GpH T3 = —1
JyHKIHMA HMeeT MaKCHMYM

Ymax = —0,5 - 0,764+ 3 4+ 2,5 = 4,25;

W'{2)=6-15=4,5>0. [TostoMy npH 2 = 2 PyHKIMA AaeT MHU-
HIMYM
Ymin = —2,5.

Teneps mocMOTPHM, Kak GyfieT BecTH ceGA MHOTOYAEH NpH 0YeHb
HunbmHX Go aGCoMIOTHON BeAHYHHe 3Haqeuaax Z. 3aMeTHM, YTO NpH
wicHb GONBIIHX ¥ ufeH, comepxamuii ¢5 GyAeT 3HAUHTeABHO mpe-
MCXOZHTD N[O a6COMIOTHON BeaHunHe ocTajbHble ujieHu. [lostomy
1Ak MHOroa/eHa (8.1) onpeleasieTcA SHAKOM BHpaXeHHs az.

Eciu a > 0, 'ro ax® > 0 nopu z > 0, npaBan BeTBh rpagwka
yxonur BBepX; ax® < 0 npu z < 0, neBas BetBb rpadHKa YXOLHT
niu3. ScHo, uTo npH @ < 0 NeBasi BeTBb YXOHZWT BBepX, a NpaBaf —
BIH3.

Hafinem ToukH mepern6a. M3 ckasanuoro B §5 sAcHo, uro aas
IIX0XKIEHNUS TOUEK Mepern6a caefyeT peHTh ypasHenne f'(z) = 0.
Honesysce (8.3), Haxomum y” = 3z — 1,5. Ypapuenne ¢’ = 0 naer

r =06, Tak kak ¢y =3, 10 y—F = %(m—0,5)3‘. rae uepes y

uf03HAUCHa OpAMHATA ToukM KacaHua. [loatomy ecsm x > 0,5, 10
B -g>0, eciu xe x < 0,5, To y— ¥ <0. CresosarensHo, npu
1 = 0,0 uMeeM neperu6.

OrMernm, uto rpapuk MHOrousieHa TpeThell CTenmeHH Bcerda
uMeeT M NMPUTOM eAMHCTBEHHYI0 TOUKY hepernGa. HeficTBHTeNLHO,
ypasHeHMe 3’ = 0, Korga y ecThb MHOTOUJIEH TpeTheil CTeleHH, ecTh

vjiapHeHUe MepBofl cTemeHH. OHO BCersia MMeeT e,lmnc'rsenﬂuﬁ KO-
peus zg. Tak Kak y™ = const, To y — ¥ = A(z — p)° fcHo, uTo
y - 3 MEHSIET 3HAK NpH Mepexofe T uepe3 3HaueHHe Tg.
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BepreMcsi K nocTpoeHHI0 rpadHKka. BHunCIUM OPAAHATY ¥ TOYKH
neperu6a; noayynm y ~ 0,88. OnpefileiuM ewe HanmpaBleHHe Kaca-
TeJAbHOH K rpaduKy B TOuke neperHGa. [loabsysicek (8.3), nomyyaeM
tge = y/(0,56) = —3,38. Hcnonbayn Bce npHBeNeHHHE Bolle coobpa-
WeHusd, nonydaem ans (8.2) puc. §6.

KoneuHo, ecan He BHYMCAATL GoJbille HHKAKHX 3HaYeHHN (yHK-
11HH, TO MoAy4uM Tpaduk, Aabomul rpy6yio KadyecTBeHHYI0 KapTHHY
noBeneHus ¢yHKuuH. OfHaKo Aaxce Takol rpadMK AaeT BO3MOX-
HOCTb MOICYMTaThb YHCIO KopHeli (T.e. UHC/IO TOUeK NepecevyeHUs
rpapuka ¢ OCbio £} H clenaTh Koe-KaKHe 3aKJOUeHH 06 HX Be-
JuyuHe. B Hamem npemepe Ha puc. 86 BuauM, uTO KOpHe#l Tpm,
YTO OXHH H3 KOpHefl JexXMT rae-to Mexay 0,5 u +2, uro Bropol
KopeHb 06f3aTesLHO MONOKHTENbHHE (OH Goabwe 2), a TpeThit —
OTpULATENbHEI (OH MeHbme —1),

¥

Puc. 86. Puc. 87.

I'padHK MOKHO 3HAUHTENBHO YTOYHUTH, €CJTH MOACYNTATh 3HaYe-
HUs1 QYHKUHMY elne NpH HeCKOAbKHX SHaYeHHAX .

B nammeM npamepe nofAcanTaeM ene TpH sHadeHUA GpyHKunH. [lpu
2 =0 y=2,5; 970 NO3BOJHT HaM Jy4iUe NPeACTABHTL X0 KPHBOH
MeXJy MaKCHMymoM M MuHHMyMoM. IIph £ =3 y = 0,25. 310
3HaueHHe Ml MOACYHTAJY, YTOOH NMOJYYHTb NpPEACTaBACHHE 0 CKOpO-
CTH NOABEMA NMPaBoH BETBH KPHBOA. AHAJIOrMYHO, YTOGH MOJYIHTH
npeicTaBleHHe 0 CKOPOCTH Caja JeBoil BeTBU KPHBOH, BOSbMEM
z = —2. [lonyyum y = 1,b. Hcnoapsysn 3TH 3HaYEeHUA, NMOAy4YaeM
rpacek puc. 87.

ITo TakoMy rpaduky MoxeM cAesats 607¢e TOUHRIC 3AKIIOYCHHA
O KOpHSIX: OIHH KOpeHb jexuT Mexay ¢ = 0,5 n « = 1; Bropoit —
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Mexily € =2 M £ = 3, 6auxe K & = 3; TpeTHH KOpPeHb MeHblle
r = —2 (BepoATHO, ero sHaueHWe 6amM3Ko K T = —2,5).

MoxeT cayuuTbes, 4TO, NPHPABHABR NPOH3BOAHYIO HYJIO, MH He
N0AyYHM BellecTBeHHHX KOpHeH. 3To o3Havaer, uTO HcCneAyeMuit
MHOTOUYJIEH He HMeeT HH MaKCHMyMa, HW MHHHMyMa. Tak kak Bce
vKasaHHOe O MoBeAeHHH MHOT0YJIeHa NPH oueHL G60OABIWIKX Mo abco-
MOTHON BeNHYHHE 3HAYEHHAX T OCTAETCA B CHIE, TO B 3TOM CJydae
rpauK nepecekaeT OCh X TOJIBKO B ORHON Touke (MHOrOWJIeH MMeeT
(JI¥H BellleCTBEHHLI KOpeHb).

HakoHent, npoussoiiHas MOKeT HMeTb JHINb OAHH (ABOMHOM)
KopeHb Zg. Torma oHa WMeeT BHA

¥ = Alx — z0)>. (8.4)
Hurerphpya (8.4), nonyunm:

y= g (z — z0)® +C. (8.5)

Mu: BupuM H3 (8.5), 4TO B 3TOM CAy9ae MHOrOWIEH AHIUb MOCTO-
NHHLIM CJIaraeMuiM OTJHYaeTcs oT MoAHoro Ky6a. Hs (8.5) sakaio-
4aeM, UTO HH MaKCHMyMa, HH MHHHMYMa ¥ He UMeeT (cM. npuMep 2)
§ 1). I'papuk nepecekaer och = B OAHON TOYKe. DTY TOUKY HAXOHUM,
upupasunsan B (8.5) y nyaio:

2 (e-20)*+C =0,

3C /3C
(3'—1'0)3=—7, =20 { A

HaxoxneHne MakcCHMyMa H MHHHMYMa MHOTOYJICHA TpeTbefl CTe-
(IEHH, 2 3HAYMT, H HCCNeloBaHKe ero rpagmKa Beerfia MOKHO AOBECTH
0 KOHLA, TIOTOMY 4YTO, NPHUPABHSAB NPOH3BOAHYIO HY/NIO, NOJYYHM
KBajipaTHOe ypaBHEHHE, KOPHH KOTOPOro HallTH HeTpyAHO.

YopakHeHus

HafiTn MarcHMyMH H MHHHMYMB CACIYIOIIMX (PYHMKUHH H NOCTPOMTDL
nx rpadmxm:

1,y=2—322+2.2 y=2-322+32-15. 8, y=2°-322+
t 62+ 3.

OnpefenuTh YHCAC BellleCTBEHHHX KOPHe# ypaBHeHHI:

4, 27° —32? — 12z + 15 =0. 5. 4% + 152 — 182 — 2=0. 6. 22° —

2’ -42+3=0.7. *-224+2=0.



Fnasa IV
PYHKIINA A TPAPHKHA

§ 1. PyRKIMOHANLHAS 3ABHCHMOCTh

B npuposie, B TexHHKe, B MaTeMaTHKe MH Upe3BHYailHO 4acTo
BCTpeuaeMcsl ¢ (pyHKUHOHAJIBHEIME 3aBHCHMOCTAMH, DyHKUHOHANE-
Has 2aBHCHMOCTb OfHOI BenuuuHH (y) oT Apyrofi (x) osHauaert, yTo
KaXJIOMY 3HAYeHHI0 T COOTBETCTBYET ONpefesieHHOe 3HaueHMe Y.

BesHuUHHA & NpH 3TOM Ha3HBAeTCA He3aBHCHMOH NEpEMEHHOMH,
v — OyEKuHe# sTol nepeMenHoit. MBoria x HasHBaKT apryMeHTOM
pyHKIHR.

IpuBeneM HeCKONLKO MPHMEPOB M3 eOMETPHM U (QH3HKH.

1) O6nem wapa V aesngerca ¢pyukuuel ero paguyca r:

ix s

= =T

3

2} O6vem V xonyca ¢ nanHOH BhicoTOH h 3aBHCHT OT pafHyca
€ro OCHOBAHHSA T 1
V - § ﬁrzh.

3) lNytb z, npofineHHuA CBOGOIHO GANAIOWIMM TEJAOM, 3aBHCHT
OT BpeMeHH t, NPOTEKIUEro ¢ MOMEHTa, KOrAa HavaJoch MajeHue:

g
5

4) Cuna toka I no aakony OMma 34BHCHT OT CONPOTHBJEHHA
NpoBofHHKA R npH JaHHO#H PasHOCTH NOTEHUHANOB .

I= %, (1.1)

MoxHO 6Bl 6H GPHBECTH ellle MHOXECTBO NPUMEPOB TaKOTO POJA.

XapakTepHo, 4TO B IPUPOJE H B TEXHUKE B GOABIIHHCTBE Cayda-
eB HHTE€pecyIOllan Hac BeJH4KHA (YHKOHUS) 32BHCHT OT HeCKOJIbKHUX
BesHuHH. TaK, HanpUMep, B NOCJAeAHEM NPUMEPE CHJIA TOKA 3ABHCHT
OT ABYX BEIHYHH: OT Pa3HOCTH NMOTEHUHAJIOB % M OT CONPOTHBJEHHR
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itposopHHKa R. O0beM KOHyca 3aBHCHT OT €ro BHCOTH A H oT
paguyca OCHOBAHUA T.

CuMran safaHHHMH M MOCTOAHHHMH BCe BeJIHYHHH, KPOMe Of-
HOW, MH H3yuyaeM 3aBHCHMOCTh (PYHKUHMH OT OfHON nRepeMeHHO;
# JAHHOH KHHre MH B OCHOBHOM OrpaHHYHEaeMc QYHKIMAMH OHOH
nepeMeHHOH.

Tak, HanpuMep, B34B AAHHYIO AKKYMYJIATOPHYK aTapeio ¢ ofpe-
jleNleHHON PasHOCTHIO NMOTEHIHANOB ¥, GyAeM MEHATH COMPOTHBJIEHHE
pOBOAHHKA K W M3MEPATE CHAY TOKA ¢; B TAKOH (OCTAHOBKE OMHTA
CHAA TOKAQ 3aBHCHUT TOJIBKO OT CONPOTUBJIEHHMS, BeJUYHHY ¢ B ¢op-
myne (1.1) crenyer paccMaTpuBaTh KaK NOCTOSHHHIE Ko3(GMIMeHT.

B maTeMatHKe (PyHKOHOHAAbLHAA 3aBUCHMOCTE Yalle BCEro 3afa-
eTes opMyAaMH, HanpUMep,

y=22+3, y=22+5 y=38-2%2-1, (1.2)
_z—1
y=z+1
3 smHx Qopmynax OYEBHAHO, YTO Mbl HMeeM fiefo ¢ QYHKUHAMM
opHo# nepemenHofl. PopMyna Aaer cnocol BHYHCACHUA 3HAYEHMI
(YHKUHH GPH KaXIOM 3afiaHHOM 3HaueHHH He3aBHCHMOH mnepe-
MeHHOH,
3Has dopMyny, HAIONLYI0 3aBHCHMOCTDb ¥ OT &, JIETKO COCTaBHMThb
TabANUy SHauYeHHH Y AAA HeCKOJLKHX MPOW3BOJABHO 33JAHHHX 3Ha-
"NeHHH .
CocrasumM, Hanpumep, Ta6n. 1 aaa tperbel ¢yukuuu us (1.2).
I3 BepxHelt cTpoKe NaHH BHIOpaHHBe HAMH 3HAY€HUA T, B HHKHeH
(TPOKE NOA KaXKAKM AAHHHM & AAHO COOTBETCTBYIOIIEE 3HAUCHHUE .

Tabaunpa 1
T 3| -21l-1]0|1]2!3
y=3*—2*—z| 87| -26|-3(0|1]18] 69

TTonsiTHO, 4TO NO AaHHOR GoOpMYJe MOXKHO COCTaBHTL U Gosee no-
ApoGRYIO TaGaHILY, 3afiaBasi, HanpHMep, aHaveHna ¢ =0; 0,1; 0,2; ...
W T. . TakuM 06pazoM, GopMyNa «cufibHEe» A0GOA TabaHUN. Dop-
MyJia CONEPXXHT He TOJIbKO Te CBefleHHs, KOTOpHe MO3BOVIAIOT COCTA-
MMTh JAHHYKO TabJuLy, HO GO3BOJIAET TaKXKe HaliTH 3HaveHMA QyHK-
(MK MpY SHAYEHHNX HEe3aBHCHMOW MEPEMEHHOH, He COHepXAalHXCA
v maHHO# tabmuue. C Apyro#i cTopoHH, TaGAHLa yAoGHee, TaK Kak
¢ € NOMOIIBI0 MOXKHO GHCTpee HaliTH 3HAueHHe Y NPH JAHHOM T —
¢CJIH 310 T ¢CTh B Ta(JINLe, — NOCKOJbKY BHIYHCACHHA No dopmyne
y¥e GHAM NPOAeNaHK NPH COCTABJCHUH TaG/MnH.
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B npHpofie H B TeXHHKe, KOTAa yXe YCTAHOBJEH 32KOH HHTepe-
CYIOUIET0 Hac ABJIEHHA, 3TOT 3aKoH BHpaxaercA topMyiofi. OnHako
6nBaeT H TaKoe MOJAOXKEHHe, KOrfia TeOopHH fBJieHHS Her H ¢m-
3uK (WM XUMHK, GHUOJMOr, TeXHHK) MOXeT JaTh TOAbKO pe3y/bTAaTH
RpoAeNaHHHEX HM OGHTOB — 3aBHCHMOCTb HcclielyeMo#t BeAWYHHBI
OT BeJIHYHHH, 3aJaBaeMOW NGpH NOCTAHOBKe OMHTa. Tak oGCTOMT
Aeno, HalpHMep, TNpH MCCJeOBAHUH 32BHCHMOCTH CONPOTHBJEHHA
NPOBOAHHEKA OT ero Temnepatypn. B stoM cayuae dyHkumoHaNbHAsA
3aBHCHMOCTE MOXKeT OHTbL 3aJaHa TONbLKO B BHIe TaauuH, comep-
aleli pesyAbTATH ONHTA.

Hs onuta H3BecTHO, 4TO AJA NAHHOTO GpOBOAHMKA (U3 AaH-
HOTO MaTepHaia, AAHHOLO CeYeHUA M NAHHON AJMHE) SJIeKTpHue-
ckoe CONpPOTHBAEHHE 32BHCHT OT TeMnepatypH nposoaHuKa. [Ipu
KaXA0M 3Ha4eHHH TeMNepaTypul T NpoBoAHHK HMeeT ofipefileeHHOE
COMpOTHBAeHHe R, TaKk 4YTO MOXHO TOBOPHTH O GYHKUHOHaJAbHOA
3aBHCHMOCTH R ot T, 0 TOM, 4TO conmpoTHBNeHHe R ecTh pYHKUHA
TeMnepaTypn T.

IlpoBona HsMepeHHS, MOXHO HAHTH 3HaueHHA R GpH pasaud-
Hex T ® TakuM o6pasoM HaiitH 3asHchHmocts R(T); npu stom
pesy/abTaToM ONBITOB ABAfercs Taba. 2, B KoTopoil HaHN 3HaveHHs R
npu pasanaHux T', Hanpumep:

Tabauwma 2
T (°C) 1] 25 50 75 100
R{Ow) | 1120 | 1184 | 1246 | 130,3 | 1352

Ecnu Hac HHTepecyOT 3HaueHHs R fpw APyrHX TeMGeparypax,
He BXOAAIMX B TAG/MIY, TO B NpHHUMNE HYKHH AONOIHUTEAbHbE
H3MepeHHs, TK KaK To4yHas dopmyna, Aaiomas 3asHcumocts R(T),
HensBecTHa. [IpaKTHUeCKH MOXHO MoaoGpaTh NpUGAHKeHHYIO ¢op-
MyJy, KOTOpas XOPOILO COrAAcoBaiach GH ¢ ONMHTOM MpH TeX TeMme-
paTypax, NIpH KOTOPHX NPHBEMCHN U3MEpeHHA; BO3bMEM, HaMpHMep,
dopmyny

R = 112,0 +0,272T — 0,00047>

H cOCTaBHM TabJ1. 3 no 31oi dopmyae,

Tatarwua 3

T 0 25 50 75 100
R (o popmyne) | 1120 | 11885 | 1246 | 130,15 | 1352
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bopmyaa gaet 3HaueHHAa R, oueHb GAH3KHe K ONHITY, NPH Tex
TeMOepaTypax, npH KOTOPHX mpofielaHkl H3MEpeHHs; MOo3ITOMY 3a-
KOHHO TNpeAnoJaOKEHHe, YTO U NMPH NPOMEXYTOUHbIX TEMINepaTypax
{vanpumep, npu 10 °C uau npu 80 °C u 90 °C) popmyna Takxke npa-
UHALHO OnHchiBaeT GyHKUUMOHAABHYIO 3aBucuMocTh R(T). OpHako
Nnosb30BaHKe GopMynol 3a npeleaaMd HCCAEIOBAHHOrO HHTepBana
(vanpumep, npu —200 °C uar 4500 °C) moxer npHBecTH K OmnG-
KaM, TIOCKOJALKY HEeT OCHOBAaHHMHA Aas Toro, urobu R(T') Bupaxanoch
KBIpATHHM TPEX4JIeHOM.

Taxkue ¢dopMynH, MoayueHHHle He H3 TEOpUM, a NOAGOPOM, Ha-
AWBAIOT SMIHPHIECKHMH (T. €. ONLITHBIMH, OCHOBAHHLIMH HA OMHTE).

§ 2. Koopaunarsl

Jne HarnagHOrO H3oOpaxceHHS (YHKUHOHAMBHOH 3aBHCHMOCTH
¢ NOMOIILIO pUCYHKa (rpaduka) noab3yloTed KoopanHataMu. [Ipose-
JleM Ha TJIOCKOCTH ABe NepneHAuKyAspHHe npaMble. [OpH3oHTaNbHASA
1IpAMas Ha3HBaeTcA «0Ch » (OCh MKC) HAM, HHaYe, «0Ch AGCLHCCH;
HePTHKAJIbHAA NpAMas — e0Ck ¥» (OCb UrpeK) HJIM «0Ch OPAHHAT».
TouKa nepecegeHHsA NPAMHX HA3HIBAETCHA ¢HaYalA0 KOOpAHHAT» (TO4Y-
ka O Ba pHc. 88). O6buHO npeacTaBaAioT cefe, UTO IVIOCKOCTb, Ha
KOTOpPOW MpoOBelieHH OCH X H ¥, He JeXKHT Ha
¢ToJle, 4 MOCTABJEHA Nepe], YHTATeNleM BepTH- ¥4
KaJIbHO, KaK CTeHa, NPOTHB KOTOpOit Bel cun- C
te. [IpH 3TOM CTpeska Ha OCH T MOKa3LIBaeT
¢JeBa HaNpaBo, a CTPEJKA Ha OCH i — CHH3Y
HBEpX.

OnpegeneHuas napa 3HayeHWH « W y, Ha-
npHMep, = 2, ¥ = 4, usobpakaercd Ha fpa-

Juke ogHOA Touxof (Touka A). [Tomoxenue 0 B
yTOH TOUKH onpefenseTcd CAeLyIOLIAMH yCa0-
BHAMH: TepneHAHKYAAp ADB, onymeHHHHA H3 Pue. 88.
ToukM A Ha OChb X, OTCeKaeT Ha 3TOH OCH

oTpesok OB, paBHuft ABYM eQMHHuUAM AJAMHH; oTpe3ok OB or
11a4ana KoopAiuHat O A0 OCHOBaHMs NeprneRAMKyaspa B cyuraercs
[ONIOXKHTEABHEM M COOTBETCTBYET NOJOMHTENLHOMY 3Ha4YeHHIO &,
KOrfia To4Ka B nexur npaeee Touku O.

Iepnengukryanap AC, onyuweHHRH 13 TOYKH A Ha OCb Y, OTCEKAeT
a ocu orpesok OC, nauHa KoToporo paeHa 4. Ha ocn y momoxu-
TeJbHEIE 3HAUEHUA ¢ COOTBETCTBYIOT OCHOBAHHIO NepnesauKynspa C,
nexamemy BHme Hauana xoopauHat (. [IpuHATO MomoXHTeAbHOE
HaIpaB/JeHHe OCH OTMEUYaTh CTPEJKOH M OKOJIO Hee CTABHTH GYKBY,
n6GosHavaomylo HassaHue ocu. [IpeactaBasa ceGe, 4TO MAOCKOCTH

A(x=2,y=4)

nY
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BEPTHRAMNBLHA, FOBOPAT ¢4eM GOJBINE , TeM BEH I € J&KHUT TOYKA»,
OTpHLIaTeNbHEE ¥ JIeKAT HH XK e MOJOXHTeNAbHHX. IIpaKTHuecKH
yao6HO HaXOAMTE TOMKH M CTPOHTh rpad¥Ku C NMOMOLIBI0 MUJJIMMET-
poboli GyMard, Ha KOTOpPOH Y€ 3apaHee [IpOBeficHa CeTKa MNeprnes-
AUKYIAPOB.

BaxHuil npakTHyecKHil coBeT 3aKA0uaeTcs B TOM, 4TO Hajio
NPHY4aTECA C Pa 3y CTaBHTh Ha YepreXxe TOUKY A, cOOTBETCTBYIO-
Y0 3ajaHHBIM 3HAYeHUSM T M . He caenyer ¢TaBUTh Ha depTexe
Toukd B u C ¥ NPOBOAMTh NYHKTHpHHE JUHHU {NMepneHAHKYAApH)
AB u AC: Bcio 3Ty pa6oTy ciedyeT NMpOBOAHTR B yMe M He 3arpo-
MOXATh YePTEX AHIIHHAMH JHEHAMH H 0603HAYCHHAMH.

OrpunatenbHHe 3HaUeHUs & OTCUUTHBAWTCA BjeBo ot O, or-
pullaTe/IbHBle 3HAUeHWA y OTCUMTHBailoTca BHM3 or (. Ha puc. 89
NpUBEACHO HECKOJBKO NPHMEPOB TOYEK, AJA KOTOPHX T M Y PasHOro
3Haka, UuTaTenb AonKeH NMpOCAEAMTh, COTJAceH JIH OH C TeM, KaK
NOCTAaBJeHH STH TOMKH, M, TAKMM 00pa30oM, MPOBEPUTH, NIOJHOCTBIO
A4 OH MOHAJ [pelpaylee.

Touku Ha puc. 89 caenylomue:

A =2, y=4, D: z=-2 y=3;
E: =3 y=-2 F: z2=-1, y=-1.

KoopauHaTH To4YeK HHOIrZA YKasHBAlOT COKPAIlleHHO, B CKOGKax mo-
¢Jle Ha3BaHHUA TOYKH, NPUYEM HA NEPBOM MECTE CTABHTCHA 3HAYCHHE X
(aGcumcca TOYKM), Ha BTOPOM MecTe — 3HaueHue y (OpAMHATA
ToukH). Mns nepeuucleHHHX uernpex Touek A, D, E, F' takue
0603HaYeHHA NpUBeAeHH Ha pHc. 89.

Ocu KOOPAWHAT AEAAT MJIOCKOCTL PUCYHKA Ha 4eTHIpe 4acTH —
YeTBepTH; 4eTBepTH NepeHymepoBaHH Ha puc. 90. B kampo#i uer-
BEPTH & M Y MMEIOT ONpeneNeHHBfi 3Hak: B 1 verseprd z > 0,

yu A.(2,4)
D(-2,3) i +
1 I
R — + -
o x - O + X
F(-1,-1) m v
E(S’ "2)

Puc. 89, Prc. 0.
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#>0, T.e. £ B y nonoxuteasHu; Bo Il versepty z < 0, y > 0,
T.€. & OTpHIATeeH, ¥ noaoxkuTeaeH; B I detsepth ¢ < 0, y <0,
T.€. & H Y OTpHUaTeAbHH; B IV uerbept > 0, ¥y <0, Te. @
HONOXKHTENEH, Y OTpPHLATENCH. 3HAKH T M Yy B Kaxzol uerBeprH
nokasaHH Takxke Ha pHc. 90. CpapHuTe HX CO 3HAKAMH KOODAHHAT
rouek A, D, E, F Ha puc. 89.

Ecau nas Toukn G (puc. 91) sazaso, uto £ = 0, To Takas TOYKa
JeXHT HA OCH ¥, NIPY STOM KaK pa3 NepneHAMKyAfp u3 G Ha OCb T
COBIIAZAeT ¢ OCLIO . 3HAUKT, OCHOBAHHE NepOeHAUKYAIpa COBNafaeT
¢ Hayajom KoopAuHar (J, TaK uTO paccToAHHe OT OCHOBAHHA Mep-
IeHAHKYAApa A0 Hayala KOOPAMHAT PaBHO HYJIO, MOSTOMY H MOXHO

y
y.n 3
2G(0, 3) ¢
D, | o8
E, oA
K 0 .
X
—o oG, 0):F(2' Q.) G* Af N
K(=3,0) x
Y H(0, -1) H* °L
UK
Puc. 81, Puc. 92.

CKasatb, YTO paBHA HWIIO abciucca TOYKH G, JAexalled Ha OCH y.

Ecnu mnas toukm F' aagaHo, uTo y = 0, To Takas TOYKa JEXKHT Ha

OCH x, IpH 5TOM NepIeHAUKYAAp U3 ToukH F, onylieHHHit Ha oCh Y,

COBMafiaeT ¢ OCHI0 ¥, A €ro OCHOBaHHWE — C Ha4a/joM KoopauHat O.
IMpumMepH TakuX TOHeK MNMOKasaHH Ha puc. 91:

G(z=0, y=3), Flz=2 y=0),
H(z=0, y=-1), K(z=-3, y=0).

Hakonen, Touka, y xoropo#i £ =0, y = 0, ecTb He uTO HHOe, KaK
Ha4aso KoopauHar O.

Buie MH ¢henHajabHO COBETOBAJIH He HAHOCHTH HA YEPTEX OC-
HOBAHHS MEpPNeHAHMKYAAPOR, T.€. MOCTYNaTh He TaK, Kak 10 GHJIO
cAenano Ha puc. 88 u 89,

Ha puc. 88 veofixoumo GHM0 MocTaBUTL TOUKY A{r =2,y = 4),
TodkH B u C OHAM BCNOMOTaTEeAbHHMM, CAYXKMIH TOABKO AJA
NOCTpOeHHs TOUKH A; OHM GHJIM MOJe3HH, KOTrAa MH TOJLKO jena-
AY TepBHl 1ar, BNepBEe OnNpeNesAiH NOHATHe KoopAWHAT, [loToM
CAefyeT HayuuTbCA NpPAMO CTAaBHTR TOUKY A: ecau Ha deprexe
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HaHeceHH TOURH B B C, T0 MOXHO [pHHATL HX 33 3ajJaHHEE TOYKH,
MOXHO MOAYMAaTDh, YTO HaM GHJIO 33aHO NOCTPOHTE TPH TOYKH.

A(2,4), B(2,0) u C(0,4).

Unratear J0MkeH MOTPEHHPOBATHCHA B TOM, YTOGH GHCTpo cTa-
BHTb Ha rpajuke jioGnle TOYKH, C [IOA0XKHUTEIbHHMH, OTPHLATEb-
HBIMH H HYJCBEIMH 3Ha9eHHAMH T H ¢, 2 Takxke OHCTpO HA3HBAThH
XoTsl 6Bl NpPHOJHXKEHHO, HO ¢ NPaBHJILHHMH SHaKaMH T H y AAd
TOYKH, MOCTABJEHHOA Ha yepTexke.

YnpawHenns
1. Hasopute KoopauHatht Touek ot A o O (puc, 92).

§ 3. I'eoMeTpHYecKHe BeIHYHHBI,
BbIPaMEHHbIe yepe3 KOOPAMHATLI

3JagaHHe ABYX 4YHCeJ — 3HAYEHHH T H y — onpeleiaseT Mo-
JoXeHMe TOYKM Ha MuockocTd. IlosToMy M Bce reoMeTpHueCKHe
" BeNMYMHH, OTHOCSIUHECH K 3TON TOUKEe, MOXK-
»t HO BHPA3WUThb Uepe3 KOOPANHATH TOYKH.
C 4, y) Haitnem pacctosuue r ToukH A ¢ Koop-
AVHATAMHE & B y OT Hauajla KOODHMHAT, T.e.
BJUHY oTpe3Ka r npaMoil OA, coexuuaomedt
Hayajlo KoopamHar O ¢ Touko#i A (puc. 93),
o a TaKxe yroa o (o« — <«annas — nepsas Gyk-
Ol ¥ B % Ba rpedeckoro aadasura)*) mexay npsmofi
OA u ocbio a6enucc.
Puc. 93, IIpoBoauM BcmioMoOraTesNsHHE JHHHH AB
i AC. launa OB pasHa ¥, AnnHa AB paBHa
aaune OC, 1.e. papHa y. M3 npsamoyrosasHoro tpeyroivHuka OAB
fio Teopeme ITudaropa:

(0A) =1 = (0BY + (AB? = 2* +¢%,

= +\/a:2+y2.

,IlaJIee no onpepeNeHHO TaHreHca yria uMeeM

AB _y
OB =z

r ¥y

tgo=

*} I'peuecxutt anaBHT ¥ HasBAHHA rpedeckHx GYKB NaHHW B KOHIUE KHHIH,
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Tak, Hanpumep, nycTs £ =2, y = 3 (puc. 93). Toraa r = V13 = 3,6,
o = arctg g ~ B6".

JaMeTUM, YTO YroA o BCETAa OTCYMTHBAETCH OT MOJOKHUTEILHOTO
NANpABJACHHA OCH Z, NOYTOMY, HalpuMep, ecad y = 2, £ = —2

{puc. 94), To yroa o — Tyno#, tga = _iz = -1, a =135°

yn

(4] .

A y
B

Puc. 94. Puc, 95.

Korma Touka JeXHT HHXe OCH T, TO NPHUHATO OTCYHTHEATDL
yroJ o BHU3 OT OCH, CYHTaA OpH 5TOM o oTpHnareabuniM. Ha puc, 95
110Ka3aHH ABa MpuMepa; Touka A(z = 2, y = —2), pasa nee o = —45°,
u Touka B(z = -3,y = —3), 214 nee yroa a = —135°% Takum
ofpazoM, yroa o gas mo6offt TOUKH JeXHT B apejeaax or —180°
no +180°

Jlerko pemuTh H 0GpaTHYIO 3afady: NYcTh JAHO, YTO Touka A
HAXOAMTCA HA 3aJlaHHOM PACCTOSHMHM T OT Hauyajxa Koopaunar O
W orpeaok QA ofpasyer yron a ¢ ocbio ¢ (MoapasymeBaercs —
¢ MOAOXKHTEJNbHOH, NpaBo#i 4YacTbio
ocH ). TpeGyerca HaliTH KOOPAMHATEL
roukd A. Inana Ha puc. 93, moayunm:

Y

o

T =COo80, Y=rsing

314 dopMyAH NMpaBHALHE (€3 UCKAIO-
WeHHH, AAA MOOHX MOAOKHTENLHEX
H OTPHLATEALHLIX YIVIOB o, NMPaBHJIb-
10 AAKOT 3HAKH & ¥ § B J06ofi uer-
HEpTH. Puc. 96.
IepefineM k 3agauaMm ¢ ABYMA

roukamu, A; B Ay; KOOpAUHATH NepBOHl TOUKH OGO3HAUMM I, ¥,
KOODAHHATH BTOPOH TOUKH 3, Yo (puc.96). Halinem paccTosnue

]
=Y
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T19 Mex(i(y STUMH TOMKAMH U YTOa oijp MeXAy oTpeskoM A)A; H
OCBIO Z *).

¥Yno6HO IpOBECTH uepe3 TOYKY A) NpAMYIO, MApaJAesbHYIO OCH
z, a yepes TOUKy Ap — NpAMYyI0, NapaJIeJIbHYIO OCH ¥; Ha puc. 96
OHH MPOBEJeHH MYHKTHPOM, a TOUKA MX MepecedeHusi o603HayeHa B.
[Mpu stomM B Tpeyroabhuke A;AsB ortpesaok A)B papeH xp — i,
otpesok Ay B paBeH Yy — ;. Bce nocrpoenue TpeyroasHuka Ay Ao B
nofto6GHO NOCTPOEHHUIO puc. 93.

ITo Teopeme [Tudaropa nonysum

Tig = \/(3?2 —21)2 + (g2 - 1)?.

¥roa o HaXomUTCA M3 YCAOBHHA

tgapg = :::::II (3.1)

Unrarenb Ao/MkeH yOeAHThCA, HTO POPMYAR NPABHABHHE NPH AWGHX
3HaKax BcexX HeTelpeX BeAHYHH T,
1 43,3 Vi T2 Yp B pH AOGHX COOTHOIIE-
3, HUAX T) > T WIH T] < T, Y1 > ¥

HAH Y < Y.
A2, 1) Tak, HanpuMep, Ha puC. 97 no-
== KasaH ciayqad z; < 0, 23 > 0,
2 koopauHatH Ai(z) = -2, 1 = 1),
o Ap(zg = 3, yo = 3). B stom cay-
4ae JJHHA oTtpe3ka A B pas-
Pue. 97, Ha cyMMe aGCOMOTHEX BeTHYHH **)

0

*) 3HauKkn cHH3Y Y GyKB HasuBaloTcA HHAekcamy. [To-IaTHHM MHOeXC SHauMT
sykasaTeqass, HX He HaZo DyTaTh ¢ NOKasaTedsMu. “JHTaeTcH TaKve EHpaXe-
HHe: %1 — HKC-0RH, Ag — a-ABa. ONuHaKOBHe OYKEH ¢ pasHEHMM HHEEKCAMH
(Yo, 11, 42, Ve, Yb) IPHMEHAIOT BMECTO PASHHX GYKB, ANH TOrO YTOOH NOKASATH, UTO
peys HOET O MOXGXKHX {HO B TO e BPEMA pasulX) BeauuuHax. Tak, HanpHMep, 2
H Zg — obe STH BeMMUYMHH OTKJAJHBAICTCH MO OCH &, 06e ABJANTCA <HECAMH»,
aGenuccaMH. B To e BpeMsi OHH OTHOCATCA K pasHHM ToukaM. BenHunew, oGo-
SHauaemHe pasHHMH OyKBAMH, HO ¢ OZHHAKOBHM HHACKCOM, OTHOCATCH K OOMO#
u Toil xe Touke: A — oGosnaienve Hexoropodi TouKH, X, — ee alcumcca, y —
ee opavHara. MHOrAA cTapAT ¥ OBA HHIEKCA, HAMPHMEP, Tz (YHTATH: 9p-OUHMH-IBA,
2 He 9DP-OPEHAALATH) — PACCTONHHE MexAy Toukoft mepsoft (A)) u sropoft (Ag).

**) ITpaMbie YepTOUKY SaMEHSAKT CAOBA «aGOONKTHAA BeAHuHHas. TakuM 0f-

30M, MM NOJMOKUTENbHOA BENMIHHH STOT 3HaK HEYero He MeHser, |3 = 3,
0,1] = 0,1. OTpunarefsHan BeAHUHHA, NOCTABACHHAH MeXAY OPAMEHMH YepTOY-
KaMH, papHa NOMOKHTEARHON PeNHuHHe, MOJyualltefica yMHOXeHHeM JaHHOR Be-
AVYHHH Ha — 1; Tak, Hanpumep, |—3| = 3; |—0,1| = 0,1. Hnaue rosopar uroraa
«MORYyNBS: |[—3] — 9TO MOLYAb MEHYC TPex, OH PaBeH [LTIOC TPeM.
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|z1] = 2, |22| = 3. Ho 310 K2k pa3 ¥ coorBercTByer obmiei dop-
Mysie
AiB=xy— 3 =3—(—2) =3+2=5.

CrenoBaTesibHO, MPaBHJILHH ¥ BHPaXKeHUd AJAA T1g U tg oy,
PaccMoTpuM Tenepp 3ajayy, OTHOCAMIMECS K TpeM TouKam: Aj,
Az, Az. Kak BuscHuTE Ge3 MocTpoeHHdA, NyTeM BHYNC/AEHHA N0 3Ha-
UEHMAM KOOPAMHAT TOYeK, JexaT JM 3TH TPU TOUKH Ha OfHOH mps-
moit? O4eBHIHO, YTO KOrAa yront o)z oTpeska A;As ¢ ocklo & paBeH
yray o3 otpeska Aj Az ¢ ocbio £, TO 5TO 3HAYHT, YTO oTpe3kH A1 As
n A) A3 nexar Ha ogmoit mpamofi. Ha puc. 98 nmoxkasan cayuait, korna
a3 > o2, TOUKA Ag JKHT BHIE Npofo/keHus npsamoit Aj Ay, Ho
M3 STOrO XK€ PHCYHKA BHAHO, YTO €CJH GH o3 GHJIO paBHO g, TO
TouKa Ag JMexasa GH Ha mpsMoil, npozoaxawineit oTpesok AjAds.

»1 |A3
y4 ; A
i
c_ A |
! B
; !
B C Ay
0 X 0 5:
Puc. 98. Puc. 99.

W3 sHpaxeHus TaHreHca yraa (3.1) caeayer, uto npu o0 = a3
MEXAY KOODAMHATAMH TOYEK UMEET MECTO COOTHOLIeHHe

- =98—yl. (32)
Iy — I Iz — &

Be3 npHMeHeHHS TPHIOHOMETPHH MOXHO CKasaThk, YTO YCJIOBHE
(3.2) — aTo yeaoBue nopo6us ABYX NPAMOYTOAHEX TPEYTOALHUKOB,
AjAsB u A) A3C. TlogoGre TpeyroAbHHKOB NPHBOAMT K PABEHCTHY
yria npu sepmune A).

CootrHowenne (3.2) npuMeHHMO H B TOM cAy4ae, Korma TOYKa
A; nexur mexay toukamd Ay u Az (puc. 99): ecam TpH TOUKH
Aexat Ha ofHofi npsmoi, To u3 nogo6us Ay AsB u AjA3C caeayer
nponopuus (3.2). B npumepe, nokasanHoM Ha puc. 99, z3 — 2 < 0,
ys — ¥ < 0, HO OTHOMIEHHE HX [IOJOXKHUTEILHO H PaBHO OTHOMIEGHHIO
ABYX MOJONKHUTENLHHX BeJAHYMH Ty — Xy H Y3 — 1.
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Ynpamaenus

1. Hanecru touku (1;1); (1;—1); (—1;-1); (—1;1).

2. Hanectn touxu (1;5); (5;1); (—1;5); (—5;1); (—1;=5); (-5 —1);
(1,-5); (5;—1).

3. Hanecrn touku (0;4); (0; —4); (4;0); (—4;0).

4. Haiita paccrossye OT HauaJa KOODAMHAT H yroa « s Touek (1;1);
(2,-2); (—3;-3); (—4:4).

5. Hafitn paccrofHHe MeXAy na Touek: A;(1,1), Agz(l,-1);

6. BusncHuTb, aeXar a4 Ha ogHofi mpaMoli Tpofiku Touek: A 20, 0;,
ﬁigz, 3)5) A3(4,6); A,(0,0), A3(2,3), Aa(—-2,-3); Ai1(0,0), Ax(2,3},

¥

7. Bumucars KOODAMHAaTH BEpUIHH KBajpara €O CTOpPOHO# @, ecAH
AuAarcHa/ i KpajipaTa COBMANAIOT ¢ OCSIMY & H Y.

8. BunucaTh KOOpSHHATH BepIIMH NMPABUJ/IBHOTO WECTHYTOJLHHKA €O
CTOPOHO# @, ecAu OXHA H3 €ro AWATOHAJeH COBNAJAET C OCHI &, 8 LEHTP
JIeXUT B Hauade KOOPAMHAT.

9. a) BunucaTe KOOPAMHATH BEPWIHH PABHOCTOPCHHETO TPEYroAbHWKA
€O CTOPOHOH @, C OCHOBAHHEM, JeXKAUHM Ha OCH &, H BePIHHON NPOTHEO-
Jexauero yria Ha ocH . 6) To Xe mna cayvasns, KOrAa GCHOBAHME JIEKMUT
Ha OCH & H BePIIHHA ONHOTO H3 YIAOB COBNAaNaeT ¢ HAYAJOM KOOPAHMHAT,

10, Naua Touka A; ¢ KOOPAMHATAMH T, Y. BHNHCATL KOOpAHHaTH
TOURH Ag, PACTIONIONKEHHON CHMMETPHYHO A| OTHOCHTENBHO OCH Z; TO XKe
Anan Az, pacmofoXeHHOH CHMMETPUMHO A| OTHOCUTEJNLHO OCH ¥, TO XKe
A Ay, PacmofoXeHHOHi CHMMETPUYHO A| OTHOCUTEABHO HaYalda Koop-
AMHAT,

§ 4. I'padrueckoe HaoOpaxenre ysmmi.
YpasHeHue npaMoit

B § 2 6uL10 noKa3aHo, KaKk KaXXuof nape 3HaweHHA &, Y COOTBET-
CTHYeT OnpefesieHHas TOYKA B MJIOCKOCTH,

Ecan 3apano, uto y ecth onpefeneHHas (yHKUMA ¥, TO 3TO
3HAYMT, 9TO KaXKAOMY 3Ha4YEHHIO T OTBeYaeT ompeacAcHHoe 3Hade-
HHE ¥; CAEAOBATELHO, 3alaBagch MHOMHMH PasMYHEIMH 3HaYeHHS-
MH Z, MH HaliieM pas3JHYHHE COOTBETCTBYIOLIHE UM ¥, H 3TH napHl
3Ha4YeHui AANyT MHOrO TOUEK Ha NMAocKocTH. Ecau yBesnu4nBath
YHCI0 OTAENbHEX 3HaueHui x, Gepa UX Bce Gosee GJAMKHMH MEXIY
co60fi, TO, B KOHOE KOHIOB, TOYKH CJAHBAITCA B CIMICIIHYI) KPUBYID,
STa KpHBas HasuBaercs rpagukoM dyHkuuu. B peficTBuTesHOCTH
OOGHIYHO AOCTaTOMHO HAHECTH Ha rpapuk HeCKOJbKO TOYEK, a Ipo-
MEXYTOUHEE TOUKM H Bech rpaduk GyHKUMH MOXHO NOJAYYHTD,
COeNUHAA IJIaBHOH JMHHe HaHeceHHHe TOYKH. OmHaKO JJs TOro
4yro06H Npu ITOM He cAeAaTh IPyGHIX OMIMGOK, HYXKHO UMeTh oflee
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fpeicTaBieHne O BUAe KPUBHX, H300paXaloUHX pasiuyHHe ($yHK-
MH. Mb HauHeM ¢ M3ydyeHHS HecKOJbKHX THUNHYHHX U HaHGojee

MKHEX PyHKIME.
PaccMoTpumM Tak Ha3HBaeMylo JUHEHHYIO 3aBHCHMOCTD

y=kzx+b

Mycts, HAanpuMep, y=2+1.

[TocTpOHM HECKOABKO TOYEK, AN KOTOPHX & H y ZaHH B Tabi. 4.
Ta6auua 4

z 0 1 2 3
Y 1 3 b 7

[{aneceM 5TH ToukHu Ha rpaduk (puc. 100). Bpocaercs B raasa, uro
IMd TOYKH JieXKaT Ha oaHoil mpsmofi. B TakoM cayuae, mposons
ITY NPAMYIO JIHHHIO (OTCK/Ia HA3BaHHE «JIHHEAHaH 3aBHCHMOCTDS,
«UHeHiHAA QYHRIMA»), NOJYYHAM NOJHHA rpaduk ¢yHRuUuM, AMA
n6oro £ COOTBETCTBYIOWAs TOWKa (Z,y) Ae-
HT Ha npaMoif, % °
Kak moxasate mas ao6ofi ¢pyHKOUH BHAA
# = kz + b npu Aw6HX k u b, 4yTO Bee TOUKH ee
rpaguka Aexar Ha omHofi npamoi? daa sroro °
NPOBEPUM, YTO YCJOBHE, BHBEIGHHOS B KOHIE
§ 3, sunoaHserca AAA Jo6oi TPoHKH ToueKk
rpapuka. B camom gene, paccMoTpuM ABe TOY- °
ki A(z1,3) v B(zs, y2), KOOpIHHATH KOTOPHX
YAOBJETBOPARIOT YpaBHeHMl0 ¥ = kz + b. Toraa

Yo — 41 = kzp + b — (kzy +b) = k(zy — 21),
OTKyAa

22— =k
To— I i

OrHoLIeHHe OKA3aJ0Ch HE 3aBUCALIMM OT T) M Zo. CaegoBaTesb-
Ho, ¥ AJs Ao6oit Apyrodl nmapH Touek rpadHka, H B YaCTHOCTH, AAA
naput To4ek A(x1,y1) H C(x3,y3), NOAYIHM TaKXKe

Puec, 100,

Ys—h ‘=k
T3 — 21 '

3HaunT, Aaf MOGHX Tpex Touek rpaduxa A(zy, 1), Bz, 1)
H C(z3, y3) MMEET MECTO COOTHOIIEHHE
B—9 _ m—nh
Eo—%1 Za—&1
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T.e. Jio6be TPH TOUKH JieXKaT Ha OAHON mpsAMolt, a cleAaoBaTebHO,
8ce TouRM rpaduka OyHKUHH y = kx + b JexaTt Ha ofHo# mpsmofl,
3naunt, rpadukoM QYHKUHH Y = k& + b sBAseTcA NpAMas JNHUA,

Ypasuenue y = kx + b HaselBaloT ypaBHeHueM npamoi. Koaddu-
UHeHT k onpeaenasieT yroa Mexay npamoii u oceio z. IToacTaenas
B ypaBHeHHe % = 0, moay4um y = b. 3Ha4uMT, oAHA M3 TOUYEK MmpR-
Moii — 910 Touka (0,b); 5Ta TOURa JeXMUT Ha OCH Y Ha BhicoTe b
Haj HavyaJoM KoopAauHat (ecam b < 0, To TOUKa AEKUT NOA HAYAIOM
KoopinHaT). TaruM 06GpasoM, b €cTh OpIHHATa TOUKH IepecedeHUs
npsAMoi ¢ oceio ¥, |b| — AAMHA OTpesKa, OTCEKaeMOro MpAMON Ha ocH
opaunar (Ha puc. 100, b= 1).

Aas Toro yToGH MOCTPOHTH NPAMYIO, COOTBETCTBYIOLLYK) HaHHO-
MY YPaBHEHMIO, HEé HYJKHO BBIYHCJIATH KOOPAMHATH GoJblIOro yHcAa
TOYEK H HAHOCHTh HX Ha rpadHK: ACHO, YTO €C/AM MOCTPOSHH NBe
TOYKH, TO TéM CaMHM MOJHOCTHIO OfpefeaeHa NpAMas, MPOXOAALIAN
uepes ITH ABe TOYKH.

MoxkHo, HanpuMmep, BeerAa Gpare ABe ToURM: npu £ =0, y = b
unpu =1, y=Fk+b H NpuBOAATS NPAMYI0 [0 STHM TOHKaM.
MoxHo B KadecTBe Bropoit ToUKd 6paTh TOUKY NepecevyeHHs npsamofi
c ocmoba: (z = zp,y = 0). U3 ycaosus y = kxg + b = 0 Halinem
To= "¢

IMonesno Tak NOyNpaXKHATHCHA B [OCTPOEHHHM rpaduKoB, 4TOOH
Cpasy, C OJHOrO B3rAfAja Ha ypaBHeHHe, NPHMEPHO NPEACTaBASThH
cefe XoA U NoJoXKeHHe COOTBETCTBYIOLIEH JHHUH,

Ann annefiHo ¢yHKUHM, rpadHKOM KOTOpOA SBJASETCA MNpH-
Mas JWHHA, 5TO COBceM Jerko. Beap Ha camoM gene xof npsmod
3aBHCHT TOJBKO OT ABYX BeMMuMH k W b, BXOZAWMX B ypapHe-
nue npamoft. TakuM o6pasoM, HyXHO pasolipaTe He TaK YK MHO-
ro BapHaHTOB: kK MOXeT OHTh NOJOKHTENLHO WIH OTDHLATEABHO,
k moxer OHTe GOJMBIIMM HAH MaAbiM N0 aGcoMOTHOH BeJHHUHHE
(6onsmme 1 uau Menpme 1), b MoXeT OHTH MONOKHTENLHEM HJANH
OTPHLIATEIbHEIM.

[ToxaxeM, Kak NPOBOAHTCA TAKOE HCCHCAOBAHHE.

Haunem co cayvaa b= 0, 1.e. ¢ ypaBHeHus y = kx. Cootber-
CTBYIOIIAA [IpAMAsd, OYeBHAHO, [IPOXONMT Yepes Hadalo KOOpAHHAT,
T.e. uepes Touky T =0, y = 0. Ha puc. 101 nokasaHo Heckoabko
npaMHX ¢ pasmuiEEMH k: k=01, k=1 k=10, k=-0,1 k=1,
k = —10. 3Hauenus k o6o3HaueHH Ha 060MX KOHLAX Kaxjoli mps-
moit. [IpoBepbre NpaBUABHOCTDL NPOBECHHA KaXKAoH NpAMof, 1 Toraa
Bu y6eauTech B NpaBUALHOCTH CJAEAYION(HX O6IIMX BHEOAOB.
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1) Ecau k > 0, 1o npamas Jexcur 8 I u I gyersepty, ecan k < 0,
npaMas Jexur o II u IV dersepru.

2) Tpn k = 1, cornacHo npefHAyIIeMy, npaMas JexuT B [ u
[l yerpepr. Yacts npamofi, nexaman B I yerBeprn, obpasyer
yroa o = 45° ¢ ocki0 ¥, T.e. AENUT MOIOJNAM YION MEXAY OCHIO T
H OCBI0 ¥; HaNOMHHM, 4T0 MoA
C/I0BAMH <YTOJ C OCbIO T» Molpa-
syMeBaeTcd Yrod ¢ NOJOXHTe]b-
HHM HanpapieHHeM ocH Z, MoKa-

" »=05x+2
i Yo=0,5x
0 E3

Puc. 101. Puc. 102,

saHHHM cTpeJskoil. [Ipoaomxenne npamoit, aexatuee B Il verepTh,
ofpasyeT ¢ ocbio  yroa o = —135° (ua puc. 101 yram se mo-
Ka3aHH).

3) Mpu k = —1 uacTe npsmodt, Aexawas Bo I yerBepTH, o6pa-
ayet yroa o. = 135° ¢ ockio ¥, a npofoskeHde npaMoii B IV uetsep-
TH — yroa o = —45°

4) Ecau |k| < 1, npsimMas uget moJoro, T. e. HAET GAHXKE K OCH Z,
yeM K OCH ¥, M TeM Gosee moJoro, 4eM MeHblie |k|. Ecam |k| > 1,
npAMas uAeT KPyTo, GJIKe K OCH Y, YeM K OCH Z, TeM Kpyue, ueM
Goabiue |k|.

Teneps, Koraa 310 ycBOEHO, pasGepeM obwwmil cayuall opaMoi
¢ b, OIHIHLIM OT HyJA.

IMycts Ha rpaguke HapucoBaHa npsamasi ¢ b = 0, HanpuMep, ¥ =
= 0,5z (puc. 102). Uem otauuaoTes oT Hee npsaMbie ¢ b # 0, Ho ¢ TeM
xe k, T.e., HanpuMep, npaMasd y = 0,5z + 2? Jlas yao6erBa Gyaem
0603Ha4aTh 3 = 0,52 u yo = 0,5z + 2 *). [IpH KaXNOM AaHHOM T Yo
Ha ABe efAHHHUH GoJbllie yg. 3HAUMT, TOUKH NpsAMoll yy moayyarcs

*) 3nech MM MoALSyeMcA WHAGKCAMY HECKONBKO HHa4e, YeM PaHbLIE. g OT-
HocHTeA K Lenofi mpsmoil, sT0 He opAWHATa ompelencHHOA TOYKH, a OpAUHATA
mpouseoabHolt TOUKY Ha mpAMod ¢ AanuwM k M b= 0, y2 — 510 OpAMHATa
NPOH3BOABHON TOUXY Ha NpAMod ¢ AaHHWRM k H b =2, T.e. yp — 5T0 He yHcno,
a yHENMS 2, $o(X), B COOTBETCTBEHHO ¥z eCTh yo(Z), Apyras ¢yHKUHA .
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H3 TOYEK NMPAMON Jp C TeM Xe T NIyTeM NOoAbeMa Ha JBe eNHHHIH.
3HauMT, NpAMas Yo NapanjefbH2 NPAMOH ff H JIQKHT BHIIE Hee
Ha ABe envHUnpl. OueBHAHO, YTO TAKOE MPABHAO CNPABEAJHBO NpPH
aio6oM b (ecan b < 0, To npAMan JeXUT HIDKe Hauana KOOPAHMHAT,
HHXXe COOTBeTCTByIomed npamofi ¥ = k).

YcBoHMB, Kak HAYT NpAMHE ¢ YpaBHeHMAMH y = kr npH pas-
JHYHEX k, MH Teneph JerKo NMpeicTaBHM cebe oOWIMA Xof mpaMok
y=kz+b c moOumu k 1 b. YnpaxkHeHHs A TPEHHPOBKH JAaHH
B KOHLe naparpada.

Beauunny k B ypaBHeHHH Y = k& + b HasHIBAIOT YIVIOBEHIM KO3
($HUHeHTOM NPAMOH; KOpoye ¥ HargaHee MOXKHO HasBaTh k «KpyTH3-
HOA NpsiMOii», TAK KaK OT STOA BeJAMYMHB 3aBHCHT HAKJOH NPAMON.
B ugactoM cayuae k = 0 noayuaercs ypasHeHne y = b (mogpa-
3yMeBaeTcA Y = b npd JNIOGBIX 3HAYEHHAX ), YeMY COOTBETCTBYET
TOPH30HTaNLHAA TPAMasd, KPYTdsH2 KoTopolt paBHa Hyaio. MoxHo
NpeAcTaBUTh cefe Memexoaa, HAYLIEro MO NPAMOA CAeBa Hanpaso,
B CTOPOHY BO3pacTaioIMX SHaueHHi z. Ecau k > 0, To nemexen noa-
HHMaeTcsa B ropy (KpyTH3HA NOJOXHTeAbHAR), ecaH k < 0, netexon
Haer noa ropy (oTpuuaTenbHas KpyTHaHa), BenwuuHa k Aaer oTHO-
IIeHHe H3MeHeHH (PYHKUHH K MSMEHEHHIO €e apIryMeHTa: B CaMOM

ene,
yoo) ~y(z) _ kze+b-(kn+d) _
e — I Xy — 2| )

Takoe OTHOLIEHHE MAE YyXe BHYHCAAJIW BHINE, KOTA2 AOKA3KBAJH,
410 JuHeliHasa QYHKUMA Ha rpaduKe U300paXkaeTCs NpAMOH JIHHHEN,

B panphefiiuem B oflieM cayyae NpOH3BOABHOH (GYHKHHH MH
6yneM paccMaTpUBaTh BEeJAHYHHY

y(z2) ~ y(m)
Ty — I

paBHYI0 TaHTeHCY YI/1la MeXJY OTPe3KoM, COefHHSIOIIHM fiBe TO4Y-
Kd ), y(x1) ¥ Z9, y(x2), ¥ ockio abenmce. JIunefiHaa GyHKOUA
OT/IHY2ETCH TeM, YTO AJA Hee TaKas BeJIUYHHA OTHHAKOBa AJAd Mioboit
IIapH TOYEK, HE 3aBUCHT HH OT &g, HH OT T}, TOSTOMY H TIIOJy4aercH,
YTO BCe TOYKH Yy AMHeHHON GYHKUHM JieXaT Ha OfHOH nmpRMOoH.

Ynpaxnenus

1. TlocTpouth mpsMue: y =3z, y=3x+2, y=3z~-1,y=2—-=z,
y=2-0b5r, y=—2-3.
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§ 5. IapaGoaa
PaccMoTpuM ¢yHKUHH
y = a2’

¢ pa3AMUHBIMM 3HaYeHHAMHU a. Bo3bMmeM cHauasa npumep c a = 1.

Kakne o6umue cBo#icTBa 3To# pyHKUHU?

1) Beerna y¥ > 0, k2K npd ¢ > 0, Tak 4 npH ¢ < 0. 3Hauur,
KPHBAg BCA pacIIo/IOXeHa BHIIE OCH ¥ H TOJABKO B HaYaje KOOPAHHAT
COMpPHKACAETCS ¢ OChIO .

2) Haumenbiiee sHadedrne (MHHHMYM) Y BocThraerca npu z = 0.
Munumym y pasen 0. Ha rpaguxe MuHuMyM H3oGpaxaercd HaHGO-
Jlee HH3KOM TOYKOH KpPHBOIL.

3) Ilpu ABYX ONHMHAKOBHX 110 aGCOMIOTHOH BeJHYHHE ¥ IIPOTHBO-
NOJIOKHHX N0 3HAKY 3HAYEHUAX T MOJYYAIOTCH OHHAKOBHE KaK Mo
3HAKY, Ta4K H N0 BeJHYHHe 3HAYeHHA y. JHAUUT, KPHBAA CHMMeTpHU-
H2 OTHOCHTEJILHO OCH .

KpuBaa nokasana Ha puc. 103. Takaa kpuBas HasuBaeTcs napa-

Gosod (npy M060M 3HAYEHHH a). .

TIpu M060M NMONOXKHUTENALHOM & YPaBHEHHE ¥ = GT* HMEET Te XKe
CBOMCTBA, KOTOPHE YK232HH BHINE I ¢ = T
4

A -

¥4 »
y=x

0 x y=o22
Pc. 103. Puc. 104.

Yro Gyner, ecd @ < 0? PaccMoTpuM npumep ¢ = —2, y = —2¢2
Kpupas mokazana Ha puc. 104 (macmra6 puc. 104 Gonee Menkwi,
yem puc. 103). Cpofictpa aTo#t KpuBoil:

1) npu mio6eix ¢ y < 0. KpuBas Bes JeUT HUXe OCH = M
KacaeTcsl OCH T B HauaJe KOOpIHHAT;
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2) GyHKUMA ¢ ROCTHraeT HaUGOABIUEro 3HAYeHHS — MAKCHMY-
Ma — npa £ = 0. dror MakcumMyM pasBeH y = 0. Hamomnum, 4to
OTpHLATe/IbHHE BeJAHYHHAE! MeHBIE HYJf, TAK YTO caMoe GoJblloe
(MakcuManbHOE) 3HAaUeHMe y CPeAlH NPHBefAeHHHX B TabJule ecTh
Kak pas y = 0. Ha rpapuke MakcuMyM mH3obpaxaercd BepxHe#
TOYKO# KpHBO#H;

3) xpuBas CHMMETPHUYHA OTHOCHTE/bHO OCH ¥, T2K Xe KaK H B
cayuae NOJIOKUTEJLHOTO a.

PaccMoTpHM Teneps CXogHOE YpaBHeHHe

y=a(z—n)

BosbMeM npumep: a = 1, n = 3. Kpusaa nsobpaxena Ha puc. 105.
dt0 — Ta XKe napaGona, 4To H Ha puc. 103, Ho CABHHYTag BN paBoO
Ha TPH eAVHHMLH N0 OCH .
3710 npoctoe 06CTOATENBCTBO OGHUHO ¢ TPYAOM YCBAHBAETCH.
Ecni gaHa ¢yHkuns y = f(z) B MH CDaBHMBAeM C Heli ApPYTYIO
pyHxunio y = f{z — n), 10 BTOPOil rpadUK CMeIleH OTHOCHTENLHO
nepBoro BN pPaBO Ha n eNMHMU. [Ipn 3TOM mozpasymeBaercs, 4TO
B o0oMX cay4asXx f — 3TO OfHAa M Ta Xe (YHKUHA; B HaIeM
npuMepe SHaK f 0sHauaer BO3BeZeHHE B KBajpaT apryMeHTa, T.e.
TOH BeJHYHHH, KOTOpas CTOMT
% B CKOGKaX 1oA 3HaKOM (PYHKIHH:

f@=¢ Ffr="~,

y=(x-3% fl@)=2% f(-=2)=27
fl@—-2)=(z—-2)
fz-n)=(z—n)

[Touemy rpadmk cMemaercs
Prc. 105. BrupaBo? [loscruM sto nozpob-
Hee, ITycrs Ha rpaduke $yHKIHK
th = f(x) ecTh Kakag-TO XapaKTepHasa TOUKa @ = Zo (cBoero posia
«3apy6kas). HanpuMep, B aToit TOuKe (HpYHKOHA MOKET HMETh H3JIOM,
WA M2KCHMYM, HJH NPOCTO IPHHHMATH KaKoe-TO OINpefie/leHHoe
3HaueHHe . Toraa Ha rpaduke HoBol ¢yHKUHH ¢ = f(z — n) TO
ke 3HAYEHME Yy MJH TOT XK€ H3JIOM NOABJAAETCH, KOTHA apryMeHT
¢yHRUME f paBeH CTAapOMy 3HAYEHHIO To, T.€. £ — N = Tg. Ho 370
SHAYMT, 4TO KOOPAMHATH ¢3apy6KH» Tenmeph T2KOBH: T = g + 0,
y = f(zp). Orciona BugHO, uTO M0G2sA <3apyGKas BMECTE CO BCEM
rpadHKOM NepeMelLaeTcs BNpaBo (T = &g + n BMecTo Z = Zg). Cpas-
HHTe KpuBhnle Ha puc. 103 u puc. 105; sgech B KauecTBe «3apyOKH»
yroGHO BHGpaTh Tg = 0, f(zg) = (0)2 = 0.
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XoT4 3TH coobpaXkeHHS H oYeHb dJeMeHTapHH, HO BeCbMa BaXKHO
HX TBEPHAO YCBOHTb, HE NPOCTO BHYYHTH, a 0CO3HATh., ¥ MHOTHX Yyda-
(IMXCA MepBoe MOGYX/eHHe — OTBEeTHTh, YTO NPH 3aMeHe ¢ = T> Ha
# = (z — 3)® KpHBas CMECTHTCA BAEBO, Pas H3 BEJIHUUHBL T BHUAM 3.
Hano He noxkanerh BpeMeHH Ha MoApoGHHIT pasGop MpHMEpPOB,

Tenepe MoxHO ccbopuynugona'rb ofliMe NpaBHAA.

1) Kpupas y = a(z — n)* HMeeT B KaveCTBe OCH CHMMETPHH
BEPTHKAALHYIO NPAMYIO T = N,

2) 2ra kpuBas npH @ > 0 NeKUT BHIUE OCH & M HMEeT MUHHMYM
=0 npu 2 = n. [Ipn a < 0 KpHBaA JeXUT HIDKE OCH T H HMeeT
MakcuMyM y = 0 npa z = n.

HakoHen, ectb ellle ofHO BUAOH3MEHEHHe YPaBHEHHS, KOTOPoe
He MeHsieT (hOPMEl KPHBOH: PacCMOTPHM YHKLHIO

y=a(z—n)?+m.

OueBHAHO, YTO COOTBETCTBYWINAs KPHBas OTAHYZETCA OT mpenh-
ayme#i (6e3 m) TOAbKO CABHrOM MO BEPTHKANH H2 BeJUYHHY m.
Monoxenne OCH CHMMETPHH KpHUBOH He H3MeHsercs; npu a > 0

Y4

y=-(x-37+2

wy

y=(-30+2 0

Pue. 106. Puc. 107.

¢yHKRMA MMeeT MMHHMYM TNIPH & = N U 3HaueHHe (PYHKUMH B MH-
HHMyMe PaBHO Y = m (BMecTe cO BceHl KDHBOH Ha BeJHYHHY m
emectunaca ¥ munnmyM). Ilpu @ < 0 Touka £ = n, y = m ecTb TouKa
makcuMyma. [IpuBegem ABa npumepa:

z=(z-37+2 (puc. 106),
y=—(z—-32%+2  (puc. 107).

Ocb caMMeTpHH Ha 0GOHX PHCYHKAX NpoBefieHa MyHKTHpoM. Touka
MHHHMYMa Ha puc. 106 u Touka MakchMyMma Ha puc. 107 nexar Ha
nepeceveHHH KPHBOH W MYHKTHPHOH OCH CHMMETDHH.



216 Synxcuun w paduru [Ta. IV

HUrak, pyHkuna
y=a(z—n)’+m

npeacTapager cobofi mapaboay ¢ 0Cbi0 CHMMETPHH & = i H MHHUMY-
MoM ¢ (ecau ¢ > 0) B Touke z =n, y = m. [Ipd @ < 0 12 xe TOUKE
npeAcTaBAseT c060f MakCUMYM y.

Ha rpaduke MuHHManpHOe (B NepeBofe Ha PyCCKMH — HaHMEHb-
miee) SHAYCHHE ¥ COOTBETCTBYET TOUYKE KPHUBOH, PACIIONOXEHHOH Hu-
e BCeX APYTHX TOUEK, T. €. TOUKe KPHBOH, ¥ KOTOPOH i MeHbIne, YeM
y Apyrux Touek, Makcumym ¢pyuxuuH y(z) (Haubonpinee 3HaueHue
$YHKUHH) Ha rpadHKe COOTBETCTBYET TOYKE, PACMOJOKEHHOH BHILe
LPYTHX ToueK. BMecTo Toro 4ro6H roBODHTb 0 TOYKE Ha rpaduke,
COOTBETCTBYIOIIEH MHHHMYMY HJIH MAKCHMYMY DYHKUHH, MH KPaTKo
HaSHIBAEM 5TY TOYKY TOYKOH MHHHMYMa MIH MakCHMyMa Ha KpHBOH.

PackpHuBas ckoOKH y Bupaxenuil y = a{z — n)? + m, sanumem:

y = ax’ — 2anz + an® + m.

2To BEIpaXeHHe eCTh MOJAHHOM BTOpO# cTenenn. OGuuHH cnocol
3aMHCH caMoro o6Iero NoJHHOMA BTOPOH cTeneHH

y=alm2+ba:+c.

Bri6upag noaxogsmHe SHAUCHHR @, 1, M B NpeAHAYIIEM BHpa-
MeHHH, MOXXHO BCerfa CHeJaTh er0 TOXIESCTBEHHBIM C TMOCACAHHM
BHpaxeHHeM. Jlaa 3TOro ¢cpaBHHM COOTBETCTBEHHO UJEHH C 2 cr
H Oe3 1;

a1z =az®: —2enz=bz; anf+m=c

Hs nepsoro BHpaxeHHs CleAyeT a) = @.

Hs proporo —2an=b, n= 55"
2 _

Hs Tpethero an?+m=¢, m=c—-an?®=c-— o
CaeNoBaTebHO, MOXHO HAMHCATL TOX/ECTEO

ax2+bm+c=a(x+%)2+( —%)

C noMompio rpapuka napa6ositl MOXKHO Pa3oGpaThest B pelleHHH
KBAAPATHOIC YP2BHEHHA U B PA3JHYHHX CJAYYadX, KOTOPHE NIPH 5TOM
BOSHHK2IOT. K pellleHHI0 KBAJpaTHOTO YpaBHEHHA

ar’+bz+¢=0
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MOKHO MONOATH TaK: PacCMOTPHM BCIO KPHBYIO

b \2 2
y—aa:2+ba:+c—a.(a:+ 2a) + (c 4{1)
¥ HafiileM TOYKW mepecedeHHs 3TOH KpHBO#A ¢ ocblo . B atux rTou-
kax y = 0, cAefoBaTeAbHO, 3HAUEHHA ¥, COOTBETCTBYIOIIHE TOUKAM
llepeceyeHus, — 3TO H €CTh KOPHH Ksa,u.pa'moro ypaBHeHHMA.
Ho MH 3HaeM, uTo KpHBas ¥ = az® + bx + ¢ = 0 ects napaGosa.
Ham H3BecTHO, 4TO y 5TOH napabosl €CTb OCh CHMMETPHH — Bep-

THKAJIb T = —5—, UTO NPH & > 0 napaGosia HMeeT TOYKY MHHMMYMAa
lla OCH H BHCOTA 3TOTO MMHMMYMAa PaBHa y = ¢ — - [MB cmoT-
PHM Ha BTOPYIO 4acTh NOCAemHElH
(opMynHL, HMeIOIILy10 NpuBBIYHEE Y] 1 1
sug a{z — n)2 + m]. «Pora» napa- 3 3
ficasl npH a > 0 olpallieHH BBepX.

flcHo, uTO ecsii MHRHMYM Je- 2 P

MHT BHImEe ocH ¥, TO Napabo-
N3 HHCOe He TepeceKaeT oCh 2
{(puc. 108, xkpupas 7). 3uaunr, npu

a >0, c—£>0

4a
KBAa{paTHOE YpaBHEHHE He HMEET 5 £ Y X
BRIIECTBEHHEIX KOpHeit *). \/
Ecau e MHHHMYM JIEXHT HH-
e OCH T, a «poras napaboyn noa- Puc. 108,

HHMZI0TCA BBepX, TO 0o0A3aTeNBHO
napaﬁoaa B ABYX TOYK2X mepecedeT QCh T, TOUKH STH CHMMETPH'-

HO P2CNOJOKEHH OTHOCHTE/IBHO JHHHH T = 1 = —% (kpuBas 2
puc. 108). 3uauur, npu

a>0, c—fi<0
4a

YPaBHEHHE HMeeT JBa KOPHA ) H ¥o, NOKa3aHHHX Ha puc. 108,
HaxkoHell, BO3MOXeH K MPOMEXYTOUHHI ¢1yuaii, Korga napaoaa
KacaeTcs ocH & (kpuBaa 3 puc. 108). Sror cayualt gocrHraercd npH

b

C'—'4'—a=0.

*} Ha rpaduke OTKJIaNHBAIOTCH TOJALKO BEIMECTBEHHHIE & K §, MOSTOMY KOM-
NNEKCHHE B MHHMHE HOPHH HE COOTBETCTBYIOT HUKAKHM TOYRAM TepeceueHHs Ha

rpatuke.
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Ecau nocreneHHo nepexoAuTh OT KPHBO#H 2 K KpHBO# 3, MOpHHMaR
napa6oay, To, OYEBHAHC, NBa KOPHA T} H To OyAyT cOamKRarbes, MOKa

OHH He COAbIOTCA B MOMeHT Kacauus. [Tostomy B caydae ¢ — yrie

roOBOPAT He 06 OJHOM KOPHe, 2 0 ABYX PaBHHX (CAHBIIHXCR) KOPHAX
YD2BHEHHS.

Takum xe cmocoGom paccMaTpuBaeTed ciaydadl a¢ < 0, xorfa
KPHBasA HMEET MAKCHMYM, a «poras ee o6paweHH BHH3. [Ipeaaaraem
4UTATEI0 CAMOMY H2pPHCOBATL KPUBHE U MPOBEPUTH, UTO MpH:

a<0, c- % < 0 — Her BellleCTBEHHHX KOpHe#H,
b
a<0, e¢- o > 0 — B2 BEeWECTBEHHBIX KOPHS,

a<0, e— % = 0 — KacaHue, ABa paBHEIX KOpHS.

O6nunas ¢opMyna KopHefi KBalipaTHOIO YPaBHEHHA

_ =bt ¥ —4dac
- 2a ’

YpaBHeHHe HMeeT /iBa BellleCTBEHHHIX KOPHS B TOM cJydae, ec]H
MOXHO u3BaeuL B2 — dac, T.e. ecau

b — 4ac> 0.

3anuuem 310 BHpaXCHHE T2K!

b —4ac= —4a(c— £’2-)

T2

4a
Ycaopue b — 4ac > 0 BHIOAHAETCA B IBYX CAYYasnx:
s
1) e >0, c—-E<0.
¥
2) o <0, C—E = 0.

310 H ecTh Té JBa CAYYasA CYIECTBOBaHMA ABYX KOpHeii, Ko-
Topbe GBIJIH MOJYYeHE! BHINE H3 PACCMOTPEHHA KPHBHX ¥ = az> +
+br+e=0.

3ameTHM, HaKOHeN, YTO B 32BHCHMOCTH OT 3H2Ka KoSd{uuuen-
Ta @ NPH T° B yPaBHEHHM NapaGojikl KPHBas PacloOXKeHa BHITYK-
aocTei0 BHE3 (npH @ > 0) Man BHOykJocThio BBepX (npu a < 0).
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370 CBOACTBO He 3aBHCHT OT 3HaueHHH H 3HAKOB b M ¢ B ypaBHeHHH
napabosat y = ax® 4+ br+c=0.

TouHOe onpeseneHHe BHIMYKJOCTH TaKoe: BO3bMEM Ha KpPHBOA
ase Toukn A(zy,1) 8 B(z2,2) ¥ npoBefieM uepe3 HHX MPAMYIO.
Kenu yacTs KPUBOH, pacioNOXeHHAA MEXAY 3THMH TOUKAMH, JEXHT
IlHXe npAMOA, TO TOBOPAT, UTO KpHBas 00palleHa BHIYKJOCTHIO
hH 13, Ecan vactb KpHBO#H, pacnoioKeHHaA MEXAY TOYKaMu, Je-
XKHT BH II e NpAMOil, rOBOPAT, YTO KPHBas 06pallleHa BRIYKJOCTbIO
KBEPX,

BunykaocTe napaGodnl eTKO YBHAETh HAMIAAHO H3 MEPTeXa, HO MOX-
10 ONpefeaAMTh €€ H ¢ moMollhio aareSpe, Jlns 9Toro Bo3bMEM MpOHM3-
soMbHBE T M 9. MM cooTeerer-
BYIOT TOYKH Ha mapaGone A(xy, ¥ = )
= ax} + bzy + ¢) u BTz, y2 = ax3 +
t bz + ). Hafizem xoopaunarel Tou-
ki M, aexxawe#l Ha cepenHue oTpeska
npamoit AB. MoxHo moxasaTh reo-
METPHYECKH, WMTO ecaH oTpeakd AM
H MB papnu (puc. 109), To xoopau-
NaTel TO4RH M (T, Ym) CYTR CPemHHE
apHMeTHIeCcKne KoopaMHaT A u B:

mm=___3]';ﬂz ] ym=y_];w, 0

HafizeM Temepbe XOOpPAMHATH TOY-

kH N(Zy,¥n), nexamelil Ha napaGoae

T X
PH Ty = Typ == ik § IoacTapasa T, =

neM Y. Yurarens MoXeT yOSAHTECH, HTO

-t - o 4 (25

OcTaAbHuEe WIEHH ¢ b H ¢ coOKpamalTes.

T+ 3
2

B YpaBHeHWe, Haii-

ay:

2
T — T
Besanyuna (%) OOJIOKUTENEHA IPH MOGHX 2, $g. CAeOBaTE /-

no, mpu @ > 0, yn < Y — TOUKA Ha mapabosie HUXKE COOTBETCTBYIOLIEH
(c TeM Xe ) TOUKH Ha NpAMcH, napaona BHMOYKMAa KHH3Y,

§ 6. Kyouueckas napaGona, runepGosa, Kpyr

PaccMOTpHM KOPOTKO ellle HECKOABKO NpPHMEPOB KPHBHX, H306-
PaXKRIOMMX TPOCTHE PYHKIMH,
Ha pnc. 110 uso6paxxena KpuBasi, MOCTPOeHHas 110 hopMye

y=x3+z.
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Ora KpHBEA OTJAMYaeTCH TEM, UTO Ha JI0G0OM ee yyacTKe MNpH
YBeJMUEHHH T YBEAHYMBAETCH TAKXKE J: KPHUBaA HOET TaK, 4TO
NpH NepefBHXEHHH CleBa HanpaBo JHHHA NnogHHMaetcd. KpHpad He
HMeeT HH MaKCHMYMa, HH MuHHMyMa. SIcHO, YTO Takas KpuBas Ie-
pecexaer ock afcOMce TOALKO OAMH pas, npy = = 0. Ha caenyiomenm
puc. 111 nso6paxeHa KpuBad, MOCTPOEHHad N0 GopMyae

y=2"—1z. (6.1}

Kak BagHO H3 rpadmka, Ha 3Toli KpHBOH eCTh /B y4acTKa, rae y
BO3DACTAET ¢ YBEJAHMYEHHEM & — NPH OTpHUATedBHEX Z < —0,57
K TIpH NOJONKHTENBHHX z > +0,57,

¥ y=x+x  Mexny HAMH Ha oTpeske —0,67 < z <
< 40,57 ¢yHruua yGupaiomas, ¢ po-
CTOM T BeJAMYHHAa Y yOmpaer. PyHk-
MR HMeeT MaKcuMyM npd x = —0,57,

y y=x'-x
0 %
/(\OK/I %
Pnc. 110. Puc. 111,

y = +0,38. CnoBo ¢«MaxCHMyM» He OsHauaeT B J2HHOM Cay4dae, 4TO
y = 0,38 ecth BooGue HauGoAbllice BO3MOXKHOE 3HaueHue Y, 3a-
IauHoro BolpaXkendeM (6.1). OueBuaHO, 4TO IPH GOABLUIMX MOJNOKH-
TeJbHHX 3HAYEHHAX ¥ BeJHUYHHZ y IPHHHM2ET CKOJIb YrofHO 60ab-
IKe 3HadeHHs. YeM e BHAeAdeTcA TOuKa MakcHMyMa (z = —0,57,
y = +0,38)? '

Kax suaHo us rpajuxa, B 370l TOUke y GoJble, YeM B COCEAHHX
ToYKaX. TouKa MakCMMyMa OTZeJfeT Y4YaCTOK, rae (yHKOMA ABAA-
ercs pacryueil {cnesa oT MakCHMyMa), OT yuyacTka, rae QyHKuus
yOsiBaeT (cmpaBa OT M2KCHMYM2). T2KOH MaKCHMYM HaSHBaOT J0-
KaJbHHM, TIOTOMY YTO BeJHYHH2 y B 3TOH TOuKe GoJibloe 3HaueHMH
y(zx} B APYrHX TOUKaxX JAHIIb AIA %, He CJAHIIKOM JAAJNEKHX OT
z = —0,57. Ananornyno B Touke z = +0,57, y = —0,38 dynruus
HMeeT JOKa/JbHHT MHHHMYM.

Ha puc. 112 npyBeneHo eme aga mpuMepa KPUBHX, H306paxaio-
KX MHOrOWIeH TpeThell cTenenH. KyGuueckoe ypaBHeRue, MOAYYEH-
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loe NMpUp2BHHBAaHHEM HYJI0 MHOTOYJIeHa, B C/Ay4Yae BepxXHel KpHBOA
HMEEeT OfIHO BellleCTBeHHOe pellenye, r = 0,48, a B cayyae HHXKHeil
KpHBOH — TpW KODHA T =
=1, 23 =2, 3 = 3. Jler-
KO yOeIHThCH, UTO Ky6Hueckoe
YPaBHCHHe BCerfla HMEeT He
MEHee OJHOTO BEUIECTBEHHOTO
KODHSI: AJIf 3TOT0 YMTATEJI0
NpeiJjaraeTcs MOAYMarth O Xo-
me Kpupofi y = az® + bx? +
+ ¢z + d npa oueHb G0OMBUIHX

Y4

[
o ]

Pue. 112. Puc. 113.

o aGCOMOTHOH BeJIMYWHE MOJMKATENLHHX M OTPHLUATENBHHX 3Ha-
YeHHAX Z.

Jlanee, uuTaTeAw’ npeasaraeTCs CaMOMY IIOCTPOHTH KPHBHE
y=ony=—z

Ha pnc. 113 usobpaxxena Kpupas

_1
y—w’

HasbiBaemas ramepGosoft. OcobGeHROCTD 5TOH KpHBOH 3aKJjJi0%aercs
B TOM, YTO MPH T MAJNOM OTPHIZTEJLHOM § €CTb OTPHIIATesIbHanA
BeJIHYMHA, Mo MOAYMO (T.e. Mo a6COMOTHON BeAWuHHe) oYeHb G0Jb-
Waf, 4 NPH MAJOM NOJOKATSNBHOM T ¢ €CTh O4eHb GoJbilad
MOJIOXKHUTE/IbHAS BeJHYHHA — CM. Taba. 5.

Tabanua b
z|=-11-011]-0011]-0001|0001]|001[01]1
-1 -10 | —10G | —1000 | 1000 | 1060 | 10 | 1
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ITosToMy roeopsaT, uro 3HaveHue y mpH T = 0 ecTsb £oo, T.e.
INoc HecCKOHeYHOCTh WJIH MHHYC 6eCKOHEYHOCTb, B 3aBHCHMOCTH OT
TOTO, ¢ KaKOA CTOPOHH Mbl NMOAXOAHM K Z = 0.

Kak Buano w3 puc. 113, KpHBas COCTOMT M3 ABYX BeTBed, NpH
z <0 unpu z > 0, He coelHHEHHHX MEXAY cOGOH.

Jo cHx nop MH 32paBadH ¥ KaK (YHKUMIO & H CTPOHJH CO-
OTBETCTBYIOIIYIO KpHBYIO. Tenmepb Ha mpuMepe OKpYIKHOCTH pelllHM
o6paTHyI0 3a3a4y: 3aflaliM KPHBYIO H HalifileM, Kako#t QYHKIHOHANE-
HOH 33aBHCHMOCTH ¥ OT & COOTBETCTBYeT 3Td KpHBad. PaccMOTpHM
OKPYXHOCTb pajiiyca r C LEeHTPOM B Hayajie KOOPAMHAT. TOYKH
OKPY)XHOCTH HAXOAATCA HA PACCTOAHHH r OT Havaja KOOPAMHAT.
o Teopeme ITugaropa 310 3HAYHT, ¥TO

By =12

Ecan BHPasHTb ABHO y KaK QYHKIHIO 2, NOMYYHM

y=+vr2 22,

Korna Mu paccMaTpHBaeM OKDYXKHOCTb Kak rpa¢Hk dyHKUMH y(z),
TO H3 rpadpKa BHAHO, YTO (YHKUMST HEOAMOSHAYHA: NPH KADKAOM
3HauerHH ¢ (npH |z| < r) ecTb ABe TOUKH Ha KPHBOH — Ha BepxHel
M Ha HHXHefl NOJYOKPYIKHOCTH. DTHM ABYM TOYKEM COOTBETCTBYIOT
1Ba 3HaKa KBaapaTHOro KopHs. PYHKIMH ¥ = +v/7Z — 22 cooTBer-
CTBYeT BepXHAH MOMYOKPYKHOCTh, PYHKIMH y = —V/72 — 2 COOT-
BETCTBYeT HHXXHAA NOJAYOKPYKHOCTD.

CocTaBuM Tenepb ypaBHeHHe OKPYXKHOCTH ¢ LEHTPOM B TOUYKe
(a,b). TlocTynuM $opManbHO: MH 3HAEM, YTO €C/IH 3aMeHHThb B Bh-
paxkeHHH QYHKLHM £ Ha & — &, TO TPadMK QYHKLIIHN CMelaeTcs Ha
e[MHHL BIPaBO. JHAYMT,

y=%y/(z—a)?+r?

eCTh YpaBHeHHe OKDPY>KHOCTH, CMEILEHHOR BNpaBO Ha @ efHHHII, T. €.
¢ LEHTPOM B TOUKe (2 = a,y = 0) Ha ocu 2.

Hlanee, eciu ko BceM 3HAYeHHAM Yy ROGABUTH OZHY H TY XKe
BeMMYHEY b, TO Bech rpadHK mogHEMeTcs Ha b exummI *). 3HavmT,
HCKOMOe YpaBHEHHe OKDYKHOCTH ¢ LIeHTpOM B Touke (a, b):

y==%\/(z—a)>+r2 +b.

*} Moxgo 6ma10 6 H 3j€ch CKas3aTh, 4TO rpadHK MORKHMAeTCH Ha b eAHEHL,
KOTZa yf 3aMeRsIoT Ha Y — b, TaK YT0 NOJYITHTCA:

y—b=%y(z—a) +2,

YTO PABHOCHAERHO YPABHeHHID B TeKCTe.
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B manHOM cayuae npome Ghilo BWBECTH ypaBHeHHe Hemocpef-
¢TREHHO FeOMeTPHYECKH H3 BHPAXKEHHS pPACCTOAHUSA MEXAY TOYKaMH

(r.y) u (a,b) r? = (z —a)? + (y — b)%.

Mb HapouHo mocTynHAH Godee ¢opManbHO ANA TOTO, YTOGH elle
NA OAHOM NpHMepe NOKa3aTh, KaK 3aMeHd T HAaZ~a H Yy Ha ¥ — b
C/IBHTaeT KPHBYIO.

§ 7. Hsmenenne macmraboB KpuBoOi

W3 npeamnywero naparpada M 3HaeM, KaKk Haf0 H3MEHHTb
ypaBHeHHe KPHBOA, 4TOGH KPHBasi CMeCTHJach, T.e. YTOOH mpo-
HioleNl mapajieNibHHA nepeHoc kpubod. IIpu saMene z Ha x +a
i BHPAXEHHH, CBASHBAINEM § H £, COOTBETCTBYIOINas KpHBasA
‘MelllaeTC HAa & ENHHHIL BJEBO, NPH 3aMeHe ¥ Ha y + b KpuBas
¢MellaeTca Ha b eAMHMI BHu3, JlAs TOro uTOGH CMECTHTH KPHBYIO
Na g eNMHHL, BNpaBo, HAaf0 3aMeHMTb X Ha X — g, YTOGH NOAHATH
KPHBYIO Ha h eIMHHLl BBepX, Hallc 3aMeHHTb ¥ Ha §¥ — h.

YpaBHeHHe OKDYXKHOCTH pajguyca r ¢ UEHTPOM B Haya/lle KOOp-
auHatT; 22 + 3% = r2. YpabHeHHe OKDPYXHOCTH TAKOIO e pajHyca
¢ UEHTPOM B TOMKe T¢ = g, Yo = h, T.e. CMellenHON Ha g eXUHHIL
BNpaBO H Ha h eZMHHI BBepX (HMCXOZHOE MOJOXEHHE — LEHTP

I HaYasle), ecTh (x—g)+(y—hP= .

Jlns nponaBosibHOA KPHBOH, YpaBHEHHe KOTOpPOH sanucaHO B BH-
ne y = f(z), nAs cMelleHWs BNPaBO Ha g U BBepX Ha h eHHMI
NaTBIeM:

y—h=f(z—g, nm y=h+f(z-g).

Jaa kpHBO#A, ypaBHeHHe KoTOpo# 3anHcaHo B BHme F(z,y) =0,
ang ’I-Saxoro e TiepeHOCa Hal0 32MeHHMTh YpaBHeHue Ha F(z — g,
y~h)=0.

Teneps mocTaBMM BOMPOC: KAK H3MEHHTh YpaBHeHHe KPHBOH,
"“To6H YBeaHYHTs B (' pa3 *) Bce BePTHKAJLHME PasMephi?

OueBHMaNO, HAMO BMECTO YpaBHeHHs Y = f(2) B3ATH ypaBHeHHe
# = Cf(x), Torna npu ToM Xe x BeJHuuHa ¥ B C paa Goablue, ueM
npexze, T.e. B C pas Gosbie yg.

*) B nanuuelmeM ZnA NPOCTOTH HaJoMeHHs SyfeM moararats, uto C > 1; nenn
YEENHYMTh B 2 pasa KaKylo-HUOYNb BeHUMHY — 3TO SHAYHT YMHOKWThL ee Ha 2,
uo yeeapunth B 0,3 pasa sHauMT yMHOXMTE Ha 0,3, T.e. B AeficTRHTENBHOCTH
YMEHBIIHTD,
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B xauecTBe npHMepa BCMOMHHM YP2BHeHMA IPSMALIX, NpOX0As-
LHUX Yepe3 Ha4YalAo KOOpHHHAT. YpaBHeHHe NpPAMOMH, nipoxonaluei moa
yraoM 456° B I verBepTH,

Yo =2.

YpaBHeHHe

= 10z

COOTBETCTBYeT NpAMoil, HAyllel Gosee KPYTO, Y KOTOPOH MpH 3ajaH-
HOM 2 opanHata Goasme e 10 pas (cM. puc. 101).
3axoH mepexona oT gy = f(z) k 1 = Cf(z) MokHO 3ammucaTh

H TaK: B YDaBHeHMH KpuBol yy = f(z) sameHseM y; Ha -(-;,‘-, T.e.
numeM —0— = f(z). Torna 3aBUCHMOCTD ¥ OT T XaPAKTEPUIYETCS TEM,

yTo KpuBas yi(z) BuTAHYTa B C pas 00 BEpPTHKAAM NO CPABHEHHIO
¢ xpuBoll yo(z).
Ha nepsmil B3MIAf KaXeTcs, YTO He CTOMT TPAaTHTh CJOB Ha
ABe pasHbe ($OPMYAHPOBKH, TOXKAECTBEHHOCTh KOTOPHX HACTOALKO
OUEBHIHA,

= Cf(m) —» & = f(o).

¥ =nx) «Yro B #06, yTo NO Jlﬁy».
Ho Bropas ¢opMysnnpoBRa c 3ame-
HON gy Ha %’ ya0GHa BAS cayuan, KOraa
y=ylx) KPHBaA 3ajaHa YDABHEHHeM, He paspe-
MeHHHM OTHOCHTENILHO ¥, T.e. YpaBHe-
uueM suaa F(z,y) = 0.
1 X Tak, Hanpumep, ypaBHEHHE OKPYX-
HOCTH pagHyca | yzoGHo 3anmHcaTh
B BHAE

F(:r:,yo)=a:2+1ﬁ—l=0.

Kax HamucaTb ypasHeHMe KPHBOH,
BWTAHYTOH B 3 pasa NO BepTHKa-
au (puc. 114, xpHsas, o06o3HaueHHaA

Puc. 114, n(2))?
Ilo npabry, KOTOPO@ ME! TOJIBKO YTO
c¢opmyanponaan, A/ 3TOTO B YPABHEHMH OKPYXKHOCTH 3aMEHHM Yo

na & Honyquu

¥y
3

#4(g) 10
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3Ta KpHBas HaSHBAETCH €3/JXHIICOMS.
B nanHOM mpuMepe YpaBHeHHS JIETKO pellaloTcs:

go=+vV1—22, g =3y1-22,

W HaMASAHO BHAHO, 4TO ¥ = 3yp npH paeHHX z. Ho npasuno, uro

JaMeH2 3y Ha % NPHBOAHT K BHTATHBAHHIO KpuBod B C pa3 no

NepTHUKAAH, CNIPABeAJAMBO H AJA KPHUBHIX, 3aIaHHHX TAKHM CAOKHEM
ypaeHennem F(z,y) = 0, Roropoe He pemaercsa aAreSpauyecKd oT-
IOCHTENILHO ¥, HaNpHMeD,

z+ylgy=0.

dopmyaupoBka 0 3aMeHe y Ha % JIETKO TIePeHOCHTCA ¥ Ha
&
—C—l B YpaBHEHHH KpHUBOH KpuBas
pactarupaerca mo ocH « B C pas, T.e. IPH PaBHHX y 3Ha4YeHWe I
n ' pas GoJbile 3sHAYEHHS Zp.

HayHeM He ¢ J0Ka3aTeIbCTBA, 4 C NIPHMEPOB:

koopauHaty &. Iipn sameHe xy Ha

= = E—l- =
y=2% H y=15 0,1z,
{cM. puc. 101). Ilepaad npamas Haer Nox yraoM 45° k ocH &, BTOpas
niet 6osee moJoro.
| * = %0)

Bropo#i npaMep: le )
xX=x
| yz X

@i 3

Ileppoe ypaBHeHHe cOOTBET- -1
¢TBYET OKPYXHOCTHM pammyca 1,
NTOpOe YpaBHeHHe — 3TO YpaB- PHe. 115,

lleHHe KpHBOH, BHITAHYTOH moO
ocH £ B 2 pasa. B caMoM pene, Aerxo y6emurtscs, 4TO, Hampumep,
llepeceyeHHe KPHBOH ¢ OCBI0 7 MPOHCXOAHT B TOUKAX

y=0, ("”—21)2—1=0, 2y =42

{pHc. 115).
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Jlng nokazaTeAbCTBA MOXKHO YpaBHeHHe PelIMTh OTHOCHTEJNb-
o
HO : ecan y = f(zg), y = f(El), TO, pelllafd, MONYIHM:

z0=9(y). G =W,

e ¢ ecTb QyHKLMA, KaK roBopaT, o6parHaf ¢yHKuHE f.

BaxHO TO, uTO B BepXHe#l cTpouke f — 9TO OHAa H Ta XKe
dyHKuus B8 popMyNax ¢ zg #4 ¢ z). [losToMy ¢ ToXe OMHAKOBOE
ans xg 4 xy. [lepenncuBas BTOpoe paBeHCTBO:

G =) — 21 =Colv),

TOJY4HM:
z)(y) = Cxo(y),

k4
4YTO M COOTBETCTEYeT (HOPMY/MPOBKe: NPH 3aMeHe ¥ Ha — KpHBas

C
pacraruBaerca B C pa3 no ocH .
TipaBeneM npuMep:

y=10%, y=102/2
®dynkuuesi, ofparHoll crenenu, ABAsSeTcA AoTapudM:
x
330=133fs §l=18% ) =2lgy'

Kak 6HTh, ecitu B ypaBHeHuM ¥ = f() NPOH3BOMTCA 3aMeHa Z
Ha kz? Jlas TOro 9T00H BOCTIORB30BATHCA CHOPMYIHPOBAHHEM BHILIE
NPaBHJIOM, BCIIOMHHMM MNpAaBUAO AeJIeHWS] HA ApOoGb: YMHOXeHHE Ha

k — 210 TO Xe caMoe, 4YTO AejieHHe Ha 'k-i

kz =

= - &

3uavwur, % Hrpaer podb BeTHYHHH C M3 npeAHAYIHX GOpMYL.

Ecnu, HanpHMep, k = %. TO % =2, 1.e. U = 2; 3Ha4uT, 3aMeHa Ty
Ha 0,5z, ecTb 3aMeHa g Ha l R OPUBOAMT K PacTAKEHHIO KPHBOH

2
no ocd z B 2 pasa.

Ecau k= 3, 10 1= , T.e. C:l

k3 3
T

Ha 3T eCTh 3aMeHa T Ha T. UTO 9TO 3HAYHT reoMeTpHUecKH?
3

. Takum o6pasoM, 3aMeHa
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Jlo cHX nop Mm pacCMaTpHBaJH TOJBKO CNy4aH MNOJNOKHTE/b-
nLx B 66abuMx eauHMUN 3HaueHwit C, C > 1, u ¢opMyaupoBaan

}e3YALTaT TaK. MPH 3aMeHe y — Y 5 ypasuennu kpusoi kpmsas
C

z
B ' pa3s pacTArHBaeTcd IO BRICOTE, NPH 3aMeHe & — — Kpupas B C
P83 PaCTATHBAETCS B FOPH3OHTA/BHOM HATIPaBJIEHHH,

Ecmi C nojoxuTeAbHo, HO MeHblie eaMuMiH, 0 < C < 1, yt0

¢0OTBETCTBYeT &k > 1, To MpH 3aMeHe i — y BepTHKaJlbHhe Pa3Mephl

C
wameHdalorcs B C pas; Ho Tak Kak C < 1, 10 msmenenue B C pas
TCneph NpeAcTaBiseT coboli cxkaTHe; Tak, HanpHmep, npu C = 0,5
H3MeHeHHe pasMepa B (' pa3 03HayaeT yMHOXeHHe BHCOTH Ha 0,5,

¥ Yo=sinx y,=sin3x

RV

Pane. 116.

T. €. YMeHbIlIeHHE €€ BABOEe, To xe camoe OTHOCHTCA H K 3aMeHe T Ha

f;: npu 0 < C < 1 Takas 3aMena NPUBOAMT K CXaTHio Kpuso#. [Ipu-
neneM emie opuH npumep. Ha puc. 116 opepcrasieHn ABe KpuBbie:

¥ =8inx, y =sindz.

¥ Bropoli KpHBOH TOPH3OHTaJALHEBE pasMepsl MeHblle B 3 pasa.

3aBHCHMOCTD ¥ = Sin & — mepHoAMYecKas: npH x = 2x ~ 6,3 (uro
cooTBeTcTBYeT yray 360° B rpagycHOM H3MepPeHHH) CHHMYC HMeeT
TAKOE e 3HayeHWe, Kak M mpu x = 0, moGaBaenve 2x K JoGo-
My YIJIy He MeHfeT 3HaueHWA cHHyca. PyHkuus y = sin3x Toxe
lepHOIHYECKas, HO Y Hee MEPHOA MeHblie B 3 pasa: AOCTATOYHO,

TOOH & H3MEHHJA0Ch Ha i 2,1 pan, toraa 3z (toT yroa, cuHyc

KOTOPOTO MH OTKJAfLIBaEM IO OCH OpPHHAT) MeHAeTca Ha 2x H sin 3z
HO3BPALAETCA K TOMY e 3HaueHHIO,
. . 2
sin3z = 81113(:1: + 3-)

ITponymaiite Ha 5TOM mpuMepe ofliee yTBepXKIEHHe, YTO 3aMe-
Ha £ HAa kT B ypaBHeHHHM KPWEOH NPHUBOAMT K TOMY, 9TO BCE I'OPH-

IOHTaNbHEE PaSMEPH YMHOXAIOTCA Ha +. B panHOM mpumepe k = 3,
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FOPH20OHTAABHLIE pa3MepPH H, B YaCTHOCTH, PAcCTOAHHE NQ OCH X
MeX Iy TOMKaMH, I'le if = 0, YMHOXKAKTCH Ha -, T.e. YMEHbIIAITCH

3
B 3 pasa.

Hna nepuompueckofi ¢yHKUMH OpH 3aMeHe T Ha kz B k pas
YMeHbIIaeTCsi MEepHoA, 3aT0 B k pas YBeJIHYHBaeTcs 4acTora, T.e.
YHCJIO MEPHOAOB Ha eAMHHLE AAMHEL

Kak Hu mpocT, eapuMeTHUHH» 3TH CO06paXKeHHs, HAUHHAIO-
mwpe (K KOTOPHM afipecoBaHa 3Ta KHHra) B HHX 4acTo OMMGaIoTCA.

PaccMoTpuM, HakoHell, uTo GyAeT MpH 3aMeHe Y Ha % HIM * HE

z npH oTpuilaTesibHoM C. MoXHO IPOBECTH TaKylo 3aMeHY B IBA

C

npHeMa: HanHmweM C = —1-b,
74 rie b MOACKUTENbHO, H CHEeAaeM
nBe 3aMeHH:

o, b ___1
yo — b — _1 - b b .
F(-x,9)=0 F(x,)=0 llepBan onepaituss — 3aMe-

I-layol-layl rne b>0, —

0 X yKe pasﬁupgnacn., OHa IIPHBO-
F(-%,-)=0 F(x,-y)=0 DHMT K H3MEHEHHIO BepTHKAJNbHBIX
pasmMepoB B b pas. Ocraerca pac-
CMOTPeThb, K YeMy MPHBOAMT M3-
MeHeHHe 3HaKa Y, T.e. 3aMeHa ¥
Ha —y. Ins oTneAbHHX TOYeK
3TOT BOOPOC YXKe paccMaTpHBasn-
ca B § 1. [IpHBOAMM AAA KPHBLIX
Puc. 117. orBeT §e3 NOKA3aTeNIbCTBA: H3Me-
HeHMe 3Haka y NPUBOAMT K OTpa-
JKEHHIO KpHBOH B OCH &, H3MeHeHHe 3HaKa & NMPHBOMHUT K OTPaXKeHHI)
B OCH }. -
BosbMeM nipumep:

Flz,y)=(z-3)%+(@w-5)%-4=0.

D10 ypaBHeHHe OKPYKHOCTH pajHyca 2 ¢ IIeHTpOM B TOuKe ¢
KOOpIHHAaTaMH T = 3, ¥ = O.
Ha pue. 117 npuBefieHn KpHBRE:

F(z,—y)=(z-3)*+ (-y -5 -4=0,
F(-z,9)=(-z-3)%+(y-5°-4=0,
F(—z,-y)=(-z-3)?+(-y-5)?-4=0.
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Kax Buano u3 dopmyn, 3Hak F' BO Beex cAydasix mpeficTaBJsier
vof0l OHY H TY e dYHKiMIO (IpocsieniTe 3a 3TUM BHHMaTebHO,
paccMaTpuBaA NepBylo dacts Gopmyi). Ilpocrennre, uTo npoucxo-
A¥T ¢ KpHBOH (OKPYXHOCTBIO) NIPDH 3aMeHe T Ha —%, ¥ Ha —Y
H ONHOBpEMeHHOH 3aMeHe T — —, ¥ — —y. SICHOe MOHMMaHHe
HAJOXKEHHMX MNpaBHA Mo3BoAMT Bam, mocTpoHB H pasofpas oaHy
KHKYIO-TO KPHBYIO,

y=f(=) nmm F(z,y) =0,

UpeAcT2BHTL cele, KaK HAYT KpHBHe AJAA BCeX CXORHWX ¢(yHKUMH
y—b = f(x—a) HJH F(z_a ﬂ) =
c cl o e
¢ MOOGKIMH 3HaYE€HUAMH YeThpeX MOCTOMHHHX a, b, ¢, ¢o.

YopaxHenus

2 2
1. oeTpouTts Kpuswie %’_{_% -1=0, (a:-:S) + (y—g5) —-1=0,

2 2
“4—3)+(!"+T5) — 1 =0, suaq, yro z° +¢° — 1 = 0 npencrapaser
vo6oif ypapHeHHe OKPYXHOCTH. [IpH NOCTpOSHHH KpHBHIX PEKOMeHIyeTcA
Il yepreXxe CTABUTL HEHTD, BEPXHION H HIDKHIOK TOYKH, KPaHHIOKW NpaBYyio
i KPaRHIOID JIEBYIO TOYKH, @ 3aTeM COSAMHATL STH TOYKM MaaBHoR KpuBOH
0T PYKH.

2, TocTpouTh KpHBYIC % = sin nogpolHO, B3AB, HADHMEpP, X 0T —=x
1o & ¢ uHrepsaaoM 0,25x. [Mogpasymesaerca, 4TO &£ — Yroa PHpaMeH
¥ pamnmaHHO# Mepe, MO3TOMY YAQGHO Gpath OnpejefeHHHe ACAHM =, TaK
KJK TOTA2 YIVIbl, BhlpaXkeHHble B rpagycax, Gyayr uneavimu: 0,25z = 456°;
152 =90° u 1. 4.

Moo BocnonbacBaThed TalyiHLAaMH B KOHIE MiaBH II, rae paH caHyc
H 3aBHCHMOCTH OT YIAa, BHPaXKeHHOrO B paauaHHOH Mepe. [To och aGeupce
no BCEX CAYYaAX OTKAANMBaTh & B PAiHAHAX.

[ocTpouTs KpUBHWE:

a) y = 2sinz;

6) y=sin0,5z;
B) ¢ =3sin3z;
r) ¢ =cosz.

¥xazauue. Bocmoap3osarsca TPATOHOMETPHYECKHM TOKAECTBOM

e+
z) 9=008$+sinz=\/§sin(x+i);
1

—cofr =141 =1 l-( E).
e)y-cos:c—2+2ms2:c—2+2sm2z+2,
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x) y=sin2.1:=%— %sm(h-{-g)

Bce 3TH kpHBHE OT a) 00 X) NOCTPOUTh, MEpefBUras, pacTArMBas WAN
CXKHMaA KPHBYI0 ¥ =sinz.
3. TlocTpouTh MO TOUKaM KPHBHIE:

a) y=+va2-1,

HIN B cMMMeTpUuHOM BUge §° — x? + | = 0, sagasasck z ot —5 go +8
¢ unreppanom 0,5. Ec/i y noAyuaeTcs MHHMEIM, OPH COOTBETCTBYIOIIMX ¥
KpUBOH HeT;

6) y=2x4/(z~12-1;
B) y=+vaz2+1.

Yxasanue. [Ipeobpasosas k suny z° —¢® + 1 = 0, 3aMeTuts, 4TO
P) NOAYUAETCH H3 &) MepecTAHOBKOH & R y;

r) 47 +4y—=22=0.

¥rxaaaHHe 3anucath ypaBHeHHe B BHAS

4@+%f—£—1=0

H NOAYYHTb KPUBYIO, epefiBHran H CXKHUMaa KPHBYIO B).

§ 8. IlapameTpHyeckoe 3afaHne KPHUBOH

[IycTh KaXnas M3 BeJHYMH T H { 3a2aHa KaK QyHKUHS BpeMe-
HH t, T. €. 3afiann ABe ¢yHKunH () u y(t), Hanpumep:

x =cos8t, Y =Egint.

OTH 3aBHCHMOCTH MOXHO H300pasHTb rpau4YecKH B BHAE IBYX
KPHBHX, OTKJAajHBasi Ha OAHOM uepTexke 10 ocH abeumce £, a no
OCH OpAMHAT T, a Ha APYTOM UYepTee MO OCH aGcuHcc- £, 8 MO OCH
ODAHHAT ¥.

Ho BOSMOXXHa M Apyras MOCTAaHOBKa BONPOCA: MpeACcTZBHM cele,
YTO & H iy — 9TO KOOPAMHATH TOYKH, KaXKAOMY 3HAYEHHIO ¢ 0TBeYaeT
onpene/ieHHOe MOJMKEHHEe TOYKH; CIPAlIMBaeTcd, KaKylo KpHBYIO
ONMIIET TOYKA B MJOCKOCTH X, ¥ NPH M3MeHEHHH P

Jlns oTBeT2 Ha STOT BONPOC MOXKHO M3 ABYX YpaBHEHHH, A2lOIMHUX
z = z(t) ¥ y = y(t), HCKMOUATD BEAHYMHY I, TOTZAa MM MOJYYHM
BEIpaXeHHe, B KOTOpoe OyAyT BXOAHTb TOJBKO ¥ H &, T.e. JHGO
y=1y(z), an6o F(z,y) = 0. [locsie aToro GymeM CTPOHTH KPHBYIO,
KaK OSHYHO, 33/aBasiCh PA3NMUHHMH I H HaXOAs COOTBETCTBYIO-
IHe y.
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Tak, B MpUBeEHHOM [pHMEpe HakaeM:
:t:2+1,r2 = cos® t + sin’t = 1;
y=+v1-22 am 22 +¢°-1=0,

I'#K YTO B INIOCKOCTH &, i KPHBas NPEACTaBAseT cOG0f OKPYKHOCTD.

OnHako 4acTO Aake CPaBHHTENBHO MPOCTHE BhIpaXeHHa T(t)
i y(t) NPUBOAAT MPW MOMHITKE HCKJHOUYEHHS ¢ K TAKAM CJIOKHEM
ipopMyIaM, YTO HET CMBIC/IA STHM 3aHMMAThCA. Tak, HAPUMED, €Cau

= a1t4+blt3+clt2+d1t+el,
y = agt + bot® + cot? + dot + €9,

ro A4 HCKJTIO4EHNS ¢ HYKHO pelllaTh YpaBHeHHe YeTBepToH CTeNeHH,
'[TO [PUBOAMT K OYeHb IPOMOSAKHM BhiPAKEHHAM.

MexXzay TeM NOCTPOHTL KPHBYIO E ILIOCKOCTH Z, i MOXHO, He
WeKalowad ¢ AOCTATOYHO 32JaBAThCH PASJIHYHBIMK 3HaUeHHAMHM i,
A9 KaXKAOro W3 HHX Haxomuth ¢ W y. [lpuBosum Tabx. 6 aas
(ICPBOTO MpHMEpa,

Tabanua 6
x x Ix bx 3n 7=
t o3z 7 || T |T| T |
g=coet [1}07]|0|-07|-1]-071] 0 0,7
z=sint [0 ] 07| 1 07| 0 | 07| -1}{-071! O

Quesupno, OpaTe { Gosblle 2r HeT HagoGHOCTH, 3HaueHUR T
W y OynyT MOBTOPATHCA. Teneph ¢ MOMOWIBLIC 3TOH TaGAHUL CTPOHM
T0ouKd KpHBo#A, [Ipy sTOM MH NMO/IB3YeMCcH TOALKO 3HaUCHHAMH T H .
Te anauenwusn ¢, Npu KOTOPHIX STH & H ¥ BHIYHCAEHBI, IPH MOCTPOCHHH
TOYEK He HCIOAb3YIOTCA. <MaBp chexalX cBoe [esi0, MaBp MOMeT
yiTH,

Taxo#t cnoco6 3afiaHUA XPUEOH, HJH, YTO TO XKe caMoe, pyHKuUu-
OHAJIBHOH 3aBHCHMOCTH y(Z), Ha3nBaeTCH MAPAMETPHYECKHM, a Be-
JIHUHHA § HASHIBAETCH [MAPAMETPOM.

VopaxneHus
1. TocTpouts KpHBYI0, 3aaHHYI0 ypaBHEHHEM
r=ocost, y=sin2t.

To xe pas
r=coat, y=gindi.
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Yxkasanue Tax Kax sin3i menderca OHCTPO, HyXKHO GpaTh 3Have-
HHA ¢ AOCTATOMHO yacTo, Hampumep: 0; 0,1; 0.2;.... -

2. 3apava-wyTKa: NOCTPOHTL KPHBHE

a) r=cosdt, y=-sin3¢;

6) z=cos(5t+1), y=sin(5¢+1).

3. HemyrouHas sapada: NOCTPOATL KPHBYIO
r = cost, y=cos(t+4:-).
4, TocTpouTh KpHBYIO
z =co8i, y=cosl.

5. ITocTpouTh KpEBYW, NG KOTOPOA ABHMETCA TouKa A, JeXallas Ha
OKDYIKHOCTH AHCKa PagdycoM | CM, KaTHLIErocH N0 OCH £ €O CKOPOCTBIO
1 emt/fe. B HauaAbHEIT MOMEHT LEHTpP Kpyra (J JeXKHT HA OCH 3, 4 pacCMaT-
puBaeMas Touka A — B Haualle KoopaHHat, UYepea spems ¢ KoopmuHaThl
uentpa Q:(t, 1), kpyr noeepuyAca Ha yroa —t pan. Kpupas Haznpaercs
LHHKIOKAOH.



Fnasa V

BLITEKAHHME BOIbI. PATUOAKTHBHBIA PACIIAJ
H OEJEHHE 9IEP. IOTJIOMEHHUE CBETA

§ 1. Burexkanne Boau 43 cocyaa. IlocraHoBka sanaun

PaccMOTpHM BHITeKaHHWe BOZH H3 COCYa, B KOTOPOM BHH3y
HMeeTCd OTBEPCTHE HAH TOHKad TpybOka. B cocyl MoXeT Takxke
HOCTYNaTh BOZA H3 BHEIIHEro HCTOMHHMKA. 3Ta 3afiaya O4YeHb NpocTa
M HATIAZHA MO CBoeH mocTanoBke. BMecTe ¢ TeM Te MareMaTHueCKHe
METOH, KOTOPHE HYXKHH [/ ONHCAHHA BHTEKaHUA BOIbI, IPHMe-
HAIOTCA H B foJice CJOKHEX H HHTEPECHHIX 3aflayax.

[MpencraBum ceGe cocyl, B KOTOpPHHA BTekaeT (MH H3 KOTOPOro
sbiTeKaer) Boga. O6beM BOLH, Haxofslledics B cocyle, o6o3HauHM
epes V (cu®). Dror obbeM co BpeMeHeM MemseTcs, T.e. V ecTh

(pyHkuMs BpeMenH t (c). KakoB CMbICJI BeTHUHHBE —?
flcno, uro dV = V(¢ + dt) — V(t) ecTb KONHYECTBO BOAH, MOCTY-
NHBIeE B cOCyd 3a BpeMa dt. Ilostomy —p ©CTh KOJIHYECTBO BOIM,

HOCTYMHBIIEE B COCYH 34 SMHHLY BPEMEHH, T. €. CKOPOCTb H3MeHe-
HUA KOJIMYECTBA BOLH B COCYAE. JTa BEJHYHHA HOCHT CIIELHAJIbHOE
Ha3BaHHe ¢0TOK Bogu». Bynem oGozHa4yaTe motok uepes ¢(t). Ecau
4 > 0, T0 Bofia MOCTYNAeT B COCYA, €C/M xe ¢ < 0, To Bofla BHTEKaeT
U3 COCYAA, KOJIMUECTBO BOALl B COCYAE YMEHBINALTCH.

EclH 3aBUCHMOCTb TOTOKA BOAM OT BPEMEHH H3BECTHA, T.e.
ussecrHa Qyskuns ¢(t), To

av

=4, (L)
B sToM cnayuae sagaua Haxoxjaenus V nofoGHa aajgade onpefe/ieHRs
NyTH N0 3afaHHOH CKOPOCTH, H ellle B ra1aBe [ GbIO BHACHEHO, YTO
TaKas 3ala4ya pelaeTcd HHTErpHpoBaAHHEM.

Jna Toro 4TOGH 3a/ia4ya HMeNa BIIOJIHE ONpefie/ieHHOe peHieHHe,
HYXKHO, 4ToGH OHJIO 3alaHO KOJMYeCTBO BOIH Vg, KOTOpoe Haxo-
AMAOCH B COCYAE B ONpefeNieHHH Haua/ibHWA MOMEHT BpeMeHH ip.
YenoeHe, uto V = Vg npu ¢ = {p, Ha3HBAETCA HauaAbHEIM YCJIOBHEM.
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KonnyecTBO BOAH, KOTOPOE BTEKJIO B COCYA 34 BpeMs ofT iy Ao ¢y,
1)

ecThb jq(t) dt. Orciofia KONM4eCTBO BOOH B COCYAE B MOMEHT t):
&
£y
V() =Vo+ | a(t)dt. (1.2)
ty

Sro BHpaxeHKe CIPaBeLIKBO AN JIOGOTO MOMEHTa BpeMeHH ¢
M, CNefloBaTeNBHO, TIOJHOCTBIO ONPefessieT HCKOMYIO 3aBHCHMOCTb V
ot ). 3aMeTHM, B YaCTHOCTH, 4T0 NpH ) = {y HHTErpan B Hopmy-
ne (1.2) paren nysio 8 V(ty) = Vp. Takum o6pasom, pemerne (1.2)
BefiCTBUTENILHO YHOBJIETBOPSIET NOCTaBJHHOMY YCJIOBHIO OTHOCH-
TeJIbHO KOJIMYECTBA BOAH B MOMEHT fp (HavyaJbHOMY YCJIOBHIO).

OrmeruM, uto ¢opmynoll (1.2) MoxHO noab30BaThCA H IpH
t1 < tp. Onuako cmuica ¢opMyan (1.2) mpu i) <ty B ) > &
passuunpi. Tlpu ¢) > to BenMuuHa V(f)) ecTb KOMHUECTBO BOMR!,
KoTopoe GyneT B COCYZe B MOMEHT fj, €CIH B MOMeEHT lp B HEM
Gl/I0 KOJIHYECTBO Boabl Vg M NoTOK BoAl 3afaH ¢yukuued g(t). Ipy
t] < to BenHuHHa V(t]) ecTh TO KOJHUECTBO BOAH, KOTOpOE AOJXKHO
HaXOOHTbCA B COCYHle B MOMEHT &) 1Jis TOro, Urofu B 6onee nosgHee
BpeMs, K MOMEHTY g, B HeM GHJI0 KOJMUECTBO BOAW Vj NPH NOTOKe,
3afaHHoM dyHkukedt g(t).

Buecro o6osHaveHHd ¢ MoxxHO nHcats npocto ¢. Toraa dgopmyna
(1.2) npuHuMaeT BHR

V(t)=Vo+ [ a)dt. (1.3)
t

Crporo rosops, npH 3ToM GykBa { 0603Ha4aeT BepXHHHA npenen
HHTEIPHPOBAHHA H TaKKM 00pa3oM «3aHATas. [loaToMy mepeMeHHYIO
HHTETPUPOBAHHA clienoBajo 6x 0603HaYHTh KakoH-HUOGYOb ApyTo#
Gyksoii, HanpHMep, T, H nucarteb (1.3) B BHIE

t
V(t)=Vo+ [ a@)dr,
tp

yTo copmagaer ¢ (1.2), ecnn B (1.2) 3amenuts € Ha £ U ¢ Ha 1.
OnHako 0GHYHO 3TOrO He HeNalT H nHuyT dopMyiy B Baae (1.3).
IIpn sToM HemopasyMeHHH He Bo3aHHKaeT, Hamo Tosbko NMOMHHTS,
uto B (1.3) ¢(f) — 3T0 He 3HaueHHe ¢ Ha BepXHEM npefene,
a ¢yHKuNA nepeMeHHOfi MHTErpHpoBaHUA, Npoberaiomeit Bece sHave-
HAA 0T ty no ¢,
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Popmyny (1.3), Rawinye pemeHne 3afadH © BHTeKaHHH BOIH,
WK 3afiaH moTok q(f) H KOJHYECTBO BOIH B Ha4aJbHHA MOMEHT
{ =1y, MOXKHO NMOJYYHTb IIPH TIOMOIIH HECKOJbLKO HHBIX PacCyxX-
aenuit. M3 (1.1) B cuny onpenesieHHs HeonpelelieHHOrO HHTerpasa

¢lenyet, uro
V(t) = a) dt.

lipennonoxuM, 4TO HeonpemeleHHHH MHTerpasd or ¢yHKuHH ¢(t)
KBKMM-NIHG0 o6pasoM Hafifien. OGosuaumm ero I(t). Torza

j g(t)dt = I(t)+C,
rae C — nocrtosHHaK HHTErpHPOBAHHR, OTCIO,Ila
V(t)=I(t) +C. (1.4)

Jlas onpenenexAs MOCTOAHHOA HHTErPHPOBAHHA BOCMOJb3yeMCA Ha-
'1aJIbHBIM YCJIOBHEM, T. €, IoTpelyeM, uTo6H 1pH ¢ = ¢y 6uyo V = V.
MopcraBnss B (1.4) £ = ty, nonyuum

Vo =1I(t) + C,

oTeyaa C = Vo — I{to).

Moncrapass sHavenne C B (1.4), Haxomum
V(t) = Vo + I(t) — I(to).

3ro conagaer ¢ gopmyaoft (1.3), Tak Kak

t
t
fat)=108], =1~ I(t0).
ty
tp

PopMyny (1.4) MOXKHO HasBaTk o6INHM pellleHHeM ypaBHe-
Hua (1.1). BueiGupasi To HAH HHoe 3HaueHue C, H3 dopMynn (1.4)
MOXCHO TIONYYHTh PasfiHuHHEe JACTHHE PellleHWs, COOTBETCTBYIOLIHE
pasyIMYHHM HAYA/ILHEIM YCJIOBHSM.

OnHako OGBIYHO NOTOK Kak (PYHKIMA BPEMEeHH He H3BeCTeH.
Yame H3BecTeH (H3HUECKHA 33aKOH, XapaKTepH3YIOIIHA BHITeKaHHe
BOAH, KOTOPHIH fiaeT 3aBHCHMOCTb NOTOKZ OT Hanopa BOJH, T.€. OT
BHCOTH YPOBHA BoAH 2z (puc. 118).

Tak, HanpuMep, NpH BHITEKaHHH BOOH Y€pe3d TOHKYIO AJHHHYIO
TPyOKY

Puc. 118,

g = —kz,
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rie Kod3HUHEHT k — NONOXKHTeNbHOE MOCTOAHHOE HHCJO, 3HAK
MHHYC O3HaYaeT, 4yTo Boja BuTekaer. [IpH BHTexaHHW BOAH U3
OTBEPCTHA B TOHKOR CTeHKe

g=—-az.

B xaxnom H3 aTHX cJyvaes, 110Ka He pellleHa 3ajaua, He H3BeCT-
Ha 3aBUCHMOCTH OT BpEMEHH YPOBHsA BOAH B cocyme z(t), a 3HauHT,
He H3pecreH H motoK. [lostomy sapauy onpemeneHus V' H3 ypas-

HEHHA
T =1 (19)

HeNbas CBECTH K mpeAbayine#t safade, M chopmysspoBalH 3fiech
3afauy B oblneM cayuyae AJs NPOH3BONBLHOH 3aBHCHMOCTH TIOTOKA ¢
OT YPOBHA 2.

B ypaBHenue (1.D) BXoOaT OB HeH3BECTHHE BEJHYHHH: KOJHYe-
ctBo (06beM) BoAH V ¥ yposeHb BOAH z. OweBHAHO, STH BEJMYHHH
He fABJIAIOTCA He3aBHCHMBIMH. OmnpefieeHHOMY YPOBHIO BOABI COOT-
BETCTBYeT BTIOJIHE Olpefie/ieHHOe KOJMUECTBO BOAM, TaK YTO V €CTh
usBeCTHas QynKuus *) ot 2, V{2).

[TopcTaeasa V(z) B ypasuenue (1.5), Hallznem:

dt dz dt

IlponzeonHas ofbeMa No BHICOTE pPaBHA NJOLIAAM CEYEHHA HA BHICO-
Te z (cM. dopmyny (14.8) rnasui I). OGossauuMm 3Ty NpOHBROAHYIO
gepes S(z):

i) _
0 = 5@)

OxoHuaTe/bHO NMOAYYHM YpaBHEHHe
S(2) 5 = a(2) (1.6

Crioco6 pellieHHsi 3TOTC YpaBHEHHA PacCMOTPeH B CJIeAyIONleM napa-
rpade.

*) Bua stoft dymkmun onpemenserca dopmoit cocya. Tak, wampumep, s
mANHEApIIecKoro cocyna V = araz. Ias xomudeckore cocyaa (cM. puc. 118)

V= %S(z)z. rie S ects NAomaZp ceYeHHs cocyla Ha skcore z, S = wxri(z),

rae r(z) ecTs paguyc ceveHun Ha yposHe z. Ma nomoGust tpeyroarHukos Hafifiem

r{z) =1 77 TA€ fo — PANHYC BEXAEr0 OCHOBAHNSA KOHYCd, h — nonsas sbicora,

‘rax'-IToV=lﬁ;z3.
3 K
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§ 2. Pemenine ypaBHeHHs B cIydae, KOria NPOH3BOAHAS
SaBHCHT OT HCKOMON DyHKIIRA

3anaua o BHITEKAHHH BOAH CBEJaCh K onpeneeHHIo (bYHKlJ.HH

2(t) U3 ypaBHeHHd, B KOTOPOM MpPOH3BOAHAA % 3aNlaHa KaK YHK-
und z:

S(2) % < q(z). (1.6)

Mepenuwen ypastenue (1.6) B sz & T= %((z_)) O6osHauny ;((z;
= f(2); Torna okoH4aTeABHO

=f(2). (2-1)

YpaBHeHuUs, cofepxKaiIue HCKOMYIO DYHKIIHIO H €e MPOM3BOIHbIE,
HasbIBaKTCA HHbdepeHIHaIBHHIMH ypaBHeHHaMH, Ecan ypaBHense
COIEPIKHT JIMIIb MEPBYI0 NPOUSBOIHYIO, TO OHO Ha3HBaeTCA YpaB-
HeHHeM nepBoro nopamka. C npocreAwHMH auddepeHIHANLHEIMH

YpaBHeHHAMH BHAA
dt
== f(2)

Mbl YXXe HMeJH HeJjo. PemHTh Takoe ypaBHeHHe — 3HAYHT HaWTH
OYHKUMIO 110 ee NPOH3BOXHON. 3Ta 3ajaua pelnaercd HHTErpHPO-
BaHHEM,

PaccotpuM ypasHense (2.1). IlepenuineM ero B BHfe

i 1
dz  f(z)’
Takas 3anUCh COOTBETCTBYET TOMY, YTO MH B XO[e pemeHHA 3a-
Ja4H BpeMeHHO GyaeM paccMaTpHBaTh ¢ Kak QYHKIHWO z, T. e, GyleM
Hckath o6paTHyio ¢yHkumio £(2) (c. rnasy II, § 2, B uacTHOCTH,
dopmyny (2.3)), a yxe Halina ee, BHpasHM 2z 4yepes i.
[pounTerpupyeM Jepyio u mpasyio dacti (2.2):

(2.2)

OTKyna
(2.3)
MH MOJY4YHJAH pellieHMe 3ala4YH: ClpaBa CTOAT (PYHKLUHA OT 2,

cnepa — BpeMs ¢, Takoe paBeHCTBO MO3BOJIAET MpPH KaXAOM 3Ha-
ueHMH ¢ HaliTH cooTBeTcTBylomee 2. Pemenne (2.3) ymosaereopaer
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HauaJLHOMY YCJOBHIO: 2 = 2o nipH ¢ = ¢p (B HavaABHEH MOMEHT { =
= {g 3aflaH YpOBEHb BOIK B COCYAS Zg).

B sakuiodeHHe 3TOro naparpada paccMOTPHM IBa MpHMepa.

1. Boga BhTexaeT H3 KOHHYECKOro cocyda 1Mo TOHKOH TpyOke:

dv

_-_-S(z)= 3 y E:.E:—T:— oz'
i = ] L X A A
e =dt, —g [ sdi= (5 -3) =t

o t:

2 _ 4 ki
252w (t —to),
2kh?
= — = (t—ty). 2.4
z ‘/ g7 (t-t) (2.4)
3ra ¢opMysa MOJHOCTRIO peillaeT 3afiayy. Jlerko NpoRepHTE, YTO
kh? i kR

de _ _ _
&t w T wrde
0\/"3‘2'*"2(* W oo

TaK uT0 2z JeHCTBHTENBHO YHAOBJETBOpAeT ypaBHeHHio. OueBHMiHO
TaKKe, uTo NMpH ¢ = ¢y 2z = 2. Bupaxenue (2.4) noapoaser Hali-
TH MOMEHT, KOrfla 3aKOHYHTCA ONOpUXKHEHHe cocyfa: z = 0 mpH

ar? 22
0 %
t=1y + kh2 2"
2. Uunuuapuyeckufi cocyn c TpySkoit. B atom ciayqae
dV dz
V(z) = =iz, = =rg = ke
Orciona: de
—xr§ — = kdt,
k4
mi(nz —Inz) = —nriln z% =il @ =pit-1). (2.5)
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Hz (2.5) verpymno Bupasute z uepes ¢. HefictBHTennHo, Inz =

=Inzp — p (t — to). Orciona
z2= zoe_k(t_tO)! ("'2)

PaccmMoTpsiM sBa MoMeHTa BpeMeHH t H t + At H HafifieM OTHO-
2t + At),

z(t)

2EHAL) _ k(e Ai-to-tito) [(wrD) = kAL (D)
2(t)
MH BHIMM, YTO 5TO OTHOLIEHHE 3aBHCHT TOJBKO OT Al M He 3aBHCHT
or {. IloaTomy 3a paBHBle NPOMEXYTKH BpeMeHH YPOBeHb BOIH 2
najaer B paBHOM OTHOLIEHHH.

Hurepecnoe KauecTREHHOE OTJIHUHE BTOPOTO IIPHMEpPA OT II€PBOrO
3aKJIYaeTCH B TOM, YTO BO BTOPOM peIleHMH HET TAKOT0 MOMEHTA,
Kkorfa z obpamanoch OW TOYHO B HYJb. C TeUeHHeM BpEMEHH Z
YMEeHBIUARTCH, HO K HYJIIO CTPEMHTCSH TOJBLKC NpH £ — 00.

weHHe

§ 3. PagnoakTuBHLIA pacnan

OcHoBHOM 3aKOH PajHOAKTHBHOrO pacliafia COCTOHT B TOM, 4TO
OTHOMIEHHE YHC/A PACNABIIMXCA 33 €IHHHIYy BpeMEeHH aTOMOB K 006-
HeMy YHCJY aTOMOB ABMAETCA MOCTOAHHON BeNHYHHON, 3aBHCAINGH
TOJBKO OT BHAa aToMoB. [IpH 3ToM mNofpa3yMeBaercs, uto ofilee
YHCJIO aTOMOB BeCbMa BEJIHKO.

STa BeJHYHHA HA3HBACTCA BEPOATHOCTHIY pacraza. O6osHaunM
KOJINYECTBO ATOMOB, KOTOPHE ellle He PaclaJIHCh K MOMEHTY BpeMe-
uH ¢, uepe3 N(t). B MoMeHT BpeMeHH ¢ -+ di HepacnaBIIUXCA aTOMOB
6yner N(t + dt). [loatomy 3a Bpems dt (ot £ no ¢ + dt) pacna.naée}rvca

N(t) — N(t + dt) = —dN aroMoB. BeposaTHoCTb pacnaza o = ——-

N
OTcrona AN dt’
— = —oN. 3.1
- L6
M3 atoro cooTHomleHHR, BCIOMHHAfA, YTO pasMepPHOCTb —— TaKas

dt
N
Xe, YTO H OTHOWEHHA —, BHAHM, 4YTO BEPOATHOCTE pacnajfa @ HMeeT

paamepHocth 1/c*).

*) CnezioBaTeNEHO, BEPOSTHOCTD SAECH TMOHHMAGTCA HE B TOM CMHICAE, KAK
B YTBEPKZEHHH, UTO [IpH GPOCAHHH MOHETH BEPOATHOCTB TOTO, UTG MOHETa YIaaer
BBEPX TepfoM, pasma moiosiHe, Onpefe/eHie BEPOATHOCTH PACTIANA KAK OTHOMIE-
HIA YKCAA PACMAZI0B B eAHHULY BpeMEHH K BaYaJbHOMY YHCTY aTOMOB CIPABE/AHBO
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HayanrHoe yc/ioBHe COCTOHT B 32[laHHH YHCJla 8TOMOB B Havda/b-
HHt MOMeHT BpeMeHH: N = Ng npu ¢ = 0.

Peman ypasHenHe (3.1) crocofoM, H3JM0XKEHHHM B [IpelbAyIeM
naparpade, ¥ NoJb3yAch HadaAbHHM YCJIOBHeM, HAXOMHM:

N(t) = Noe_"‘ (3.2)

(coBeTyem uuTaTesmi0 mpofenars Bce BHKJAaAKH), OfRHaKo B cayuae,
KOraa NpPOH3BOAHAsA MPONMOPUMOHANbHA HCKOMON (YHKIHUH, MOXHO
npejsioxKuTh Gonee npocToil cnoco6 pellleHHs ypaBHEHHS.

B raaee Il MB BBIACHMJAH, YTO NPOH3BOAHAA OT NOKA3aTeNbHOH
¢$YHKUMP MponopuMOHANbHA CaMOi GYHKIHY;

d(a®) _ @
By Pl const -a”,
B YaCTHOCTH, 4(C L )
————e ” — k£
7 Cke™,

ecnt C H k — nocronHHue, BcmoMHHE 9T0 CBONCTBO NoKasaTebHON
(YHKUHH, TPeNITONOKHM, YTO pelleHte ypaBHeHHA (3.1) HMeeT BHI

N =Ce*, (3.3)

H moctapaemca nonobpaTe C H k Tak, uToGH YAOBNETBOPANHCH
ypaBHeHHe H HauasbHoe ycaoske. Jduddepenuupya (3.3), moayaum
&N _ Cke* = kN;

dt

nopcrasuM 3to B (3.1): kN = —eoN, otkyaa k = —e. Ilonaras B
(3.3) t=0 1 noab3yach HauaJALHEM yCAOBHeM, noaydaeM C = Np.
Urax, N = Npe™ %

BenxunuHa —ot, cTofIlaA B MOKa3aTeje CTenehH, GespasMepHa,
KaK M AODKHO ORITH.

PanuoaKTHBHEE aTOMB XapPaKTePHIYIOTCA NepHOJOM Moaypacna-
ga T, xoropuil npencrasiser colofi BpeMs, B TeueHHe KOTOPOro
4HCAO aToMoB N BCJie[ICTBME pacnajia YMeHbOIaeTcs BIBOE 10 CpaB-
HEHHIO C Ha4yaJbHBIM.

TOMBKO B TOM CAYyYae, ec/H YMCAO PacRajoB b €AMHKUY BpeMeHH {HanpuMep, ce-
KYHEY) COCTAB/IAET Malylo NOMK YHCAA atoMos. To9HOE OnpeNeenne BEPOATHOCTH

1 dN
pacraaa jaercs nMeHHo (opMynohi o = ~N G T© BEPOATHOCT: pacniajia panka

OTHOLICHHIC 9HC/A DPACNafoB 32 Ma/H{l NPOMEXYTOK BpeMeHH K oflieMy uHCAY
aTOMOB M K BEAHYHHE NPOMEXYTKA BpeMeHH.
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Onpenenum nepron nonypacnaga T. U3 ¢popmynn (3.2) N(T) =
= Noe~®L, C mpyroit cropons, no onpegenenuio N(T) = -;—No. [To-

yromy NpeT = %No; el ;, OTKyZOa:
~o(f)=-h2 T=22x2% (3.4)

[leppon moaypacmafa ofpaTHO MpPONMOPIHOHAJEH BEPOATHOCTH
pacnaja.

Kaxnuii aToM, mpexje yeM pacrmacThCs, CYRIECTBYeT HEKOTOpoe
BpeMs, 3TO BpeMs HAa3bBAETCA BpeMeHeM XKH3HH aToMa,

Hatmem cpenuee BpeMsi XH3HH T aTOMa JAHHOTO PaIHOAKTHBHOTO
sAeMeHta. [IycTh B HauanbHEA MoMeHT ¢ = 0, Koraa aToMH OGnuH
H3roToBJIeHH, Ouisto Ny aToMoB, 3a BpeMs oT ¢ Ao t -+ dt pacnagaercs
KOJIHUECTBO aTOMOB

—dN = oN dt.

Bee aToME 3TOM IpynnH NpoXHAH NPHMEPHO NMOPOBHY, HX BpeMA
MH3HH ecTb i. CpefiH B3ATHX B HaYaJLHRA MOMEHT aTOMOB HMEIOTCH
FPYNOH aTOMOB, KOTOPHM NPEICTOHT NPOXKHTL PAsJHYHOE BPeMs OT
ofLIero A/AA BCEX ATOMOB MOMEHT2 H3TOTOBJEHHA IO PAsJIHYHOIrO
AN Pa3HHIX aTOMOB MOMeHTa pacnana. Uro6u HaliTH CpefHee BpeMs
KH3HH, HANO0 YMHOXHTb BPeMs XH3HM KKHO# rpynnb Ha 4YHCIO
aTOMOB B 3ToH rpylme, CAOXHUTL STH BeJHYHHBl JJIA BCeX TpymI
¥ TIOfIeJIHTh Ha oflliee YHCIAO aTOMOB BO BCeX TpyINax.

Tak xak GyAeT CKJauplBaThca BechbMa GoJIbILIOE KOJAHYECTBO CJa-
raeMHX, TO BMECTO CYMMH MOSBHTCA HHTErpaJ, Io3TOMY

L= ]

[t-mth
i= "T— (3.5)
ol dt
0

Ioncrapum crona Bupaxenue aaa N us (3.2). 3HaMeHaTens:
(= +] (= +] o0 e —t 0
J oN dt = J oNoe™™ dt = oN, I et dt = —oNo | " = No,
0 0 0

Yero M CJefoBaJIo OXMAATh, TAK KAaK HHTerpas B aHaMeHaTese NaeT
ofiee YHCIO BCEX PAcMaBIIMXCHA aTOMOB, KOTOpOe, OYEBHAHO, PaBHO
YKCAY aTOMOB B HauaJIbHHIT MOMEHT BpeMeHH.
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Hurerpan, croawmi B yucaurese (3.5), GepeM UHTErpHPOBAHHEM
1o yactaM, nosaras t = f, e~ dt = dg. ITonydaem

o0

oNo l te~dt = alo (~Lte ™+ [ L e at)|
D )
H3 dopmyan (3.5) noayuum teneps
o T (3.6)

IMonb3ysack STHM, MOXKHO OCHOBHOE ypaBHeH#e (3.1) u ero peleHue
(3.2) sanucarte TaK:

dN _ N
E = —?, (3.7)
N = Npe 2, (3.8)

Ilpu aTOM HAA0 TIOMHMTH, YTO BpeMA { eCTh HEIABHCHMAA NepeMeH-
Hasl, YHCAO aTOMOB 3aBHCHT oT ¢. BesMunHa ke f eCTh NOCTOAHHAY,
XAPaKTepHSYIOWIAA AAHHEIX THI PARHOAKTUBHHX aTOMOB.

Hs dopmynu (3.8) supmo, uto 3a mpema ¢ =1 uucio aromos
yMenpmaerca oT Np fio Noe™! = ?0. B € pas, T.e. NpHGAH3UTEJIbHO
B 2,72 pasa.

ITo ¢opmyne (3.7) HavanbHasg CKOPOCTh pacnajfia TaKoBa, YTO
ec/H OBl YHCJO aTOMOB, DPACIAfAOIIMXCH 33 eJHHHIY BpeMeHH,
HE YMEHbILAJOCh, TO BCE aTOMM pacnanuch OH 3a spema 1. Jeh-
cTBHTENbHO, NMpH ¢ = 0 6HA0 Ny aTOMOB H CKOPOCTb pacmana
dN| N

dt le=0 ¥ n?
Bpems, paeHoe . Ua opmyan (3.4) o = > TOSTOMY

T
= g ™ 1,457

Besuuuuo#t ¥ B pacuerax moabsoBaTheA yAoGHee, YeM TNEPHOAOM
noaypacnapa 7.

. Ilpu Takolf CKOpPOCTH AN MOJHOTO pacmafia HYXKHO

YnpawneHus
1. Cpennee BpeMa xuznu pagus 2400 net. Onpenesaurs nepuon noay-

pacnaja pagus.
2. Bragaae 6eii0 200 r pagusa. Ckonsko ero octanercd yepes 300 ser?
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3. 3a 500 ner pacnaaock 10 r panua. CkodbEO ero 6mNI0 B HAYANbHBI
MOMEHT?

4. OnpenenuTtsb, Yepes CKOAbKO BPeMeHH pacnapaeresa 1%, 10%, 90%,
99% oT mepBOHAYAABHOTO 3a0ACA PAAHA.

5. Copepxanue paguA Ha 3eMsie B PASNHYHHIX TOPOJAX B CpemHeM

WGY, ) # (no aromam). Kakono Guno cogepxkanue pagua 10000 ner

nazam, 108 ger masam, 5- 10° ner nasaa (5 - 10° ser — mospact 3emmu)?

§ 4. Hamepenne cpeHero BpeMeHH XKHIHH
PagHOAKTHBHBIX ATOMOB

Cpensee BpeMA XH3HH ¢ Pas/AHYHBIX PaAHOAKTHBHEIX aTOMOB
BecbMa pasaHuHO. Tak, HanmpHMep, MSBECTHO HECKOJILKO M3OTONMOB
ypana. ONMH U3 HHUX, ypaH ¢ aToMHO# Maccoii 238 (U?%8), umeer

cpefiiee BpeMd xusuH I = 7 - 10° aer. Jlpyroit uaoron (UZ) umeer
cpenee Bpems xu3HA § = 10° JeT (mosydenye aToMHOH SHeprHH Ha
ATOMHBHIX 3JEKTPOCTAHLUHAX NMPU NeJIeHHH ypaHa MPOHCXOMHT B OC-
HoBHOM 3a cuer U23%), Cpepnee Bpems xusnn pamus 2400 set*).

OznHako He HAoO AyMaTb, YTO CPEAHEE BpeMs XKUSHH BceX pa-
LHOAKTHBHHX aTOMOB HCYHC/AETCA THcAYesnerHsimu. Cpesu papuo-
AKTHBHHX BeIlIeCTB, BCTPEYAIOUIMXCA B NPHPOJE M H3YYeHHHIX elle
cynpyramMa Kiopu u DpuectoM PesepgoprioM, HMeOTCs NOAOHHE O
CpeHHM BpeMeHeM XH3HH okoao 200 axeil, pamuit A co cpeaHuM
Bpemeﬂ4eu XusHe 4 MuH H paguit C’ cO CpeAHUM BpeMeHEM MKU3HH
2-107%c.

B cBaau ¢ pasBuTUeM saepHOA HHIHKH H HCMNOAB30OBAHHEM ATOM-
HO# SHEPrHH OTKPHTO OrpoMHOE KoJHuecTBo (Gosee 400) pasmiuHzix
paAHOAKTHBHHX BELUECTB ¢ CAMBIM PAsNMUHLIM CPEJIHHM BpeMeHeM
JKHM3HH,

Ecau B MoMeHT BpeMeHu ¢ HMeerca N(i) HepacnmaBwmuxcs aro-
MOB, TO B eNHHHMIly BpemeHH pacnagaerca n(t) = oN{(t) aroMos.
Beanuuna n(t) ecTb CKOPOCTL pacmaja aTOMOB,

YuuoXHUM 06e yacTy papeHcTsa (3.2) Ha . [loayunm

olN = mNge'“,

HITH
n(t) = no(t)e™, (4.1)

rae ng(t) — ckopocTs pacnajia B Haua/bHH{ MOMEHT BpeMeHH.

*) OTueTHM, TO B GHSHYECKHX CMPABOUHHKAX YACTO MPHBONAT NepHOl Nouy-
pacnaga T = 0,697, cu. § 3.
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Ecam anemenr uMeer Gosiblice cpefiHee BpeMA JKH3HH, TO Ipo-
BepHTs GopMyay (3.2) Ha oneiTe He yAaerca. [IycTe Baar ypan-238.
CoBpeMeHHas TeXHHKa H3MepeHHH No3Bo/feT OGHAPYXKHTh KaXKABIM
cnyvalt pacnaia paaHoakTHBHOTO atoMa. OKassiBaeTCd, 4TO B ONHOM
rpamue U gaxkayio cekynmy mponcxomut 1,2 - 10 pacnamos. Onun
rpamm U8 conepxur 2,5 - 102! aromos. TTostomy

1,2 104
=2 5. 107181,
=25 108 €

2,5-10% 17
107 =2.107¢=7.10° ner.
ITycte MH HaGmonaem 3a pacnamoM ypana 10 ser. 3a sto Bpemsa
B ONHOM rpaMMe pacnafiaetcs oxoso 4 - 1012 atomos. O6HapyxwuTh,
yro pmecto 2,5 - 102! atomos ocranocs 2,5 - 1031 —4 . 1012, 6runo 6u
OYeHb TPYHHO.

Onxako, NPOBOASA ONHTH C PAAHOAKTHBHHIMH BeNIECTBAMH, HMe-
OMUMH He O4YeHb GOJIBIIOS CPejHee BPeMA JKUSHH (0T HeCKOJbKHX
MHHYT RO HeCKOJBKHX NHefi), yaaercs ¢ GOJIBLION TOYHOCTHIC NPO-
pepuTs Qopmyny (4.1}, a TeM caMbM noATBepAuTH dopmyan (3.1)
1 (3.2). Ana 3TOr0 MOXHO NMOCTYNHTH C/EAYIOWHM ofpasoM. Byaem
NOACYNTHIBATL YHCJO DPAcNafioB 3a HeGoJblIMe NPOMEXYTKH Bpe-
Mend. [Togenus 4Heno pacniafoB Ha JAJHHY NPOMEXYTKA BpeMEHH,
TIOJIYYHM CKOPOCTE pacnajfia B pasAudHBe MOMEHTH BPeMeHH,

ITocTpouM rpaduk 3aBHCHMOCTH CKOPOCTH pacliajia OT BpeMeHH.
IMonyuuM xpusyw aunuio. Kak y6eauThca B TOM, YTO 3Ta KpHBsas
ecTk rpadk moxasaTesbHOR QYHKUHU? JJA8 3TOro moAcuHTaeM Jo-
rapu¢Me NMoAyJeHHHX 3HaYeHH#l CKOPOCTH pacnajia H 1o 3THM JaH-
HEHM NOCTPOHM rpadHK 3aBHCHMOCTH BeJIHYHHHE Inn OT BpeMeHH ¢,
B peayabraTe mo/XHA NMOJYYHTHCA NMpAMAan JIMHHA, 4 3TO HeTPYAMO
NPOBEPHTE Ha T1a3. MHOroOUHCIEHAEIE SKCNEPHMEHTH AelficTBHTENB-
HO HAiOT NMpPAMYIO.

TakuM o6pazom, Inn(t) ecTb JuHelHas (YHKLMA OT BPEMEHH,
T.E.

Monssyacs (3.6), naxonum I =

Inn(t) =a + be. (4.2)

A 370 3HauuT, uTo nft) = 4T < e%eb — cel, Ha rpadukax mean-
qydHa b nofMyyaercs orpHUATEABHON: b = ~m, e @ — BEPOATHOCTH
pacniana. CliefloBaTe/]IbHO, ONHT MOATBEPMKAAET OCHOBHOA Pesy/bTaT
NpeALAYIEro naparpaga H JaeT BO3MOXHOCTb ONpPeNeNHTh ©, TOA-
CYHTAB TAHTEHC YIVIa HakJoHa npaMoii (4.2) Kk ocH &.
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Hano noguepkHyTb, UTO STOT PE3yJssTaT, N0 CYMIECTBY, YPe3BH-
naitHo ypuBuTeseH *). [IpeacraBuM ce6e Ny pafHOAKTHBHEX aTOMOB,
NPHIOTOBJCHHHX B HadaleHHHA MomeHT ¢ = 0. Bce omH mpuroroe-
neHbl OAMHAKOBHM CIOCOGOM H ORHOBpeMeHHO. Mu 3HaeM, uTo pa-
AMOAKTHEBHBIE ATOMH HeyCTORUHBEI, ¢NOCOGHHN pacnagarbes. MoxHo
AONYCTHTH, YTO pacnaj atoMos Tpe@yeT ONPeAe/icHHOTO BpeMEHH.
NpencraBum ceGe, uTO NMocJe NPHTOTOB/AEHHS aATOMB JO/KHH KaK-TO
ro3peTh Ao pacnaga. Ho B TakoM cayuae Mul AOMKHH OuH Ok 0XKH-
AaTh, 4TO Bce aTOMH GYAYT, He pacnajasch, COSpeBaTh OJHO H TO XKe
BpeMS, a 1O HCTeUSHHH ITOTO BPEeMEHH, cO3pes, ONHOBDEMEHHO pac-
nagyrcs. [IpeacraBum ceGe Kakue-TO MOAENM NMYIUEK ¢ HATAHYTHMH
NpyXMHAMH U 3y6uaTHMH KoJMecaMH (M/H 4ACOBHMH MeXaHHSMaMH),
cnocoGHBE TIPH ONpeAesieHHOM IOJIOXEHHH 3yGuaThX koJec (Mau
4acOBEIX MeXaHM3MOB) CHJIOR MPYXKHMHH BHGpacHBaTh CHapsAA. Bu-
cTpeJAuBaHue CHapaga GyneM HasHBaTh pacnaaoMm mozaend. Ilpu omu-
HAKOBOM ycTpoHcTse BeeX Mofedell MOAeJH, H3TOTOBNCHHHE B ONHO
W TO Xe BpeMs, BHOpacsiBalOT cHapaj IO HCTeUeHHH OJHHAKOBOrO
CpoKa,

Takas KapTHHa pacmafia MOAeJIH NMYIIKH C BHJETOM CHApAla He
uMeeT HH4ero obliero ¢ AelicTBHTE/NLHHM NOBeJEHHEM PaJiHOAKTHB-
Horo aroma. IIpuroToBsieHHHe B OSHO H TO 3Ke BPeMf aTOMB pacna-
NAIOTCA B camble pasHooOpasHule MOMeHTH. [ToAcYHTaeM, HampHMep,
CKOJIBKO NIPOLIGHTOB pacnajaeTcs 3a BpeMs, MeHblllee cpPefHerc Bpe-
meHH xKHaHH. U3 (3.2) HaxonuM, uTo ckopocTs pacnaga (KOAHYECTBO

aTOMOB, PacNaBILHXCH B €NWHHIY BPeMEHH) eCThb - = —oNge™*,
3a Bpema dt pacnanaercs

% dt=dN = —CoNoe-mt dt dTOMOB,

a 3a BpeMd ot £ = 0 mo ¢ =1 pacnapaerca

i -
M=- J aNge™™ dt = —Nge™ ; = Ny(1 — =) aromos.

*) Hunpe Bop B fokaane o pagHOaKTBHHX npeppamennsx (1905 r.) rosopar
B 9Toll cpAsH: «CMECH AHCKYCCHA 0 cpezell MPOROMIKHMTENBHOCTH XKHIHH aTOMOB
6e3 YKasanHd Ha oNpeReseHHHH MOMEHT BpeMeHH COCTOMT B TOM, 9TO OHH, TAK
CKa3aTh, He CTAPLKT RO TEX NOpP, NOKa HE HAYHYT DPACHAAATLLA; CAeNOBATENBHO,
0OOYHAKOBAA BOSMOXXHOCTE pacrnana CylecTBYeT B M0G0 MOMEHT HX JXH3HH».
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1
Tak kak @ = =, TO

7
M= No(l - %) ~ 0,63No.

3Hauut, 3a BpeMs MeHbllie, ueM %, pacnajaerca 63 % atomoB. Ana-
JOCHUHO TMOACUMTHEAEM, YTO Sa BPpeMs oT © A0 2 pacnagaerca 23 %
aTOMOB, a sa BpeMs Goastue 27 — 14 % aroMoB.

Ha puc. 119 nokasaHH piafAoM KDPMBHE HMCAa pacnafioB B eA-
HHIY BpeMeHH AJA paAuoakTHBHHX atoMos (/) M Aas mopeseit
nywek (2). Ilpu sTOM KpHBas AfAs Momeseft UMeer mmpuHy. Mox-
HO TNpeACTABHTH cebe, UTO MOASAU H3rOTOBJCHH HE COBCEM TOYHO
l MIO3TOMY CTPEJAIOT HE COBCEM OJ{HOBPEMeHHO. UeM TouHee BHIOJ-

HEHBl MOJEJd, TEeM Yie KpHBasf Ha

gu puc. 119,
Inowazs nom KpHBOA Npencras-
2 Jser coGoil ofliee uyucao BCeX pac-

NapIIMXCS aTOMOB AJA OAHOW KPHBON

H ofilee yKHe/IO Beex Mofenell AAsA BTO-

poit KpHBOH. MOXHO B3fTb YHCJIO MO-

Jeneil, paBHoe uHcAy aToMoB, Torma

o ? 3737 7 00e KpHBHe GYAYT HMeTh OAHHAKOBYIO
A0k,

Pric. 119. A6cuscca LeHTpa TSKECTH O6eHX

KPUBHIX TaK)ke OAHHaKoBa’); 310 3Ha-

YHT, YTO pacCMaTPHBAIOTCH Takide MOIEJH, ¥ KOTOPEIX CPeJiHEE BpeMs

KH3HH (JO BHICTPeNa) TAKOE XKe, KaK CpPENHee BpeMs JKHSHH pac-
CMaTpHBaEMBEIX PaAuOaKTHBHEIX aTOMOB.

Takum ofpa3oM, Mbl cleaid Bce, yTo OHJI0O B HAIUHX CHJaX,
uyTOOH AOGHTBCA CXONCTBA KPHBHIX! B3SJIH CTOJIBKO Mopesieli H ¢ Ta-
KUM MeXaHH3MOM, uToOu ofllee yHCJI0 Mojeeil H aTOMOB U cpefHee
BpeMs KH3HH MOZeJieli H aTOMOB GHIAH OfMHaKOBH. M TeM He MeHee
NOAYYHJMCE KPUBHE, HeOGHUANHO pesko oTIHualomuecs no gopme!
SKcnepUMeHT ¢ PaAMOAKTHBHBIMH siipaMu ¢ aGCOMIOTHON HeonpoBep-
JKHMOCTBIO OTOpACcEIBaeT TOT THN KPHBOH, KOTOPHH noaydaetcsd pfs
Mofieniefi. UeM TOuHee CTaBATCA OMHTH, TeM ¢ GoJblIefl TOUHOCTBIO
NOATBEPXKAAETCS HMeHHO 3aKoH (3.2).

CpaBHeHHe ¢ MOJS/IAMH HaM TNOHAAOGMJOCHE AJH TOro, 4TOOH
HE TIPUHHMATh KaK JAO/IKHYIO M €CTECTBEHHYIO 3aBHCHMOCTH (3.2)
AJif pafiHOAKTHBHOIO pacnajga, 4ToGal BH3BaTh YYBCTBO YAHBJAEHHA

*) Kak Gyzer nokazano B § 15 raasu VI, s10 caenyer us dopuynn (3.5).
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W JOGOMHTCTRA, BH3BATh BONPOC: <A moyeMy e, B CaMOM JieJe,
papHOAKTHBHHIA pacmaj MIeT TAKHM 06pasoM?»

Kakop ¢Hamyeckdli CMECA BeIMUHHE BEPOSATHOCTH pacmapma?
B zanexom npomnoM, B Hayane XX Beka, HHOM[A BHCKAa3bIBa-
JHCh MPEANOJOKEeHHs, YTO PAAHOAKTHBHHA pacmaam Tpefyer emie
KaKOTO-TO BHEIHErO BO3ACHCTBHA, HanpHMep, IONANAHHS H3BHE
KaKo#-TO 4acTHOL. B 3TOM cyyae MOXHO Ghiyio 6H cebe mpeacta-
BWTb, 4TO OfHH 4TOM pAacmajcs PaHbIIE, a APYrol mosxe B 3aBHCH-
MOCTH OT TOTO, B KOTODHIi aTOM paHblle monaja yactuna. Ho ara
FHNOTE3a He COOTBETCTBYeT (akTaM, pafHOAKTHBHHEIA pacmaj HAET
¢ OIMHAKOBO# CKOPOCTBLIO B CAMKIX Pas/HYHEX YCJOBHUAX, HE SABHCHT
OT TeMIICpaTypHl W CTOJIKHOBEHHH ATOMOB Mexiay coboll, He 3aBu-
CHT OT JleHCTBHA KOCMHYECKHX Jyueld; npH paaHOAKTHBHOM pacnaze
B TOYHOCTH COXpaHSIeTCA SHEPrHsA, 4YTC TAaKXKe OMpOBepraer mpef-
CTaBJeHHe O KAKOM-HHOYAb BHeIUHEM BO3ACHCTBHH IPH pacaje.

Bropas BOsMOXHasl [HIIOTe3a 3aKJIOUaeTcs B NpPeANOJOKEHHH,
YTO B AeHCTBHTEBHOCTH B HAYaJNbHHIH MOMEHT NPHTOTOBJEHUA pa-
IHOAKTUBHHIX aTOMOB OHHU YiKe OLIJIM He COBCEM OJHHAKOBH ¥ UMEH-
HO MOTOMY PACHANHCEH B PasiuuHOoe BpeMA. 3T0 NpeAnosioxKeHHe Co-
OTBeTCTBYeT KapTHHE MOfeJiell, KOTOpHE BHEINMYCKAOTCHA ¢ YACOBHIMH
MeXaHHIMaMM, YCTAHOBJICHHEIMM Ha Pa3JMyHOE BpeMs. JTa rHNoTesa
MpefnoNaraer, YT0 TOYHOE 3HAHHE COCTOAHHA KAXAOrO aTroMa noJ-
HOCTBIO OIIpeJIEJIAIeT BCIO €ro JaJabHefYI0 HCTOPUIO H, B YaCTHOCTH,
TOYHO OTpefiefIfeT, KOrla HMeHHO pacmajaercd AaHHHIA atoM. Ecau
aTOMH pacrafiaioTcd yepes pasHoe BpeMd Toc/e HX NMPHTOTOBJSHHSA,
3HAUUT, TAK KaXIOMy 43 HUX M OHJAO Ha pONy HANKCAHO: MPH
WSTOTOBJEHHH pasHHE aTOMHE OAHONO H TOMO Xe pPafHOaAKTHBHOIO
BeIIecTBA GHJ/IH U3rOTOBJICHH HEOHHAKOBHIMH H 3TO Pa3HOe BpeMs
6EL10 NPEAONPENSICHO TIDH H3MOTOBJCHHH.

Taxas Touka 3peHHA TakXKe He BaljepXKHBaeT KpUTHKU. C aToil
TOYKH SPEHHA NPH KaXKAOM KOHKPETHOM cnocobe NoJMyueHHs aTOMOB
PaAHOAKTHBHOTO 3JIEMEHTa AOJIKHA TIOJYYAThCA CBOA SABHCHMOCTH
CKOpOCTH pacmapa oT BpeMeHH. ONHT ONpOBEPraeT Takoe Npeamnodo-
KeHUe.

OnMH 4 TOT XXe BHA PaAHOAKTHBHEIX aTOMOB YacTO uoxmo ToJty-
YUTh Pa3MYHHMH CTIOCOGAMH: HamphMep, aToMH Mo (MonmGaeH
¢ aTOMHOIt Maccoit 99) moayyaTca B ATOMHHX KOT/IAX TIPH Ae/eHHH
ypaHa. TakHe e aToMul panblie GHJAH NOAyUYeHH TPH AeHCTBHH Anep
TSKeJAOr0 BOAopoga (mefiTepHs) HA aTOMB OGHIYHOTO, BCTPEYAIONe-
rocs B NPHpOAe, HepaAHOAKTHBHOrO MoJHOAcHa, B Hacroamee BpemMa
H3BECTHO MHOXKECTBO TAKHX NMPHMEPOB, B KOTOPHX OAHH H TOT Xe
BHJ DafyOaKTHBHLIX aTOMOB MOJyHaeTCs PasJHYHHIMU crmocoGaMi.
OnuT nokaseiBaeT, 4TO He3aBHCHMO OT ¢nocoba MOJSyYeHHs aTOMOB
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BCErfa CKOpOCTE pacnajga Aaercs GopMyaod (3.2) ¢ mOCTOAHHEM SHa-
YEHHEM m, XaPAKTEPH3YIOLIMM AAHHHE BUJ atoMoB. ClefoBaTeNBLHO,
ONHT JOKASHEBAET MMEHHO OCHOBHOE YpABHEHMe

dN
?t———ﬂlN.

B sroM ypaBHeHMH 3aKJNIOWEHO OYeHbL GCJbINOe COAepXaHHe:
BCe PANHOAKTHBHHE ATOMH B TOYHOCTH ONUHAKOBH. BepoaTHOCTH
pacnaja He 3aBHCHT OT TOrO, KaK M KOTAAa OHH OHJH NOJYYEHH.
Ceexenoayuennole 100 aToMOB pacnazaloTcs coBepILIEHHO TaK XKe,
KaK B TOM cliyuae, ecu npHrotosute 105 aToMoB, BrMpaTL Bpems,
HYXHoe JJsi Toro, uyTo6n yuenenaud 100 aToMOB, H pacCMOTpeTh 3TH
100 yueneBiHx aToMoB *).

Yro ke yAHBHTesMBHOTO B TOM, uro 100 aroMos ¢ maHHHMH
aTOMHOA MaccOf ¥ YHCAOM $JEKTPOHOB BCerfia OAMHAKOBH? EciH
66l 310 GHIIH HepaAHOAKTHBHHE aTOMEHL, TO H, B CaMOM AeJle, YAHB-
JaTbed 6uao On HeweMy. Ho ana pajHoakTUBHHIX aTOMOB 3TOMY
Hazo yOMBAATBCH, BenoMuHas, 4To H3 100 atoMoB 63 pacnamaercs
3a speMs I, a ocTadeHse 37 — nocde £, T, e, HAAO YAUBIATHECA TOMY,
4T0 y 4TOMOB BpeMsi pacfaja pa3jIUyHO, XOTS arOMH ONHHAKOBHL,

Oro yauejeHHe HeGecnaonHo. B dABjeHWM paamMoakTHBHOrO pac-
nafa yxe NpoAssiorces OCOGSHHOCTH 3AKOHOB JBHIKEHHHA ATOMHEIX
H AflepHHX YacTHL, OT/IMYalomHecs 0T 3aKOHOB ABHXKeHHUS TeJ, C KO-
TOPHIMH MH BCTPeYaeMcsl B MOBCEHEBHOH XKHSHH. JTH 0COGEHHOCTH
H3y4aloTCH B KBaHTOBOA MexaHHke., [loHATHO, uTo B 3TON KHMre
MH He OyaeM ee xacathea. Hawedl neswio sBasercs Gosee CKpoM-
Has 3ajaya: MOKAasaTh, YTO NMOCTAHOBKA BONpPOCA O HeoGxoaHMOCTH
BuIpaG0TKM HOBHX NpeACTaBJeHHH, OTIHYAIOIIUXCA OT OOHYHOH Me-
XaHHKH, cjefyeT H3 O4eHb NPOCTHIX, U3BECTHHX WKOJALHAKY (aKToB
0 paguoakTHBHOCTH. UTOGH MOHATB, YTO CTAPHX NMPEACTABACHHH He
AOCTATOYHO, HAfi0 TOJBKO CYMETh 3aAyMAThCA, CYMeThb YAWUBHMTBCA,

B cBoeii aBroGuorpadur AsnpGepr Sfimwrelin — BeaHyakimfi
usuk XX Beka — NOAYEPKHBAET CBUE YAMBAEHUE, OLIYLUCHHE YyXa,

*) XapakTepHoft 0coGEHHOCTbIO NOKasaTenbHON QYRKUHH ABAACTCA HMEHHO TOT
¢axT, uTo YacTe Kpubolt nonoSua soel kpusoil. JeficrBuTensro, mycts N = Noe™*,
B moment ¢t =) N = N, = Noe~*., HauneM HoBHi OTCHET BpeMeHH ¢ MOMeH-
Ta t;, BpeMs, OTCYHTAHHOR ¢ 5TOr0 MOMeHTa, ofosHauNM t, 1 =f—f), t =t + .
Torga N = Noe™™ = Noe 119 = Npe~®*1e™* = Nye*". PaccMaTpuBaem pac:
mam, N3 9acTAu, npHroTtoBdeHHHX B MoMeHT t = (. HHrepecyemcs Toffl HacTei
npoiecea, Kotopas mpotekaeT nocse ¢ = t;. Jlna srofi wacTh mponmecca moayya~
eMm N = Noe ! . e~ = Nie™", rae © — BpeMs, OTCYUHTaHHO¢ OT t). TaxuM
ofipasoM, 3aKOH pacniafia OCTABIIHXCHA OT MpeIHAYIErc pacnaga YacTHU B YHCHe
Ny = Noe™!! copepiueRuo Takoii JKe, KaK 3aKOH pacnaza cBeXenoxydeHRHX N
uacThy. Hmenno ato yrBepRAeHHE U CHellaHO B TEKCTe.
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KOTOPOE OH HCIHTAJ, KOrJa BNepBHE YBHIEJ KOMNAC, YBUAEJN TauH-
CTBEHHOe JSACTBHE MArHHTHOA CHJBI, MPOHHKaWIeR Jepes Gymary,
AePeBO, 3eMJI0 H BO3ACHCTBYIOMEH Ha CTPeAKY KoMnaca 6e3 npaMoro
conpukocHosenHs. OH nHiller 0 TOM, YTO TaKoe YAUBACHHE ABJSAETCH
CHABHERIIMM noSynuTe/IbHHM MOTHBOM AMif Heeaenosanua. OH ma-
wer o MoGOIHATENLHOCTH, KOTOPYIC COBPeMEHHBle MeToAN 06yue-
HUA MOYTH cosceM yAywuaus, Cam SifiHinrefiH nokasal HCKIOWH-
TeBHYI0 CNOCOOGHOCTD YRHBJAATBCA H uepnaTh BAOXHOBEHWe H TMO-
SyxaeHHe K COSHAHHI0 TeOPHA H3 caMHX OOLIeH3IBeCTHHX (aKTOB,
Tak, B ocHOBe reHHaJbHO! 06meft TeODMH OTHOCHTEABHOCTH JIEKHUT
yEuBJeHHe Inepe]] (aKTOM NafieHHA DasAWYHBIX TeJl C OAHHAKOBHIM
YCKOpeHHeM.

T[louaTHo, yTo oAHOrO yAWBJIEHHd, OJHO# NOCTAHOBKH BONpPOCa He
AOCTATOYHO, H DHUHIMTERH COENHHHJ CNOCOGHOCTL CTABHTH BOMPOC
C YMeHHEM pEUIHThH €ro, ¢ BAajeHHeM Bcel HyXKHOH MaTeMaTHYecKoi
TexHuKkO#. H Bce Xe cpenyl MHOTHX 3aMedaTeNbHEIX YUEHHX HMEHHO
yMeHHe YAMBHTHCA H NMOCTABHTEL BOMPOC TaM, TAe APYrHe He BHAENH
HUHYETO SaMeyaTelIbHOro, — BOT UTO cAesano DfiHwTeliHa HanGoJee
BeLKAlOMUMcs pUsHKoM XX Beka.

Moxer OuTb, paccMOTPeHHHIH BHIUE pastop PagHOAKTHBHOrO
pacmafia mOCAYKUT YHTaTENI0 NPHMEPOM TOTO, KaKkHe ITyGHHB MOX-
HO YBHJIETD 3a NPOCTHIMH (axraMH H POpPMYNaMu,

B sakmoyenHe npHBeAeM B Ka4eCTBe NMpHMepa KPHUBHE PajHOAK-
THBHOrO pacliajia, NoJyueHHHe SkCmepuMeHTanbHO B 1955 r. B pa-
Gore Cubopra u ero corpyauukos (CIIIA), B xoropoft enepaie Guia
HaGmonaeM 101-it a;eMeHT nepHOAHUECKON CHCTEMBI, Ha3BaHHEH aB-
TOpaMH Merdesesuen (xuMudeckuii cumsoa Md) B uecTs BesuKOro
pycckoro xaumuka 1. U. Menneneena.

B srofi paGore 98-# aneMeHT, Kasrugoprui, ¢ atomHolt Maccol
252, oGayuancs HeATPOHAMH B KOT/ie; NPH 3TOM 06pa3soBHBANCH
kanudopruit-2563. Kaandopuu#i-263 HemyckaeT aNleKTPOH M IIpeBpa-
waercs B 99-# saeMmeHT — siinwmeiinud, Es, ¢ Toft e aToMmuof
maccod 253.

Oxono 10? aromos stinwrefinus (r.e. 4-10~1% ) ocagunu Ha
30J0TYI0 MAACTHHKY H TOABEPraAH B UHKAOTPOHe OoMOapaHpoBKe
a-yacTHIlaMH, T.e. AApaMH resus. [IpH oM ofpasyercs 3jeMeHT
¢ HoMepoM 100 — ¢hepmudi, Fm, no peaxuuu

Es3® + Hej} = Fm%3 + p}
H MeHIEJEeBHH TI0 peaKuHu

Es¥S + He} = Md3s + n).
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B sroft samucy y Kaxaoro XMMH4ECKOro CHMBOJA BHH3Y IOCTaBJIEH
HOMep B Tepuopuyeckofl cHcTeMe MenpeneeBa, T. e. YHC/IO MPOTOHOB
B sape. Uncao cnpaBa cBepXy YKA3hiBaeT aTOMHYIO MAaccy, OKpyr-
JeHHYI0 MO UeJIOTO YHCAa, T.€. CYMMY 4YHC/Ia HeHATPOHOB H Npo-
ToHoB B snpe. Hef — »70 sfpo remus, T.e. a-vactiua, pl —
SAPO aroMa BOACPOAA — IIPOTOH, n(l, — HefdiTpoH. Ilpu spepHoit
peaklHy CyMMa HiDKHUX YHCeJ cjleBa H CIpaBa ONMHAKOBA, 4 TAKKe
OfHHAKOBA ¥ CYMMA BepXHHX 4YHCeJ, TAK KAK NpH ANepHHX peak-
UHAX NPOHCXOAHT TONsKO O6MeH HeHTPOHAMM M IIPOTOHAMH MeXay
anapamu, [locne 60MGapIHPOBKH G-4acTHUAMH SOJIOTAaA IJIACTHHKA
BMecTe ¢ obpasoBaBuIMMMCA (epMHeM W MeHJeJIleBHEM pacTBODA-
Jach B KHCJIOTE, M QepMUii H MeHAeJeBHi! BHACNANHCE XHMHIECKH.
HMeHHo mepHoanveckuit sakoH MeHpaeneesa, kak nmumer CuGopr,
TI03BOJIAET MpeABHAETH 3apaHee XHMHuUECKHe CBOHCTBA sJieMeHTa,
HUKOTAAa DaHee B TpHpole He
CyLIecTBOBABIIEro, HUKOrAA pa-
Hee He MccienoBaHHoro. Ilocne
XUMHYECKOr0 pasiesieHHs IIpo-
N A=47€71(, vem) M3BOJHJINCE HIMepeHHN pa,mgo-
\ akTHBHOro pacnaga. Depmuii
¢ aroMHoit Maccoft 256 paamo-
AKTHBHO pacnajaercs c nepHo-
AOM moNypacmafa okosio 3,5 u.
OH pacnapaercs Ha ABa a1-
pa-0CKOJIKA TNpPHMEPHO paBHOH
Y MacCH, T.e, CaMOMPOU3BOJLHO
2N pemurca (0 AedeHHM M. HH-
\ xe, §5).

\ BepxHsis kpuBas Ha pHc. 120

TMOKA3kEIBAeT 3aBHCHMOCTh YHCAA
: B>  aep (epMHs OT BpeMeHH B OIH-
Bpems nocne Te. [lo ocu abempce oTAOKE-
GomGapaupoRKH (MiH) HO Bpemsi B MuHyrax. Ilo ocu
Pric. 120. OpAMHAT OT/IOXKEHO YHCJIO aTo-
MOB, HMMEIOLIMXCA HA AaHHH

Moment*). Och OpOMHAT HMEeT HepaBHOMEDHYIO WIKafy: BeCOTA
NPONOPLMOHAEHA JOTapH(MY YBCaa aTOMOB. B uacrHocTH, och abe-
uuce {y = 0) cooTBeTCTBYET OAHOMY YlleseBieMy aToMy (In1 = 0),

*) Unczio aTOMOB, HMEOWWXCA B LAaRHLA MOMEHT, HElOCDeICTBEHHO B BTOT
MOMEHT [OBCYMTATE He ygaercd, Ha omure perdcTpHpylores pacmazs aroMos.
Uneno atomos N B MOMeHT £ MORCYHTHBZETCA MO OKOHYAHHH ONLITA, KOMA2 Bee
N aroMoB yxe pacmafnch.
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# YHCAY aToMOB, PABHOMY HY/10, COOTBETCTBYET —OC Ha OCH OpHH-
HaT. Pacnag kaxpaoro oTAeAbHOTO aToMa MeHseT YHCI0 aTOMoB Ha |,
B IPOMEXYTKE MeXAY ABYMS pacnafiaMH YHCAO ATOMOB MOCTOSIHHO,
[MosToMy mpH Takoil SKCNEPUMEHTA/BLHOR TeXHHKe, Korfla PerucTpH-
pyeTcs KaxAH# oraenbHH# pacnafi, BMECTO MJABHOW KPUBOH moxy-
yaeTcA JIOMaHas cTyneHuYarad JIHHHA, Ha KOTODOU KaxAOMY pacnagy
COOTBETCTBYET BePTHKA/LHASA JIHHHA, COEAHHAIOAdA ABe CTYNECHBKH.
[lpsiMast nunMA, nposemeHHass Ha pHc. 120, coorBeTCTBYET 3aKOHY
pacmana
n=nget/t

ret= E?E ~ 54, T = 3,0 u. Kak BunHo Hs puc. 120, Bcero B onure

3apeructpHpoBaHo 40 pacnanos ¢epMus. Uem Gosblne aTOMOB, TEM
GnHKe NOMaHas K NpAMO#; KOrAa e OCTaeTcs MeHblle NATH aTOMOB,
TO €CTECTBEHHO, YTO BEPOATHOCTHHIN XapaKTep PanHOAKTHBHOTO pac-
Nafa NPHBOAMT K 3HAYHTEJIBHHIM OTKAOHEHHAM OT NOKA3aTEJNbHOrO
3AKOHA, CMPaBEMIHBOTO A GOJLIIOT0 UHCAA aTOMOB.

finpa MeHpeseBHs TOCJe XMMHYECKOTO pasjejeHHs GHcrpo (3a
noJyaca) 3aXBaTHBAOT ATOMHLIE 3JEKTPOH H TIPEBPALNAIOTCA NPH
sToM B anpa tepmusa. [ToaToMy TOT OCaJioK, B KOTOPOM OKAasajcs
MeHfieIeBH, MPH H3MepeHHH ero PafiHoaKTHBHOCTH TAKKE JaeT pac-
najg aTOMOR HA ABA OCKOJIKA C MepHOAOM Moaypacnasa 3,5 4. Kpupas
pacniaza ¢hepMHs, NOJYUHBIIErOCA M3 MEHAeNEBHA, HAXOLHTCA B Je-
BOM HiDKHeM yray pHe. 120, B ontite Ha6a10Aan0ch 1eCTh paciajos,
CreasbHBIMH ONMBITAMH JIOKA34HO, YTO 3TH LIECTh ATOMOB HE MOTIH
nomacTs B H3MepsieMHil OCaflok B KaueCTBe 3arpsAsHeHus depMHeM,
a HMeHHO o0pasopa/iuch U3 MeHJEJNeBus.

Bcero B HeckoJbKHX onbsiTax CHGOPr H ero COTPyZHUKH HaGJaio-
Zanu 17 aTOMOB MeHfeJeRus.

TpuBeneHH kI Bhllle MPUMEP He OYeHb XOPOII AJA UAMIOCTPAlHH
TOYHOCTH BHINIOJIHEHUS TTOKa3aTeJI5HOrO 3aKOHA IIPH PafiiOaKTHBHOM
pacnage. ONHTH, AOKasHBalOIHe NMOKA3aTe/LHH 3aKOH, YCIEIIHO
CTaBHAHCH ¢ GoJiee PacTpOCTPaHEHHBIMH DANMOAKTHBHBIMH Belle-
CTBaMH. 3aTo npuMep MeHAeaeBHs H (epMusi NOKa3bIBaeT 3ame-
yaTesIbHOE SKCIEPUMEHTAJbHOE HCKYCCTBO COBPEMEHHMX (PH3UKOB,
CHHTE3UPYIOMIUX HOBHIE 3JeMEHTH H PErdcTPHPYIOIIUX pacuaf Kax-
HOTO OTIENBHOTO aTOMa.

B onmrax Cufopra ¢weTyHK pacnajgop MeHAeNeBHR OB BKJIO-
HeH Hepe3 YCHIHTeNb B DANHOTPAHCAALUHOHHYIO CeThb HHCTUTYTa,
H TIPH KaXIOM pacnaze BCe COTPYAHHKH HHCTHUTYTa, paboraiollHe
B PasHEIX Ja6opaTopHaX, HAa Pa3HHX 3TaXaX, OMOBEIASHCE 06 yene-
Xe — O poXAeHUH (TOUHee, 0 3aPerHCTPHPOBAHHON CMePTH) KAXAOTO
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aTOMa HOBOTO SJI€MeHT4, CO3JZHHOTO JeJoBeKoM (BIpoueM, elle
pasbime, YeM GrJa 3aKoHueHa paGoTa, BMEINAJACh NOXKAPHAN OXPAaHA
¥ OlOBellleHHe GHJIO MPeKpaleHo).

§ 5. NocaepoparensHulfl pacnag
(panuoaxkTHBHOE CeMelCTBO)

B pane cayuaep pammoakTHBHHE pacmaj npuBOAHT K obpasopa-
HHIO 2TOMOB, KOTOpHIE TaKxe PaAHOAKTHBHH, TaK HTO OCYWeCTBANA-
eTCA LeNOYKa pPacnagoB: aToM BelecTBa A npeBpamaeTca B aTOM
BemecTBa B, atoM BewectBa B B cBOK ouepenb IpeBpallaeTcH
B aToM BeiecTBa C H T. A, PaccMOTpHM MaTeMaTHUYeCKyl0 3afady of
ONpefieSieHVH 3aBUCHMOCTH OT BPeMeHH KoJaudecTBa BellecTs A, B,
C B cnocobu ee pemwenns. Koauuectso aTomo Beiects A, B, C,
He pacmaBUIKXCH K MOMEHTY BpemeHd &, 6yfeM 0603HAUAThL TeMM Xe
6yksamu A, B, C.

IlyeTe BeposTHOCTH pacnana sBewectBa A, B, C pasHH cootBer-
CTBeHHO m, v, u. Toraa dA

= =04 (5.1)

(A HasnpaloT MaTepHHCKHM BellecTBoM). Hanumem ypasHenue ana
BemecTBa B. 3a enuHHuy BpeMeHH pacnafaerca vB aToMoB Be-
mectsa B. C apyrofi ¢cTOpoHH, 32 3TC XK€ BpeMs NPOHCXONUT ®A
pacnagos BemlecTBa A, a Tak K2K NpH KaXkAOM pacmafe aToMa
BeulectBa A o6pasyerca aToM BelllecTsa B, 70 32 eAUHKILY BpeMeHH
o6pasyercs wA aromoB Bewectsa B. [ostomy

2 = —vB+tod (5.2)
AnanorHyHue paccyXAeHHR AAl0T
% — w0 +uB. (5.3)

Ypasnenus (5.1)-(5.3) obpaaylor cucremy ZuddepeHIUANBHEX
ypapHeHu#. B gaHHOM csyyae 3TH ypaBHEHHMS MOXKHO PetiaTh CIHO
3a ApyrHM, ¥Mesd KaXAWi pa3s Zeno TOAbKO C OAHHM yPaBHEHHEM
Y OfHAM Heu3BecTHHIM, HelicTBHTeNRHO, B ypaBHenue (5.1) B u C He
sxonar. Tloaromy us Hero onpenensem A(t) = Age™*; amecs Ag —
KOJIKYeCTBO aTOMOB BeliecTBa A B HadaJbHHH MoMeHT ¢ = 0,

Toxcrasasa Bupaxenne ana A(t) » ypasuenue (5.2), nonyuum
ypaBHeHHe, coAepxKaliee TOALKO OAHY HEH3BeCTHyI0 (QyHKumio B:

38 = —vB +oA(). (5.4)
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Kak pemuTh Takoe ypaBHeHHe? PelleHHe TaKoro ypaBHEHHSA
MOXKHO HalTH, eC/IH PaccMOTpeTh CMepBa CyALSY TpYNNE ATOMOB
sewecTea B, o6pasoBaBIIHXCA B OZMH H TOT 2Ke NPOMEXYTOK Bpe-
MeHH — oT © Jio ©+ Ar. Byaem paccMaTpuBaTh HMCAO aTOMOB
910/t rpynnu AB, OCTABIIMXCA ¢B XHBHIX», T.e. He pPaclaBLIHXCH
K MOMeHTY £, B 3aBHCHMOCTH OT BpeMeHH t. Haa Toro 4robHm He
cMewIaTh Mexcy co60f MOMEHT £, KOrla MHl H3MepAaeM YHCJIO aTOMOB,
H MOMeHT 06pa3oBaHH4 I'pPYIiibl, 0603Ha4YaeM 9TH MOMEHTH PasHHIMH
OykBamy: I H T COOTBETCTBEHHO. B MOMEHT T CKOpPOCTh 00pa3oBaHHs
aTOMOB BellecTBa B 6Haa wA(z). 3a Manbifi npoMeXxxyToK BpeMeRH
Ar obpasosanocs ABy = wA(t)At aroMoB peilecTsa B.

Kak 3aBHCHT 4MCA0 aTOMOB B HHTepecylOlled Hac rpynme oT
BpeMeHH $? [lpu ¢ < © OHO paBHO HY/IO: HHTEPECYIOUIHE Hat aTOME
elle He 06pasoBaJHCh, TaK Kak He 06pa3oBafach ellle caMa Ipymna,
AB =0. [Iyctb £ > 1. 3aMeTuM, 4TO ¢ MOMEHTa 06pa3cBaHUA IpyN-
Ny yxe mpomuio BpeMs ¢ — 1. BepoATHocTb pacnajia Bemectsa B
ecTb v. [TosTOMy 1o HcTeveHHH BpeMeHH £ — T ¢ MOMeHTa 06pa3oBa-
HWA TPYNOR YUCAO HepacMaBIIHXCA aToMOB OyfieT

AB(r) = ABye "¢ = pA(z)e "¢DAr.

Jlaa Toro uToOH HalTH NOJAHOE YHC/O ATOMOB Betuectsa B B
MOMEHT BpeMeHH {, HAAO CAOKHTh YHCIAO aTOMOB BO BCeX Tpynmax,
ofpasoBaBumixca Ao MoMeHTta . Ecau Gpats At (a swauut, u AB)
BechbMa MaJIbIMH, TO CyMMa NpeBpaTUTCA B HHTErpaa

t t
B(t) = [ AB(r)ds = [ 0A()e ¢~V d.
0 0

OrMeTHM, 4TO TepeMeHHas HHTErpHpoBaHHA 0Go3HaYeHa 3mech
yepes 1. ApryMeHT ¢, OT KOTOPOTO 3aBHCHT B, BXOAMT B HHTerpaj
B JABYX MeCTaX: Kak BepXHWA mpeieJa M B BHpaX<eHHH TOABbIHTE-
rpanbHofl HyHKIMH. [IpH HATErpHPOBAHHH MO T BEAHYHHY { cAeAyeT
paccMaTpuBaTh Kak nocTodanHyio. [losToMy MoxHo samucaTth

e~ VE—7) = vt

U BHIHECTH &)6_“ H3-TIOA HHTErpafla Kak MHOXHTE/b, He SaBHCﬂl.IJ,Hﬁ
oT 1. CesiaB 3T0, NOJMY4HM
t
B(t) = 0™ [ A(x)e"dr. (5.5)
0

Jlerko npoBepuTh, He BLIYHCAAA HHTerpaja, uro pemenue (5.5) yxro-
BNAETBOPAET MCXONHOMY ypaBHeHHI0 (D.4) npu M0G0l 3aBHCKMOCTH
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dB(t)

A(t). [HeficTuTenpHo, HafiieM NPOHIBOXHYIO
JudwpepeHIHPOBAHHA NIPOHIBEICHHSA NOJTYYHM

. Ilo npasmay

i t
%(‘) = —awe™"t lA(‘l:)emd‘t +me % (lA(t)e"‘dt).
Tak kak mo cBolicTBY Npou3BOAHOR OT HHTerpana (cM. ra. I, § 9)
¢
d vt — vt
- ( fawe dt) = A(t)e™,

0
TO

t
% = —ave® JA(z)e”‘dt +wA(t) = —vB + oA
0

Ecan xe Mu noaoxuM A(t) = Ape™", To NOJYIHM KOHKPETHOE pe-

IIEeHHe
_ Ao o —wt
B(t)—-v_m(e e™).
Pemenne MoxHO 6H0 HafiTH, H He mpuberas K paccMOTPeHHIO
OTAe/MLHHX TPYNN aToMoB. Teneph, KOTA2 pellleHHe HaiiieHo, yxe
JIErKO yrafaaTh MaTeMaTH4ecKuH npueM, BeaymH& k neai. PemeHne

(5.5) umeer BUA B(t) = e™I(t), (5.6)

rae I(f) o6osHadaeT uHTerpai, 3aBMcAmHA oT f. Byzem uckarts
pelleHHe B BHE MPOHSBENCHHA € U° Ha HEH3BeCTHYW GyHKum©o I
H COCTaBHM ypaBHeHue Jas I:

dB _d, —wpn_ . —wty, —udl
'E-dt(e I=—ve™"I+e & (5.7)
MNoncrasmsa pupaxenus (5.7) u (5.6) B ypasuense (5.4), moayunm
e O = 0A(t),
HIH
& < aea(t). (5.8)

o ycacBuio B HavaabHuit moMenT ¢t = 0, B = 0, a 3naunr,
Hl=0.

Pemenue ypabrenus (5.8) ¢ 3TUM HavwaJbHHM YCJIOBHEM HMe-
€T BHJ,

t
I() = Ime"'A(‘c) dr,
0
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H OKOHHATECJABHC
t

B(t) = e~ I(t) = e~ IcoA(t)e‘"dt.
0

B stoft popMyne cyleCTBeHHO, BO H3bexaHHe OMMOOK, COXPAHATD
fosee cTporHe 0603Ha4eHHA H He 0603HAYaTh MEPEMEHHYIO HHTErpH-
poBaHHA T TOH ke OyKso#i, KoTopol 00603HaYeH NpeAen HHTErPHPO-
sauus £,

§ 6. Hccnenopanue pemenns
IAA PAIHOAKTHBHOIO CeMeHCTBA

B npepniaymem naparpade Mu A0BeJNH A0 KOHIIA pellieHue 3afa-
4d B Cyuae ABYX paZHOaKTHBHbIX BewecTB. Mccaenyem ato perme-
HHe RJIA IBYX HaCTHHX CAy4aes:

1) KOpOTKOMXHBYILlee MaTeDHHCKOE BelllecTBO A, JOATOMHBYLIEe
fouepHee BemecTBo B;

2) noNroXHByINEe MaTepuHCKOe BeiecTBo A, KOPOTKOXHBYlilee
fouepHee BeillecTBo B.

Huxe MH 6yaeM HapAny ¢ BEPOATHOCTAMH pacnafa ® U ¢ Nojb-

— 1
30BaTbC CPEAHUMH BpeMEHAMH XH3HH f4 = = g = o B nepeom

clyuae xapakTep pellileHHd JIETKO NMOHATh 6e3 pacdyeToOR H (HOPMYJ.
Becs npouece pacnagaercs Ha Ape craaud. Cnepsa, npu ¢ nopsaaka
a4 (npu sToM mo yenos#io £4 < I, nosToMy u t < tp B nepBol CTa-
aun), nponcxoauT npespamerse A B B; pacnaga seitectBa B 3a 310
BpeMs NpaKTHYecKH He NMpoHcxoauT. B atom nepuope komudectso B
PABHO PA3HOCTH Ha4aJIbHOTG KOJMHuECTBAa Ag M KoJudecTsa A, yue-
JieBlllerc K MOMeHTYy I:

B(t)= Ao — A(t) = Ao — Ape™® = A(1-¢™)  (t < p).

B koHUe STOrO mMEepHOXa IPaKTHUECKH Bce BellecTso A mpe-
BpaTHiIock B B, koiaudectBo B CTaHOBUTCH paBHHIM HayaJbHOMY
KOJIHHECTBY MaTepHHCKOro Bemectsa Ag. Ilocae atoro mepneHxo,
AJHTeNILHO MPOMCXORHT pacnaf B:

B(t) = Age™™, t>1a.

INokaxem, Kak 5TH BHpaKeHus noJayvaloTed U3 TouHod dop-
Myab. Jlas cayuyas AByX pafHOaKTHBHEX BeilecTB A u B MH

NOMYYHJH B NpexuayleM naparpade dopmyay
B(t) = Ay 5{33 (e70 — %),
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B nameM cnyuse I4 < g, © 3> v, nosToMy yaoGHee NMepeMeHHTh
3HAaKH, 4TOGbl HMETh HeJO0 ¢ NMOJNCKHTENbHEIMH BeAHYHHAMH B CK0O-
KaxX M B 3HaMeHarene ApoGy. Torna

B(t) = Agp—— (e — ™). 6.1)
0n—v
Tax kak v < @, TO 2=,
w—v @
wi —aat

Bupaxenne e " — ¢
HuX cTaamil, CHauana, npu t € Ig = o Syzer vt < 1. [Ipn atom

e~v = |, Tak kak ¢ MoxeT GHTb BeTHUHHOR nopsaAKa T4, a of, cae-
AOBATeAbHO, TIOPAAKA SMHHLH, TG BEJHYHHY € ™ Hajo BHUACAATH
touno. HFa ¢popmyant (6.1) noayuaeM

B(t) = Ao(1 — ).

paccMOTpuM a8 ABYX NocJefoBaTedb-

Bo sropoit cramum, npu t > 14 = &, Gynet ot 3> 1. B atolt cTaguu

MOXHO TpeHe6peub €~ [Tpu 9TOM €~ Man0 He TOALKO MO Cpas-
HEHWI0 ¢ eXMHHLEN, HO M MO cpaBHEHHIO ¢ e *%, TaK kak v € .

[1
OJTYHHM B(t) = Age—.

Takum o6pasoM, neficTBHTENBHO, TOWHAA ¢opMyna jpaeT Te pe-
SyAbTATH, KOTOpHE GHJH NOAy4YeHH H3 MPOCTHX KauecTBEHHHX CO-
ofpaskeHHH.

OGpaTiMca KO BTODOMY CJIY4al0 AOJATOXHBYIIETO MaTepHHCKOTO
BellecTBa A M KOPOTKOMHBYILIETO AouepHero pemectsa B:

EA }EB. @€ v.

PaccmoTpuM nepuoA, KorZa co BpeMeHH HauaJa Npolecca NpOIIO
BpeMs ¢, 3HaumTesLHO Mpesumaioulee ip. B TakoM ciaydae To Be-
mecTso B, KoTopoe o6pa3oBasock B Hauase Tipoliecca, K MOMeHTY ¢
yXe MOAHOCTHIO pacnmanoch. Tak kak B pacnamaerca GHCTpo, 38
MaJioe BpeM#, TO B KaXkAuil JaHHHK MOMEHT B HAaJHUHHM HaXOIUTCA
BemecTBo B, o6pasoBaBmeecs HelasHo. B paccMaTpuBaeMoM ciyuae
HMeeT MeCTO YCMANOBUBUIESCR COCMOSAHUE, HIH, KaK ero HHaue
Ha3bIBAlOT, CMAUORAPNOE cocmosnue. Belllecrso B obpasyercd
u3 A ¥ TYT Xe pacnajiaercs, BellecTBO B npH 3TOM He HaKamam
BaeTca (MOTOMY 4TO OHO GRICTPC pacmafiaercs), HO H He Hcuesaet
coBCeM (MOTOMY uTO M3 BelllecTBa A Bee BpeMsl MOAy4aeTCsi HOBO®
BeillecTso B). B ycraHOBHBImEMCA COCTOAHHH B eRHHHLY BPEMeHH
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pacnagaeTca CTOJIbKO aToMoB B, ckonpko ofpasyerca atoMos B
w3 A. MaTeMaTHUECKH STO YCAOBHE 3aITHCHIBAETCA TaK:

vB = nA.

Orciona :
B(t) = %"A(t) = i A2).

B ycraHoBHBILEMCA COCTOAHHH MTHOBEHHOe KosndecTso B mpomnop-
IMOHAJIBHO KOIMUECTBY A H COCTABJAET BCETAa OfHY H TY XKe Maayio
nonw A, dTa AoAA Malla MOTOMY, UTC B pacCMaTpHBAEMOM BTOPOM

cayuae tp < T4 M, 3HAUHT, ;—B <« 1, a yHade He GBLJIO OBl H CAMOTO

A
YCTAHOBHBIIEr LA COCTOAHHA.
Kax noJaydyaeTcd ypasHeHHe ANA YCTAaHOBHBINErocA COCTOAHHA H3

TOUHOro AH(pdepeHIHANLHOrC YpaBHeH!A % = —vB + mA? Oue-

dB
BHAHG, €CIH CYHTATh, 4TO E MaJI0 ¢ CPABHEHHIO € KaXXIBIM H3

ABYX HJIEHOB, CTOAINMX B npaBod HacTH, TO nNpHOAMKEHHO KaK pa3

dB
H NCJyHHM, 3aMerAd —- Ha 0:

0=—9vB+awd, oB=aeA

PaccMoTpHM Tenepp Hauasio npouecca. [Ipp t =0 A = Ay,
3 = 0. 3HauuT B HauaAbHHIH MOMEHT MBI HMeEM Bef0 He C YCTa-
HOBUBIIMMCSA COCTOAHHEM, TaK KaK Mo ¢opMyJaM yCTaHOBMBIIErocs
COCTOAHHA AOMXKHO GHTL BHauaJje

Ba=%A0

(snauok 8 y OykBnl B o3HauaeT yCTaHOBHBLUEeCS CTALHOHapHoOe

cocToAaHHe). B momenT ¢ = 0 BemiecTBO B 06pasyeTcs ¢o CKOPOCTBIO

% = wAp, a pacnana B B HayaAbHEIH MOMEHT BOBCE He NPOHCXOHHT,

TaK Kak B =0, .

MoXHO onpeaesHTb, 32 KaK0OE SpemA 1| TIPH Hava/bHOH CKOPOCTH
HapacTaHua B 6yaer AOCTHUTHYTO KoauuecTBo B,. HefictBuTensHo,
eClH CKOpOCTb 00pasoBaHHA BelleCTBa OCTaeTcs NMOCTOAHHOM, pas-

HO# (%)bﬂ’ 10

B~ t(%)mo'
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IMonaraa 3pecy B, = EAO, (%) = @Ay, NOAYUHM HCKOMOE
Bpemd v =0
1= g~ B

TakaM o6pa3oM, yCTaHOBHBIICECH COCTOAHHE HOCTHTAeTCA 3a
BpeM#, NPHOJHSHTENLHO paBHOe ¢pelHeMy BpeMeHH pachaja Belle-
ctBa B. Hs yeaoeua 4 > Ip BHAHO, 4To KoAMYECTBO BellecTBa A
3a 5TO BpeMs H3IMEHUTCH MaJIo.

B uenoM npubamxeHHoe pacCMOTpeHHe BG BTOPOM Cayuae Ko-
POTKGXHBYLIETO IONEPHErc BelllecTBa JaeT cienyiouee:

mpu t<ig Bt)= (%)t:ot = wAyt,

mpu t>1fp B(t)=B,= nge‘“ = algAge™ ™.

Mnu noayyaeM 3aBucuMocte B = B(t) B Bajie ABYX AHHHIL cHavasa
npsAMol, NMOTOM NoKaaaTenbHol ¢yHkuMm (puc. 121, T4 = 10iB).
B Herpyano nposepurb, 4To TpPH
t =ip mBe QopMyan HaioT 6M3-
KHe 3HAuEHHA.
[MocMoTpHM, uTC AaeT ToYHOe
pemeHHe ypaBHeHus (6.1)

B=Ag (™~

B PaccMaTpHMBAEMOM cJaydae, Ko-
Puc. 121. ra v > o, tp « T4. lpene6pera-
€M O IO CPaBHEHHIO C ¥ B 3HaMe-
Hatenie. Ilpu vt > | npene6peraem e~ B ckoGke. [Toayunm

B=4y2e™,

T.€. KaK pa3 yCTAHOBMBINEeca pellieHue. .

[lpHGanKeHHe pemeHHs K YCTRHOBHMBILEMYCH OMpefie/ifieM TeM,
HaCKO/IBKO GHICTPO y6HBaeT e~ ITpu conceM mMaiom &, koraa vt < 1,
TaK uTo of U TOAABHO MaJo, IGAYYHM, pasaaras B pag e vt u e~
H OTpaHHYHBAACH JABYMSA NMEePBHMH YJICHAMH,

B=onfm(1 ~ ot — 1 + vt) = Apot,

4TO TaK)e COBNAaaeT ¢ NPHOAHKEHHEIM pesyawTaToM. OnHako B neli-
CTBHTeJIbHOCTH ToYHasA dopmyaa HKaeT Ha rpajwke ofHy IJIABHYIO

KpHuBYlo, Ge3 pa3pHBOB # H3/JOMOB (OHa moKasaHa Ha puc. 121).
Ipubanxenne 3ToR KpHBOR K YCTAHOBMBIIEMYCH DEIIEHHIO 3aBHCHT
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0T TOr0, HACKOJIBKO GHCTPO yMerbmaeres e~ %% Tak, Aaa Toro Yro6H
+ " papano monpaeky mopagka 10%, HyXHo, 4to6bi 6HA0 vl =

=23, t=23. -:,- = 2,3Ip. [Ipn 3TOM H3-3a MAJNOCTH Of CYHUTaeM,

nto e~ =z 1. TakuM 06paszoM, ReHCTBHTENLHO, NEPeXol, OT CTAIUH
11I34aIBHOTO HapacTaHHA K CTafIHH, KOrjda pelieHHe ¢ AOCTATOYHOH
TOYHOCTBIO PABHO YCTAHOBHBINEMYCA, TPOHCXOAHT 3a BpeMd NMOPAAKA
npeMeHH pacniafa Ip.

IlpuMep paaHOoaKTHBHOTO cemeiHCTBA OueHb TIOYuHTeJEeH B TOM
OTHOLIEHHH, 4TO TOJydYeHHe o6Werc TOYHOIO pemeHHA HHKGHM 006-
pa3oM Hesib3f CUMTATh KOHIOM pafoTh Hap 3apaueii. Iloctpoenue
NIPHGJIHKEHHBIX TEOPHE J/A PasIHuHEX TIpefedbHBIX CAydaeB ecTh
COBepLIEHHO HeoOXxoanMan yacTh paboTH, # HaJHYHE TOYHOH dopMmy-
#ibl BOBCe He 3aMeHser npubamkenHolt reopuu. [Ipu6anxKeHHHe, HO
ACHHE M HarJanHble NMpemCTaBJeHHs CAyXKaT AJsA NPoBEPKH TOUHOM
(DOPMYIIBL.

[puGauriceHHEIe TEOPHH NAlOT HAM TaKHe BaXKHWe HOBHE Kadye-
CTBEHHbIE MOHATHA, KaK MOHATHE YCTAHOBMBILETOCA cocTOAHHA. Ta-
Kue TIOHATHA M JAYYIIE 3allOMHHAloTCA, H o6AafaioT Gosee WHPOKOH
OGIACTBIO TIPUMEHHMOCTH, ueM TouHne cdopMyasl. Tak, Hampumep,
B clyuae pajiMOAKTHBHOI'C CeMeHCTBA, COCTOAIIErc M3 HECKOJbKHX
nokonennft A - B — C — D, Tounas dopMyaa BecbMa rpoMo3nKa.
Onnako ecin T4 Goablue BCeX APYTHX BPEMEH, TO BCe Pe3yJbTaThi,
OTHOCAII[HECA K YCTAHOBHBIIEMYCH COCTOSHHIO, NIONYUAIOTCA TaK XKe
1IPOCTO, Kak H B c/Ayuae AByX Bemecte A n B.

Yacto Haubosee Jierkufi nyTh COCTOHT B TOM, YTOGH NOJYYHTD
TOYHOE pemeHHe, CTpaBeljlHBoOe AJA JAIOOHX v H o (B HallleM NpH-
Mepe), W3 KOTOpOTO 3aTeM NpH ¢ < ® WIH v > o NyTeM MaTte-
MaTHUeCKHX mpeoGpasoBaruit mosydaiorea 6osee npoctee npubiu-
weHHne (OPMYJH A OBYX KpaAHAX clyuae. Ha sToM Hesbas
yenokausatheal Ecan npocran npuGnmxennas GopMyna noAyuuiach
XOTA H JIeTKHM, HO MJIMHHBIM NyTeM uepes ofillee pemeHHe, TO
PANOM HOJ/UKEH GHTh APyroil, IpocToi NyTh NOAYYeHHA NPHOIHKEH-
Ho#t ¢opmMysn. Hykno o6a3aTeAbHO TPEHHPOBATLCHA B HAXOXKAEHHH
NpoC¢THX MyTel, NoToMy 4T GYAYT BCTpeYaThes 3afaiH, B KOTOPHX
NyTh, NPHBOAAWMA K TOYHOMY peLIeHHIO, HelpeoixOJHMO CAOMeH,
H TOJILKO TipocToil NpHGAHXEHHHE NYTh NO3BOJHT NPOABHHYTh Blie-
pex pellieHHe Bompoca.

B npakthueckoli paGoTe TOuHBe (GOPMYJNE BCTpedaloTes TaK
M€ peNKo, KaKk ypaBHeHHs, pellleHMA KOTOPHX BIpaXKaloTca le-
NbIMH YHCJAAMH, X0TA B y4e6HHKaX GOJbIIHHCTBO 3aja4 TIPHBOAAT
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K TOUHHM ¢popMynaM NMOEOGHO TOMY, KaK B 3aJaUHHKAX MJAJMIMX
KJIaCCOB YPAaBHEHUA BCErfAa PeIaloTes B LeMHX YHCAAX.

OTMeTHM, uTO NpeACTaBJeHHA O PajJHOAKTHBHHX ceMelcTBax
OGBACHAIOT CTPaHHHEA pesyabraT, MOJNYYHBIIHICA B YOpaXcHEHHH 5
§ 3 oTHOCHTeNbHO KONHYECTBa paiys B MPOLLIOM: pagufi sBAAeTCA
NOTOMKOM (TipaBjia, He NPSMLIM, a 4epe3 HeCKOIBKO NPOMeXYTOUHHX
BewecTs) ypaHa-238. ITosToMy Heab3a CuMTaTh HMEKIICECA B Ha-
CTOsLlee BpeMsA KOJHYECTBO DajfiHs Pe3yJbTaTOM paclaja NepBOHa-
4aJbHOTO paius. B XefCTBHTeABHOCTH pajiMii HaXGAHTCA B YCTaHO-
BMBIIIEMCH COCTOSHKH ¢ ypaHoM. M3 ypaBHeHHs

=24
v

Haiifiem, uro conepxanne pagusa B = 10~12 cooretcTyeT coxepa-
HHUIO ypaHa

A—E“B 3.1058 = 31075,

Mu  Hauum npuﬁnmeﬁuo COBpeMEeHHO xo.nmec'rso ypaHa-238
B ropHuix nopogax. Havaasnoe co.n.ep}KaHHe 5-10° aer Hasax Grino
BABOe Gosbine, nopaaka 6 - 1075, Takue BesMuHHE BOOMHE NpaBAoO-
noaoGHbl B OTJIHYKE OT PesyJAbTaToB ynpaXKHeHHs 5 § 3.

§ 7. llennas peaxuyus AeneHHd ypaHa

B 1938 r. Xan u IlITpaccman B I'epManuu u cynmpyrd Xoawno-
Krwop#s Bo Ppanumn nokasaiu, YTo NpH NONaZaHUH HelTPOHa B ANPO
ypaHa TPOMCXOHT AeAeHHEe AApa, TpH KOTOPOM OHO pacmafaeTcs Ha
ABa GOJBITHX OCKOJKAa W, KpOMEe TOr0, HCIYCKaeT ABa-TPH HOBbIX
HeiiTpoHa, Oco6eHHO aKTHBHO AeJMTCA ypaH ¢ aToMHOH Maccoit 235
(kopoTko ypan-235). B npupoaHoM ypaHe comepxutca oxoao 0,7 %
atoMo ypaHa-235 u 99,3% aromos ypana-238%*). «Ockonku»

*) Besien 2a stum B 1939 r. B saGopatopus H.B. Kypuarosa B Jlenunrpane
coperckte yuensie I'. H. daepos w K. A. [Terpirax norasaaw, 9ro ypas-238 cro-
cofeR SeHTECA CAMOTPOM3IBOABHEO, 03 NONafaHHA B Hero HeflTpOHA, XOTA BEPOAT-
HOCTPR 3TOTO BechMa Maja. BepoATHOCTh pamHOAKTHBHOrO pacnaza (¢ HenmycKaHueM
C-9aCTHLH) yparia-238 COOTBETCTBYIOMAA MepuoAy mnoaypacmaza 4,5 - 10° azer.
paeHa @ = 5- 1071 ¢!, a peposTHOCTH camonponsmr.ﬂom AeneHBs ypaﬂa-238
s 10° pas Menwwe, T. . pasHa 5. 10~ Takum ofpasoM, 5 1 kr ,ypans,
comepxallem npuMepso 2,5+ 10° atomos, B lc npoucxoauT mpumepro 107 axTos
pagHOaKTHBHOrO pacnaza H neero 10 caMONpPOHSBONBHEIX AeneHHR.

OnHako 5 CAMHX TAXENHX 3JEMEHRTAX CAMONPOH3BOIbHOE Ae/CHHEe CTAROBHTCA
¥ie IaBHEM, HauGosee BePOSTHHM MpoueccoM pacnaga {cM. KoHen § 4, rae npu-
BefieHa KpHBas pacnafa MesLeseBnd). B paccmaTpBaemoM Hike Bonpoce o nenxHoll
PeaKUHH caMONpOMSBOJbHOE JefieHie POIH He Hrpaer.
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jeAeHEs ypaHa-235 mpencramasior cofoft sapa cpefdedt aToMHo#R
MaccH — oT 7D mo 160; sapaa stux afep JAeXuT B npegeaax ot 35 go
57, IpH 5TOM CyMMa 3apafoB IBYX OCKOJKOB BCErfia paBHa 3apaRy
Apa ypaHa, T.e. 92 sjeMeHTapHHIM 3apAAaM; CyMMa aTOMHHX Mace
ABYX OCKOJAKOB papHa 235 + 1 — v, rae 235 — aromHas Macea ypaHa,
1 — aromHaa Macca HeATDOHZ, BHI3BaBINErO JeJEHHE, v — YHCIO
HeATpPOHOB, 06pa3oBaBIIHXCA NpH jAeneHHH. [Ipu peseHHH Brinens-

erca Gosbias sHepras — 6 - 1017 spr/r (sa rpaMM pasgesmnswerocsa
ypaHa). Baaropaps sT10il SHEprHH OCKOMKH NETAT B MPOTHBONOAOXK-
HHE CTOPOHBE! CO CKOpocThio okono 109 em/e.

HerounnkoM atoft sHeprum ABJfieTCA SJEKTPHUECKOE OTTaAKH-
BaHHe JABYX OAHOHMEHHO 3apseHHHX ocKoikoB. [loka agpo He
Pasne/qHAOCh HA JBE HACTH, SACPHHE CHJIH MEXAY YacTHIaMH, U3
KOTOPHX COCTOMT AAp0, YPABHOBEIIHBAIOT SJCKTPHUECKOE OTTRAKH-
BaHue, Kak Tonbko AApo pa3fennsoch Ha AB2 OTAJNBHHX OCKOJKA,
OTTANKMBaHHE STHX ABYX GCKOJKOB yiKe HHYeM He YpaBHOBelHBaeT-
CAl H IPHBOLHT K TOMY, HTC OHH pasaeTalores ¢ G0MbINOH CKOPOCTHIO.
B nnoTHOM BeliecTBe OCKOJKH oOdeHb GHCTPO OCTAHABAHBAIOTCA.
BpeMs ux apmxkenns cocrasager ot 10~13 po 10~12 ¢, Ipu stom
onn mpoxogat ot 10~* mo 1073 cm, Kuneruueckas suepras ockos-
KOB mepexoZHT B Tenno. HeATpoHH, obpasylomineca NpH AeeHHH,
MMEIOT CKOPOCTb TOTO Ke NOpAAKa, YTO H OCKOAKM (oKoao 2 X
x 10% em/c).

Jlna mpakTHuecKoro HCNOAb3OBRHUA SHEepPru# JesieHUd Ajep pe-
uglomee 3HaYEHHe HMeeT TOT aKT, uTO NpH AeJeHHH, BHI3BRHHOM
OIHHM HeATPOHOM, NMOJydaeTca Goabire opHore HefiTpoHa. fcHo, uto
€C/H HeATPOHB! He GYAYT YXOAHMTH H3 CHCTeMH, TO HHCAO HX GyAeT
HapacTaTh B MeOMeTpHYECKOH NIPOTPecCHH ¢ TeYeHHEM BPeMeHH, T.e.
Mo 3akoHy nokasateabHo#t ¢yHkimn, Ilo rakomy xe 3akoHy, nponop-
UHOHANbHO YHUCJIY HEeATPOHOB, GYAET HApacTaTh CKOPOCTL BhAENeHHS
aepruu. [lpu sToM ecan paxe B Hawasle mpoliecca OHA0 Mano Hefi-
TPOHOB, TO 04€Hb CKOPO YHCJO HX BO3pPaCTaeT HAaCTCJLKO, YTC SHEp-
ruA GyZeT BHASAATHCHA CO CKOPOCTHIO, YHOGHOA AJA MpPaKTHYECKOro
HCTIOJIb30BAHHA (HampHMep, B KayecTBe HCTOUHHKA 3HEPTHH aTOM-
HOM 3NEKTPOCTAHUKH HJH JeH0KOAa), elle Yepes coBceM HeGoabIIOe
BpeMs BHfieleHHe SHEePrHH BO3pacTeT HaCTOJbKO, 4TO NPCH3OHZeT
ATOMHBIA B3phuB. B HefiCTBHTENILHOCTH YaCTh HEATPOHOB BRIXOAHT H3
CHCTeMHEI, 4aCTh HeWTPOHOB MOXeT 3aXBATHBATLCA APYTHMH fapa-
MH{, HE BHI3HIBAA AGNEHHA; NOJAb3YACh 3THUM, MOXKHO DeryJHpOBATh
YHC/IO HENTPOHOB; B YACTHOCTH, MOMHO HOGHMTBCS YCTEHOBMBIIEr0CA
COCTOAHHA CHCTEMH, TIPH KOTODOM YHMC/AO 06pA3yIIHXCA B eIHHHLY
BpeMeHH HeATpOHOB PaBHC UHCJY HCUE€3AIOUIHX HEHTDOHOB, TaK 4TC
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YHCAO HeHTPOHOB, HAXOAAMLIMXCA B CHCTEMe, ¢ TeueHWEM BPeMeHH
He H3MeHseTcd, Buje/eHHe SHePIHH NPOUCXOAMT ¢ MOCTOAHHOA CKO-
pocteio. Haa dcnonnsopaHMs aTOMHOH dHeprdH B MHDHHX UesX
HYXXeH HMeHHO TakoH pexxuM paloTH.

Hama 6mumxafimas 3afiaya — COCTABHTE H WCCHEAOBATh YpaB-
HeHHe, ONHCHBAKILEEe 3aBHCHMOCTh YHCAA HEATPOHOB B CHCTEMe OT
BpPEeMeHH.

§ 8. PasmMHoxeHnHe HeliTpoHOB B Goanlol Macce

IMony4nM cnepBa ypaBHeHHWe AJS HW3MeHeHWS uYHMcaa HelTpoHOB
CO BpeMeHeM B OueHb GoAbIof cHcTeme (HanpHMep, B GOJbLIOM
CAUTKe ypaHa-235), Koraa BEIX0A HeITPOHOB HapyXy MOXHO He yuH-
THBaTh *). CKOPOCTh BCeX HefiTPOHOB NPHGAMMEHHO MOXKHO CYHTATH
OIMHAKOBOH; 0603HAYHM ee Yepes v,

Jenenune Afpa NpOHCXONMT NMPHUONN3UTEALHC B NOJIOBHHE BCEX
CJIy4aeB, KOraa HelATpOH fonanaeT B AApo ypaHa-235. Bo Bropo# no-
JIOBHHE CAy4YaeB HeHTPOH BhlJieTaeT o6paTHO, OCTaBAASA AAPO B Npex-
HeM COCTOAHHMH, M NPH 3TOM YHCJO HeliTpOHOB He MeHsercs, Hapo
ypaHa mpejcTaBAseT co§oil mapuk paauyca R nopaaxa 10712 cm.

Kak yacTo HeATPOH, AeTAIMHA BHYTPH MeTaala, NONajaeT B AAPO
ypaHa?

3a Maaoe BpeMs di HefiTpOH MPOXOAHT NyTh vdi. [Ipeacrapum
ceffe LUMAHHAP, OCHIO KOTOPOIO ABASETCA NMYTh, NPOHACHHMH He#-
TPOHOM, pafidyc UHJHHAPA paBeH pagHycy sapa ypaHa K. Helirpon
CTa/AKHUB2ETCA C TEMH AAPaMid, LEHTP KOTOPhX HaXOAMTCH BHYTPH
UMJAHHIpA; eCM LeHTP AAPa HAaXOAMTCA BHYTPH UHAWHAPA, 3HAUWT,
NyTh HeATPOHA NPOXOAMT HAa pAcCTOAHWM MeHbite R oT ueHTpa
fifipa, MO3TOMY HeATpOH 3ajeBaer AApo, nonaaaer B Hero. OGbeM

UHJAHHApPa paBeH
xRy dt.

B MerannuyeckoM ypane B euHuue ofbema coaepxkurca N arto-
MOB H, caefoBaTeAbHo, N agep (pasmeprocte N ecThb 1 /cu3). [o-
STOMy B WHTepecylomleM Hac ofnheme vdi uMeerca NnR2ydi
anep. Croabko Xxe Oyaer nonaaanuil HefTpoHa B AP0 32 MaJulit
npomexyTok BpemeHH df. He Bcakoe monapanue HefirpoHa B fApo
BHISHIBAeT jesieHHe afpa. [lycTe o ecTh AoAa TeX ¢ay4aeR nonaaaHus

*) Mu Gygem paccMaTpHBaTh CaMbif MpoCTO# Cayuait MeTaMEuecKoro ypa
Ha-230, Ges rpadmToBOrO 3aMEfAIHTEAA H T. 1.
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IleHTPOHA B AAPO, KOrAA 5TO NMONajaHue BHI3BAJO AedeHMe (B caydae
ypaHa-235 o 5). Toraa uncno meneHwH 3a BpeMa di paBHO

NanR2y dt.

Benuunna axR? umelowan pasMepHOCTD IWIOWALH, TaK KaK o U X
flespasMepHBl, HASHBAETCA CeYeHHeM JeNeHHs A 0003HavaeTcH of .

Eciu BHYTpH MacCH METaJM4eCKOro ypaHa Haxoasrtcs n Hefi-
TPOHOB, TO YHC/AO AeeHHi 3a BpeMs di paBHO

nNopv di.

[1pu kX 0M AeneHnH obpasyeTcs v HeATPOHOB, HO 32 CUET NOTVIOHIe-
HUA oaHoro HefiTpoHa. TakuM o6pasoM, H3MeHeHHe YHCJI2 HEHTPOHOB
HPY KaXKZOM AeieHHd pasHo (v — 1). HanucaHHomy Beile umcay
JleneHnA COOTBETCTRYET M3MeHeHHe YHCAA HeATPOHOB

dn =nN{v- l)orvdt. (8.1)
TakuM oGpasoM, u3 (8.1) noayuyaem
dn
== N(v - lopw.
Moaoxum
N(v-l)ojuv =a; (8.2)
TOTAR dn_
# — *
Kak Mu yxe 3HaeM, pelleHHEM TAKOTO YPaBHEHUS SABJSETCH
n(t) = nge®, (8.3)

Te Ny — YACA0 HeATPOHOB B cucTeMe mpu £ =0,

TakuM oOpasoM, ecad uMC/O HefiTPOHOB B CHCTeMe MeHAeTCH
TOABKO MO NMpHYWHE feJeHHA, TO YHCJO HEATPOHOB pacTeT B reo-
MeTpuuecKoll mporpeccHw, ecid BpeMA pacTeT B apH(pMeTHHECKOH
MpOrpeccHH.

JleficTBUTENBHO, €CAY B3ATE HECKOJBKO PABHOOTCTOAIHX MOMEH-
TOB BPEMEHH:

t, t1+ AL t+2A8 4 +3A¢ ...,

*} ¢ — rpeueckas Gyxsa «curMas. Mnnexc f ecrs mepeas Gyxsa aHranfickoro
caopa fisslon (menenne apep).
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TO COQTBETCTBYIOILIEe YHCJIO HEATPOHOB PaBHO:

ny =nge™, fny, fony, fny, e f=e8
OtMeTuM, YTO Takol Cnocol ONHCaHWA NMpOLEcca — «pocT B regs
MEeTPUUECKOR nporpeccdH» — 4aCTo BCTpeyaeTcd B nonynaspHofi A~
Teparype. CrenHaJucTH (U3HKH W TEXHHKH NOJB3YKOTCd WM pel-
KO W TOBOPAT 06 3KCMOHEHLHAaJALHOM, T.e. MOKAa3aTeAbHOM 3aKOHe
Bo3pacTauus. IlokazaTelbHHH 3aKOH XapaKTEPH3YeTCH CKOPOCTHIO
pocra a [(popmyaa (8.3)].

Hafigem pasmepHocTh a. B popmyne (8.3) at cTout B nokasarene
crenedy. [lostomy at — Ge3pasMepHan Be/HYHHA H, CAeflOBATENBHO,
pasMepHOCTb @ ecTh ¢!, 3T0T Xe pesyAbTaT MOXHO MOJAYYHTb,
NPHIIOMHHEB, YTO

a=Ncu3(v—1)o; cu?v em/c.

Hafinem npuGnuxerHoe 3HaueHHe NOCTOAHHOH BeNHYHHH a.
MnoTHOCTL ypaHa npubauwsuTensHo pasna 18 r/cm® Uucno saep
8 1 cM® N noacuuraeM, BcnoMunas yicio Aporaapo: 1 Mosbs moGoro
Bemectsa cogepxur 6 - 102 aromos. CaegoBaresbho, 235 ypa-
Ha-235 copepxar 6 - 102 atomos, T.e. 6 - 102 azep. B 1 cu® conep-

XKATCH % +6-10% ~ 4.10%2 ggep, N = 4-10%2 cn~3 [Moacranum

cpeasee sHaveHue v = 2,5, v =2 - 10° cM/c, of = %1:(10“2)2 =
=1,6-10% c®. Moayurm a =4-102.1,5-1,6-107%#.2.10° =
=2.108 ¢!, £=5- 1079 c.

TaguM o6pasoM, ecid HeHTPOHH He BHACTAOT U3 CHCTEMH, TO
KOJHuecTBo HeliTpOHOB Bo3pacTaeT B € pas 3a 5- 10~ ¢.

Ilpu Taxolt cKOpPOCTH BO3paCcTaHHA 33 OAHY MHKPOCEKYHAY, T.e.
sa 107° ¢, KonHYecTBO HelITPOHOB BO3pacTaer B

21071070 _ 200 nas  pe. B 10043200 = 1036 pay

1 T ypana-235 comepxur 2,5 - 1077 sgep. TlosToMy ecid HeATPOHH
He BHXOIAT W3 CHCTEMH, TO 3TO KOJHMHECTBO ypaHa pasfenHTcd
Menble YeM 3a 1 Mic. Tako#t npouecc npeacrasager co6oil B3pHB.
Jlns 3HepreTHYeCKOro MCMOAb30BaHWA AeJieHUsl TaKas CKOPOCTh
HapaCcTaHds mpollecca HegonycTuMa. Heo6xoaumo, 4TO6H BHIET
HeATPOHOB M3 CHCTEMH YMeHbIINA CKOPOCTh HAPACTAHHA KOJAHYECTBa

HefiTpOHOB.
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§ 9. Buiner neiiTponos

[peacrapuM ceGe wWwap paguyca r, coCcTOAWME H3 ypaHa-235.
Mb! ZOMKHH COCTABHTh ypaBHeHWe AJis uHcAa i HeHTPOHOB, HaXo-
ASLMXCS BHYTpH 3Toro mapa, IlpeanmonoxuM Asf OPOCTOTH, YTO
ap 3aKpemyieH Ha KakOHW-TO TOHKOH NOACTaBKe, TAK 4TO BOKPYT
Hero MOJHAR MyCTOTa, HEATPOH, NOKUHYBIIMA ap, yXKe HUKOrAa He
BO3BpAILaeTCA 06paTHO.

Kak onpepenuTh noTok HeATPOHOB, T.e. YHCJAO HeATPOHOB, BH-
XOQAIIMAX 32 NpeAeAn mapa B efdHULY BpeMeHW? CnenaeM rpyCui
nogcueT. PaccMoTpuM Manmit npoMexyTok BpeMeHn df. 3a 5To Bpe-
Ml KaXAHE HefiTpoH npoxomutr myTh NJaHHOR vdi. I'me HaxozsaTes
Te¢ HeHTPOHH, KOTOPHE NMOKHHYT Inap 3a Bpema df? OueBHAHO, OHH
NOJKHB HAaXOAHTbCA BHYTDH IIapa B TOHKOM ¢Jioe, NMpuJieralomemM
K MOBEPXHOCTH I1apa, HO Ha PAcCTOSHWH He Gojee vdi OT moBepx-
HOCTH, MHaue 3a BpeMs dl OHW He ycneioT AOATH A0 MOBEPXHOCTH,
fniepeceyn e¢ H BHHTH Hapyxy. Ho U Te HefiTpoHH, kKOTOpHE Ha-
XOLATCH BHYTPH CJIOH TOMIMHON vdf, TOXe He BCe YCNeloT BbiATH
3a BpeMfl df, TaK Kak He y BceX HeATDOHOB BHYTDH CJIOSi CKOPOCTHb
HanpaBJieHa (10 pajHycy Hapyxy; MpH caMoM rpyGom mojcuere Ml
He GyieM y4HTbIBaTh mocJliefiHee O6CTOATENbCTRO.

Kak naliThH qucio HeliTpoHOB B clioe? Bo BeeM lape HaXORHTCA

n HefiTponoB. O6keM mapa V = %m'e', o0beM HHTEpEeCYIOLiero Hac

TOHKOT'O CJIOSL ¥ [I0BEPXHOCTH NMpUGINKeHHO paBeH Svdt, ecau vdi
Mano. 3aech S = 4nr? (mMoBepXHOCTH Wapa).
Cpenssia NAOTHOCTD Heﬁ’rponos T.€. YUCJIO HEATpPOHOB B efu-

Hule o6beMa, paBHa C = V [peanonoxuM, 4TO B TOHKOM Clioe
y TMOBepXHOCTH MAOTHOCTb He OTyHYaeTcs oT cpeadedi. Toraa uuncao
HeAITPOHOB B 3TOM CJIOE PAaBHO

CSvdt = %'S-'vdt

[osToMy noToK (4ucso HeWTPOHOB, BHXOAAINMX B AMHHLY BpeMe-

HH) €CThb

_nS _nder B
I=y¥=7 3 v=7™

glf’
B melicTBHTEJBHOCTH Y TNOBePXHOCTH MJIOTHOCTD HeﬁTPOHOB
MEHBIIIe cpenHeﬁ NAOTHOCTH, K TOMY Xe, KaK OTMeuaJoCh BHIIe,
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CKOPOCTH HeAiTPOHOB MMEIOT pasjH4YHHe HanpaBaeHus. IlosTomy B
AeHCTBHTEABHOCTH [I0TOK HEHTPOHOB MeHbIE, 4eM MH MOJYYHJH:

=—n, (9.1)

rae k — 4ucaeHunll Koadduument, k < 1. Huxe, B § 12, nyreM
COMOCTABAICHH ¢ OnwTOM Gymer mokasaHo, ure k Gamsko k 0,3.
Ecau BHYTPH Inapa He MPOMCXOAMT JefieHHA sifiep M He pPoXAaaloTcs
HOBH€ HEATPOHH, TO AJd YKC/]A HeHATPOHOB BHYTPH Illapa MoJyyaercs

ypaBHeHUe En = —q, HaH, noabayachk (9.1),
dn _ _3kv
gt~ r
OGosHauas
kv _ 5, (9.2)
r
Oy HM
d_n — —-bfz
o .
PeleHne Takoro ypaBHeHHs HaM XOPOILO H3BECTHO:
n=nge %, (9.3)

Cpentee Bpemsa npeCpBaduf HeATPOHOB BHYTpPH IIApa COIJacHO
(9.3) panao
1.
b 3kv’
3ameTum, uto ¥ & 5. ITostroMy cpepHee BpeMs NPHOGAHIHTEALHO

PaBHO BpeMeHH, 32 KOTOpoe HeHTpOoH, ABMXKYIUHACA CO CKOPOCTLIO U,
NPOXOZHT NMYTh, PaBHHA paauycy wmapa r. TouHoe pacCMOTpeHHe
BHJIETA HeATPOHOB TpeGyeT BecbMa TPYAOeMKHX pacderoB. OueHb
BAXKHO C NePBBIX WAros oGy4eHHA NPHBHKHYTh NPHOJHKEHHO onpe-
AenATh BCe HHTepecylollHe HAC BeJMUWHH. TOYHHHA pacyeT 4acTo
OhiBaeT AeHCTBHTEJNBHO O4YeHb TPYAEH ¥ TpeGyeT COBCEM JApYroro
o6beMa 3HaHHil, HHOTAA TpebyeT KOAJEKTHBHOrO TPyAa HECKOAbLKHX
YeJIOBEK € HCNOJb30BaHHEM CYETHHX MAallWH K T.A. 3Ha4WT JH
3T0, YTO ydalllukics, 3aHUMAIOLHICH caMoobpa3oBaHueM rae-HHGYAb
Aaneko oT MOCKBH, AaNeKo OT BHCHHX y4efHHX 3aBefieHul, He
MOXET H MOMHILJIATL O pacCMOTpeHWH Bonpoca? Beeraa ecTs mpo-
CTHE, XOTA H rpyboie (Bpole NMpHBENEHHOIO BHINE) CNOCOOH NpH-
GamxeHHOTo noaxoja k Bonpocy. He npoussecTH npuGanxeHHOro
pacuera H CCHJIaThCd Ha TO, YTO TOYHHMA pacdeT TPYAeH, IHAUMUT

i=



§10] Kpumuxecxas macca 267

POCTO NMPHKPHBATL TAKOH CCHIAKOH CBOI0 HePEIIHTENLHOCTh M Po-
6ocTe. Yaire Bcero HMeHHO pobOCTh MellaeT HaYWHAIOUIHM YYeHBIM
W usobperatenam!

§ 10. KparAuyeckas Macca

Jlo cdx mop MH paccMaTpPHBalH OTAGNbHO ABa IMpollecca: pas-
MHOXEHHe HeHTpoHOB 6e3 yyeTa WX BHJeETa ¥ BuJeT HedTpoHOoB Ge3
yueTa UX PasMHOMeHHM.

PaccMoTpuM Temeph cHCTeMy, B KOTOPOH HeATPOHH # pa3sMHO-
AAIOTCA W MOTYT YXOZWTh M3 cidcreMH. B eanHnuy BpeMeHu B cu-
CTeMe, KaK MW 3HaeM, ofpasyiorcs an HeHATpoHOB H bn HeRTpoHOB
BHIIETAIOT M3 CHCTeMEL TaK Kak H3MeHeHHe YMc/ia HeATPOHOB B eAM-

dn
HHLY BpeMeHH eCThb prt TO
% =an — bn,

HIH

g

E=Cﬂ, (lO.l)

rae ¢ =g —b. IIpy paHHOM HaualLHOM KOJNHYecTBe HefATPOHOB ng
ypapende (10.1) umeeT pelwenue

n = nge®. (10.2)

370 pellleHHe NPUBOAUT K COBEPIUEHHO PA3NHYHLIM Pe3y/NbTaTaM
MpH NON0KHTENHHOM H OTpULIaTe/bHOM ¢. JeficTBuTensHo, 13 (10.2)
BHMHO, 4TO NpH ¢ < 0 uMC/I0 HEATPOHOB N TeM MeHblue, 4eM Go/b-
we ¢, T.e. ¢ TeueHHEM BpeMeHM n CTpeMuTcd K HyMo. Ecau xe
¢>0, To n TeM Gonpime, yeM Gojblle £, T.e. 1 HEOTPAHHUEHHO
pacrer ¢ TeueHweM BpeMeHH. ToAbKO BMEIIATE/NLCTBO HOBHX (H3HUe-
CKHX (pAaKTOPOB, HE YUTEHHHX B YPaBHEHHM, MOXKeT NMPHOCTAHOBUTD
pocT 1.

TakumM ob6pa3oM, 3HaueHHe ¢ = 0 ecTh <KpHTHUecKoe 3Haue-
HHes, — 3TO 3HaueHHe pasfenseT pellleHMA PasHOro THMAa C pac-
TYIUMM H YMEHbINAOUIHMCA KoAwdyecTBoM HefitpoHoB. Tak Kak
c=a—0b, To NPy NaHHOM @ MOXHO I'OBOPHTL O KPUTHUECKOM 3Ha-
yeHuM b; =@, TaK KaK NP b< by =a c=a~b>0, a npu
b>byp=ac=a-b<0. Beanunna a onpesensiercs cBoficTBAMH
feqsuerocs BeillecTBa: cornacHo dopmyae (8.2) a = Nvop(v —1).
Bennuuna b 3aBHCHT OT KONMYECTBA B3ATOrO Aendillerocd BellecTsa:

b= (9.2)

P
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ITosToMy BBOAAT MOHATHe KPHTHHECKOTO 3HaYeHHS PajMyca Typ,
npH kotopoM b = by, = a. Us dopmya (8.2) u (9.2) caeayer, 4ro

Sk _ Nvog(v — 1), otkyna
Trp

. Bk
® T Noy(v—1)’

Macca mapa, pagHyc KOTOPOTO PaBeH Typ, Ha3HBaeTCs KPHTHYECKOH
Maccolt mygp. flcHo, YTo

4
My = 3 W10, (10.3)

rae p — IVIOTHOCTD JeASIIerocs Bemectsa ).

flpa r > rgp (970 TO Xe, 4TO M > M) Oyler ¢ > 0 — uMeer
MecTo pasMHOXeHHe HeliTporon. FIpH 7 < rypy (M < mygp) Gyaer ¢ <
< 0 — neppOHaYaJbHO B3iTOE KOJAWYECTBO HefiTPOHOB YMeHbIIaeTcA.
IMycTp B3AT map paguyca r. Ero noeepxuocts ecThb

olbmeM

Ecau r Mmano, 70 9TO OTHOLIGHHE BEJIMKO, €C/Id e T BeJHKO, TO
9TO OTHOWIEHHe Maio. He yAWBHTeNLHO, YTO NPH MajAoM pajuyce,
KOTJZia OTHOILIEHWe NIOBEPXHOCTH K 0GbeMy BeJAWKO, BHJET HeATPOHOB
YCHAMBAETCH, YCAOBHA AAA Pa3MHOXKeHHS HefiTPOHOB Xyxke, YAuBH-
TeJdbHA Ta Pe3KOCThb, ¢ KOTOpOH MeHAeTCH KOJNHYeCTBO HeATPOHOB
npu usMeHeHHM b: ecau b > by, To yepes HekoTopoe BpeMs Ko-
AWYECTBO HeHTPOHOB O6palllaeTCA MPAKTHYECKH B HYJAb He3aBHCHMO
ot Toro, paBHO JH b = 1,01byy wmm b = 2byp. Ecan b < by, TO
YHCAO HeHTPOHOB HeorpaHMYeHHO so3pactaetT M npd b = 0,99y,
u npa b= 0,5by;, x0TA ¢ pasHofi ckopocThio. HMenHo noatomy
TOBOPAT O «KPHTHUECKOM» 3HAUEHHH b, «KPHTHYECKOM» 3HAUeHHH 1
HJIH «KPUTHYECKOM» 3Ha4YeHHM Macch, Macca Goaplue KpuTHuecKof
Ha3HBAaeTCs HAIKPHTHYECKOH, MACCa MeHbIlle KpHTHYecKOH HasHBa-
eTCA NOAKPHTHYECKOMN,

*) Ml no-mpeKHeMy CUHTaEM, UTO PACCMATPHBASTCH MACCA AGAAIErocA Beme-
cTBa (HaNpHMep, ypaHa), HMeloman GopMy mapa.
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Ha puc. 122 npeacTaBAeHH KpHBHE N = ngele—b)t NPH HECKOJIb-
kux 3HayeHusax b. TlocTpouM kpuBHe 3aBMCHMOCTH 7 OT b AJA
HeCKOJIBKMX onpefie/ieHHHX 3HaueHW# BpemenH i. [Ipw pacuere npu-

n
4 \6

0l 510710-10715-10°20-10725-10° 7
Puc. 122.
uaro ¢ = 2+ 10° ¢~1. Ha prc. 123 noxasaua kpusas n(b) npu t =5 x

x 1079 ¢, Ha puc. 124 nokasasa kpusas n(b) npa t = 15- 109 ¢, na
puc. 125 noxasaHa kpupas n(b) npu t =30 10~%¢.

ng ni
t=1510"%¢
ﬂo‘
0 2-10° 4-10° B 0 2-10°  4-10° b
Puc. 123. Puec. 124,

IlepeceyeHne KPUBHX ¢ ockio opAuHat (b = 0) Ha puc. 124 u 125
yXe He MOMeIIaeTcs HAa YepTexe: Ha puc. 124 npu b =0 n = 20ng,
Ha puc. 125 npu b=0 n = 400ny.

Kak Bupso u3 puc. 122, a Takme H3 comocTaBseHus puc. 123-
125, yeM Gonbine BpeMs ¢, TEM CHAbHEE PACXOAATCA KpuBHe n(t)
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(puc. 122), TeM kpyue KpunHe n(b) (puc. 123~125), TeM peaue npo-
ABJAAETCH KPUTHYHOCTb 3HayeHun b = 2. 10° (B maHHOM npHMepe).

ni
1=30-10"¢
”o-
0 2100 4-10° %
Pric. 195.

Ecnu 83t £ > 10~ ¢, 1o kpusyio n(b) Henbss Gyner oTAMHUTH
OT BepTUKANLHOM NPAMO b = by, = 2- 10% n =0 npu b > by, n =
= 00 npH b < byp.

§ 11, IloaxpuTHueckas ¥ HAAKpHTHYECKAd Macca
NpH HeMpepLIBHOM HCTOYHAKE HeATPOHOB

B npeanpymem naparpade Sniza paccMOTpeHa 3ajada off Hame-
HeHM# CO BpeMeHeM YHcAa HeiTPOHOR NpH J2aHHOM HaYaJbHOM YHC/e
HefiTpoHOB ng. [locTaBHM Tenepb HeCKONBKO HHYIKO sagauy. Ilycts
B HayaJbHHH MOMeHT i = () uyuc/Jo HeHiTPOHOB PaBHO HYAIO U B 9TOT
MOMEHT BKJIIOYeH MCTOUHHK HeATPOHOB, HCIYCKAIOLIME gy HeATPOHOB
B eMHHUY BpeMeHH. JTa 3a434a NPHBOMHT K YPABHEHHIO

dn
= =+, (11.1)

rAe ¢ =@ — b. MH HieM pellieHHe S5TOr0 ypaBHeHHs C HayaAbHLIM
ycnopdeM: npa t =0 n=0.

Cnocof pemnenus moxoxXei sanaun Gua nanoxed B § 5. Bxpartue
MOBTOPHM XOA paccyXAaeHdl. MilleM KoAMYeCTBO HEATPOHOB B MO-
meHT ¢. Becb mpoMexyTok Bpemenw or 0 go t pasGupaeM Ha oOT-
JenbHbE NPOMEXYTKH At. PaccMOTPHM ONMH TaKoil NMPOMeXYTOK
BpeMeHH 0T t 0 t+ At. Hcrounuk gaa sa 910 BpeMs KOAHYECTBO
HelitpoHOB ggAt. Ecau 6H MCTOYHHMK AeACTEOBA/N TOJBKO B Te-
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YeHHE OAHOTO NPOMEXYTKAa BpeMeHH Aft, TO MH HMeAW Ou Jeso
¢ 3afaveif npegmayuiero naparpaga ¢ HaYaAbHHM KOJHYECTBOM
HeliTpOHOB ng = qpA\t, efMHCTBeHHas pasHHUA Obila 6K B TOM,
YT0 3TH HefiTPOHH BHAENAWNWChH B MOMeHT { =, a He § = 0.
lMosToMy BMecTo pemehus n = nge® MH noAyuuau OH pelllenMe
n = nget = gyAre®t™ (570 pelneHHe OTHOCHTCH K YC/OBHIO
t > oput <t n=0), 1aK KaK ACHO, YTO M3MeHeHHe KOJHUYeCTHa
HeITPOHOB 3aBHCHT WMEHHO OT BPEMeHM, KOTOPOe NMpPOLLIO NOCHe
TOr0 MOMeHTa, Koraa Guao 3aaH0 HayaJlbHOe KOJHYECTHO HX, T.€,
OT BEAUYHHE { — T B JAHHOM cAYyuae.

Ha camoM peae ucTOMHUWK HeficTByeT HENpepHBHO B TeHEHHE
scero BpeMeHd or 0 mo t. 3HayWT, Hago CAGKMTH BKJAj BeeX
HeWTPOHOB, HCNYLIEHHWX HCTOYHWKOM B DPa3JHYHHE NPOMEXYTKH
BpeMeHH At, npyuyeM B CyMMe STH NIPOMEXYTKH BpeMeHH OKPHBAIOT
BeCh MpoMexyTok BpeMeHH oT 0 no ¢. Takas cymma mpH Maaux At
npeacrannafeT cobolft MHTerpaJ, nNOITOMY

¢
n(t) = Jqoec(‘_‘) d.
0

dror HHTerpan JAerko BHNYHC/AHTh:

]
- ¢ -
n(t) = Q'szdje_ad“ = Qoea . 71 e_“|o = qoe“ . 71 e % — )=

= "—2 (e*-1). (11.2)

Herpyano yGeautbes B TOM, 9TO STO pelueHHe YAOBJETBOpDHeT
YPaBHEHHIO

dn
dat
aycnosuo nput =0 n=0.

Onna u Ta xe dopuyna (11.2) maer pemleHue NpH TONOKH-
TEJbHOM H NpH OTPHLATE]bHOM 3HadeHHWM ¢. OfHAKO BHA KPHBOM
n = n(t) npu 3ToM cymecrBeHHo passaudeH. [Ipu ¢ > 0 (r.e. npu
a > b) nokasarenb ct MOACHKMTENEH, TaK UTO C POCTOM { BelWYHHa
€ GHCTPO CTaHOBMTCA ropasao Goabme exuHuub. [Ipn GosabmoM i
He>0

=%[% (e® — l)] = ge® =cn+ g

nw%e"‘.
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pu ¢ < 0 Benuuuna cf < 0, MOITOMY ¢ pocToM t €% CTaHOBHTCA
TOPa30 MEHSIe SIMRHMUH W SHAICHHS 1 MpHOAMKAITCA K YHC-

a) ___

ne -2
[~

Bun kpHBHX nokasaH Ha puc. 126.
OrMerum moGonuTHuA yacTHHE caydait ¢ = 0. Ecm ¢ =0, 10
dropMynioit (11.2) HemocpeaCTBeHHO NOJIb3OBATHCA HEMb3A,
Pasnoxum e B paz:

2
=1l4+ct+-7 (d)
Moacrasana B dopmyay (11.2), noayunm
- (Glt)2 _1l= 1
n(t) = [1+ct+ 1]—q0(t+§ct2+...).
Aol popMysofi MOXKHO NOAb30BaThCA NpH ¢ = 0, moayuaeM
n(t) = got. (11.3)

TocnepHuit pesy/isTaT HETPYAHO MOAYYHTD M M3 YDABHEHHS
(11.1). HOefictButensto, npu ¢ = 0 (11.1) uMeer Bug % = qp.

Ortciona n(t) = gyt + A, tae A — no-
CTOAHHAA HHTerpHpoBaHus. [lpu ¢ =0
AOKHO 6HTL 1 = 0, mostoMy A = 0.
Monyuaem (11.3).

Kak Owno moxasaHo Bhue, Npw
¢ < 0 XOHUEeHTpaUUsA HeATPOHOB C Te-
YEeHHEM BPEMEHH EOCTHTaET INOCTOAH-

HOTO 3HAYEHMS _q?o, HJIH, 4TO TO Xe

nj

camoe, % UeM MeHbie || (ueM Mu

GAHXE K KPHTHYECKOMY COCTOAHHIO),

TeM Sonbllle 3TO MOCTOAHHOE 3HAaYe-

Hhie. TakuM o6pasom, Aaxe NpH OYeHb

Puc. 126. ciaboM HCTOYHHKe (MaJioM gp) Macca,

6AH3Kas K KPHTHYECKOH, MoXeT na-

BaTh M06oe Bosbmioe YHCHO HeATPOHOB, GOJIBIIGE YHCIC Ae/IeHHI,

Godbllioe BHAeAeHHe Heprud. B npHHuuNe pexxuM paboThl aTOMHBIX
KOTJIOB HMeHHO TAKOH.

*) 310 4HCA0 NONCKHTENBHO, TAR KaK ¢ < 0.
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IMoanepxanne Taxoro pexHMa sIBASETCA HeJerkoif sagaved, Tak
KAK MaJible M3MeHeHHA b M ¢ OueHb Pe3KOo MEHAIT BeJMYHHY % KO-

raa ¢ 6AH3KO K HyJIo, a pabota NpH ¢, 6JH3KHX K HYJI0, HeobxoauMa,
Koraa Hafio Moay4aTh GONBIIYIO MOLIHOCTL MPH MajoM gp. OmHako
NpH NOMOUIH ABTOMATHYECKOIO PETYJIHPOBAHHA 3TY TEXHHUYECKYHO
Jajady yaaeTrcsi pelIMTb: KOTA2 M BLIXOZHT H3 3aJaHHHIX Ipeje/oB,
CHCTEM2 PeTYIHPOBAHHA MEHACT BeNHYHHE @ WiH b, K ToMy Xe ecTb
npHpoaHHE hakTopHl, obJeryaniiye peryHpoBaHHe: TaK, HanpHMep,
NpH YBeJHYEHHH 7 NOBHILAETCA TeMIepaTypa aKTHBHOTO BellecTBa
H NPH STOM OKa3HiBAaeTCA, YTO ¢ YMEHbIIALTCSH, TAK YTO B H3BECTHBIX
npegeaax cHCTeMa Kak Ou CaMOPETYJHPYETCSH.

§ 12. 3naueHue KPATHUECKOH MacCH

Mui 3HaeM Tenepb, HACKOJILKO CHABHO MEHAIOTCH CBOACTBA CHCTe-
Mbl B 3aBHCHMOCTH OT TOTO, HMeeM JH MH AeN0 ¢ HaAKPHTHYECKOH
WIH MOAKpHTHYeCKoN Maccod. PaceMoTpHM NoipoBHee camo yCaoBHe
KPHTHYHOCTH 3k

™= Ngv—1)

MonctasuM uHcna aast ypawa-235: o = 1,6 - 104 v = 25,
N =4.10% Toayunm
rep =k 3

P 4102 1,6-10%- 1,5
Kosgduument k MH He yMeeM onpelensith, 3HAeM TOJNBLKO, YTO OH
MeHbllle eMHMIE, HafileM 3ToT KOSpHIHEHT, CONOCTABMIAA (OpPMY-
ay c onbiToM. ONbT NOKA3LIBAET, UTO KPUTHYECKas Macca ypaHa-235
okoao D0 xr. YpanoBui#i map Maccofi B0 Kr HMeeT pauyC OKOJO
8,5 cM. CrnenoparesbHO, B AaHHOM Caydae

8,5

kﬁ%-:()'&

OcTanoBHMcH Ha GHIHYECKOM cMbice QOPMYJIH AJAA KPHTHUe-
CKoro pagiuyca. B BeIpaeHHH Ty, CKOPOCTD HEHTPOHOB COKPATHAACH.
3HaunT, GOpMYJTY IS Typ MOXKHO NOJYYHTh, HE PaCCMaTpHBas Xoja
npouecca BO BPEMEHH, HE PacCMaTpPHBas CKOPOCTH Pa3MHOXEHHA
HeiTPOHOB H CKOPOCTH YXO/ia HeATPOHOB H3 CHCTEMH,

Ecnn npeneGpeub GespasMepHHM MHOXHTeneM 3k (oH nopsanka
eHHHUH), T0 GOpPMYAa AN KPHTHYECKOTO pagMyca IPHHHMAeT BHA

&~ k- 30 om.

repNop ~ \._.ITT (12.1)
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Uro 3a BeanuHH2 cTOHT B JeBoit dacTH Qopmyan (12.1)? ry,0r
ecTh ofbeM UMJIMHADPA NJHHOH, DAaRHOH pajHycy, H ¢ IJIOIAZLIO
OCHOBaHHsl, paBHOl op. HamoMuuM, uTo ecan HeliTpoH ABHXKeTCS MO
OCH T2KOT0 LHJIMHAPA, TO OH BH3HBAeT Ae/eHHe TeX Aaep ypaHa-235,
LEHTpPH KOTOPHX HAXOAATCA BHYTDH UMAHHADA. N ecTh UHCJO Afep
B efuHHUe obbeMa. CaenoBaredbHO, NrTypOf €CTh CpelHee YHCAO
Anep B ofbpeme UHAHHADA.

Teneph MOXeM AaTh APYTYIO (POPMYIHPOBKY YCJIOBHIO KPHTHYHO-
CTH. MH BHACHHJH paHbIUe, YTO CPEAHHHA NYTh, KOTOPHI IIPOXOAHT
BHYTPH HeJSILIErOCs BEIIECTBA HEATPOH, POAHBLIHNACA BHYTPU Belle-
cTBa (B peayabTaTe AeNeHHS), NopAAKa paauyca r. Ilocane Toro kak
HeATPOH MpollieJl IyTh OKOJIO 7', OH BHXOAHT 33 NIPEAEH ACASIIErocH
BEIIECTBA H AJIA NpoOLlecCa NMOTEPSH. YCJOBHE KPHTHHHOCTH 3aKJi0-
HaeTcd B TOM, 4TO B {peiHEM Ha 3TOM IIYTH HeHTpPoH JOJKeH no
yX0fla H3 CHCTeMH POAMTH OfMH HedATpoH. [IpH neseHnn ofpasyercs
v — 1 HOBBIX HefiITPOHOB. 3HAYHT, HYXKHO, YTOGH O BHJAET2 HEATPOH

BHISBAJ MPHMEPHO ——— JeneHuiH, T.e, uTOOH B o0neMe LHAHHApa

70 GHJIO MPUMEPHO V-I— ANep. 210 YCAOBHE H IIPHBOIMT X HopMy-

-1
ae (12.1).

[TonsiTHO, uTO TaKHe pacCyXKAeHHSI He CTPOTH, HO OHH HYXHH
A5 IOHHMaHHA (HHIHUECKOA CYTH JeJia H 3ECh HX HENb3A 3aMEHUTD
HHKAKHMH PacdeTaMH, Jae CaMHMH TOYHBIMH BHYMCJEHHAMH Ha
COBPEMEHHEIX 3JIEKTPOHHHX MaliHHAX. Takue pacueTH Ha MaliHHAX
He 3aMeHAT, a JoNoAKAIOM ACHOE NMOHHMaHHe KadecTBeHHOH, (u-
3HUECKON CTOPOHH Aeji2. B uacTHOCTH, 4HTaTeNb A0JDKeH OOpPaTHTL
BHHMAaHHE Ha NMPHHIHI, KOTOpHA OHJ BHCKa3aH B HayaJje naparpa-
da: ecqM Kakas-TO BeJMuHH2 (V) BXOAMAA B BHIBOA (POpMYJH, HO
B OKOHYATeJBHOM pE3yJLTaTe 5Ta BEeJHYMHA COKpaTH/ACh, 3HAYHT,
€cTh BHBOA (OpMYJE, B KOTOPDOM JaHHas BeJHUHHa Boollle He
paccMarpuBaetcad. HyxkHo Bcerma HaxoauTh Takod, GoJee MPOCTOi
BHBOZ $OpPMYJH, MOTOMY YTO ApYrofi BHBOM GOPMYJH —— 3T0 H ApY-
roif, HOBHIA B3rJAA Ha HCCAeAyeMBIH mpolece.

§ 13. Noraomenwue cBera.
NocranoBKka 3asaun | rpybas omeHka

PaceMoTpuM norJiomeHHe CReTa B BOSAYXe, CONEPKAILEM YepHHE
NBJHHKH caxH. [IycTh B euHHIE o6heMa copepXUTCa N IBIIHHOK,
[Tnowans ceveHuA ORHOR NBIIMHKH NAOCKOCTBIO, NePIeHAMKYIAPHON
K Jyd4y cBeTa, o603HauuM uepes o. KopoTko Gymem HaswBaTth @
«ceqeHHeM». Tag, HanpHMep, A MBJIHHKH, NpeAcTapaaomed cobod
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I1ap pajuyca r, ¢ €cTh INIOWAKb CeyeHHUs, MPOXOAALILro Yepes LeHTp
apa, .. 6 =wr**

ByneM cuuraTh, uTO CBET, NONAAAIOLIHA HA MOBEPXHOCTb NHJHH-
KH, TOJIHOCTLIO Torjiomlaercs, 3aada 3akNI0YaeTC B ONpefe/ieHHH
3aBHCHMOCTH A0/ MOJIOIIEHHOro CBETa H JOJM NpoLIefillero ceera
oT BeauuuH N, ¢ M JJIHHH NyTH 2, KOTOpYIo Jyd cBeTa Npolien
yepe3 BO3XYX, COREPKALLHA NENb.

Haunem c camofi rpy6oil oileHKH Toro MyTH, H2 KOTOpoM Iipo-
HCXOIHT TIOTJAOLIEHHE 3HAYHTENLHOH ROJM CBeTa. 3Ty AAHHY 06o-
anaunM uepes L. Yro uMenno obosHauaer MHOro3Ha4dHTeABHOE BH-
pakeHHE ¢3HAYHTeAbHasA JOJA CBeTa» — B 3TOM MH pasfepeMcs
noaxe, B cenyommx naparpadax. He OyaeM cmymarthes HeueTxofi
MOCTAHOBKOH BOIpoCa.

PaccMOTPHM UMAMHAD € TAOUIAZBI0 OCHOBaHMA S M gimHolt L.
[Torpe6yem, uToOH CyMMa ceueHHH BCeX IHJHHOK, HaXOASALIHXCA
B 3TOM LMJHHApE, paBHAJACH S.

B o6beme muimungpa SL cozepxkurtcd NSL NuIHHOK, CyMMa HX
ceueHnit papHa o NSL, snaunt, Mu TpefyeM, uToGH OnAO

oNSL =S,

OTKYZa
L= — (13.1)
oN’ )

IMpoBepuM pasmepHocTh B (13.1): o ecTh Muomaap, ee pasMep-
HOCTb cu?; N ecTh uHCJIO IHAHHOX B HHHIE 06bema, pasMepHOCTh

CJleJI,OBaTEJleO, [L] = cM, KaK B A0MKHO GHITH.

Kal{os (PusHYecKHA cMHICA NMocTaBAeHHOro ycjoBHA? Ecan 6u
MOMHO ORJIO Pa3MeCTHTb NMBIJIHHKH TaK, 4TOGH 3aKPHTHE PasHHIMH
NEJMHKAMH TJIOWAAM He NepeXprBa/IuCh, TO NPH NOMOLIH MHJIHHOK,
HaXOAALIMXCA B LHAMHApe ¢ miauHoA L M maomapbio ocHoBaHuA S,
MOXHO Obisio Obl 3aKpHTh BCEé OCHOBAHHE LMJAHHAPA H AOCTHYDL
NOJIHOTO TOTAOILEHHS Beero ceTa. [Ip x < L nosHoe noraolleHue
CBEeTa 3aBeJOMO HEBO3MOXKHO: KaX HH pacnosiaraif MHAHHKH, oflias
MIOWAaAbL HX ceueHUH He HOCTaTOYHA AJAA TOTO, YTOOH 3aKpHTL Bre
OCHOBaHHE UHAMHADA.

fcuo, uro u npu ¢ = L u xgaxe npu z > L B neficTBUTEALHOCTH
noJHOro Nor/oltenus He Gyner. [pu cayualinoM pacnonoXkeHuu Nu-
JHHOK NpH JKO60M & OYAYT OCTaBaThCsA TAKHE HANpaBJNeHHA, BAOJb

*) i1 NBANHOK CAOMHON (OPMM TOUHOE OnpefefieHHe CeUeHHA © TEKOBO:
¢ eCTh CPEAHAA mIomaxb TeHH, orbpachipaemoll NUAHHKOA Ha NOBEPXHOCTH, Mep-
NeREHKYAAPHYIO K AYYY cBeTa,
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KOTOPhIX He OKaXKeTcs HH OAHOH NMBUAMHKM, H JY4YM CBeTa NpoHxyT
10 3THM HanpaBJICHHAM.

SHeprud, XOTOPYI0 CBEeT MEPEHOCHT Hepe3 KaKylo-HHOYABR MJ10-
magKky 3a 1 ¢, HasHBaeTcs NMOTOKOM HeprHu ceera. [lycrs I ectsh
NOTOK SHEPrHM CBeTa uepes miomagky | cM2 Bra BeswauHa Hasu-
BAETCH TJIOTHOCTBIO MOTOXA SHEPrHH, ee pasMepHocThb spr/(c - cu?).
Huxe Mu GyzeM paccMaTpHBaTh IIOTHOCTh MOTOKa CBeTOBOH 3Hep-
run I(x) B 38BHCHMOCTH OT TOJLIMHH o z. SlcHo, uTo

I(z) = Lyf (), (13.2)

rae Iy ecth sHeprus mapatomiero ceeta, f(z) — Hckomas PyHKuuS,
XapaKTepH3yolasn ocia6ieHue cBeTa.

Yo MoxKHO ckasath o cBoficTBax ¢yuxunu f(z)? Ecan z =0, 10
ocxatnenns cBeTa elie He npousotuiio, I{(0) = Iy, nostomy f(0) = 1.
EE:JI)H z > 0, To npoHcXomuT ocAaGaeHue cBeTa, I(x) < Iy, moatomy
flz)< 1.

flcHo, uTo ¢ yBexuueHHeM z GYHKUMA f(z) yMeHbIIaeTcs, NpH-
GnuKanch X HyJo, T.e. f(z) — yOuBaomas ¢yHKuusa. JHAYHT, ee
NPOU3BOAHASA OTPHUATE/BHA:

£<0.

dz

MUE roBOpHJIH, YTO MOJHOTO NOTAOLIEHHA He GyaeT HH npu x = L,
HH NpH « > L, nosToMy MH He 3xnieM, uToGH f(z) o6paTHaach B Hyb
npu z = L. OpHako MoXHO NpemnojaraTh, YTo BejiiudHa z = L
AIBAAETCA XapaKTepHo AAWHOA. ITO 3HAYHT, YTO IIPH NMPOXOXKACHHH
CBeTOM NYTH & < L HONA NOIJIOIEHROr0 CBETA BEChMAa Majla MO
CpaBHeHHIO ¢ foJeil NpoOlieAlIero CBeTa; IPH NPOXOXKIEHHH NYTH
% =2 L nornowaerca 3aMerHas 4YacTb CBET3, a TMPH NMPOXOXIACHHH
IyTH Z >» L 66/apuas 4yacTh CBeTa MOMVIOINAETCH, MPOXOAUT TOJILKO
BeCcbMa MaJjasi YacThb CBeTa.

@yukuna f(z), kak sugno H3 dopMyan (13.2), GespasmepHa.
MoxHo TIpeznofaraTh, YTO €CJH BBeCTH Ge3pasMepHYi0 NepeMeH-

HYIO %, To QyHkuusa f (%) GyHeT Bcerza ONHHAKOBA AJA JIOGHX

IBIMHOK, AIO0BX N H 6. DTH IIpeAnoaokKeH:s GYAYT NOATBEPHKALH
H YTOYHEHH B CJAeAYIOLIHX Iaparpadax.

§ 14. YpaBHenwe MOrAOmMEHHS M €r0 peleHHe

PaccMoTpuM ToHKHH csoff Bosgyxa Mexny x H x + dr. Bee
pacueTH BefieM Aas cronfa BO3ZyXa B BHLe UHAWHIpA ¢ MJAOLIAXBIO
ocHoBanna | cM? (B mpexnAymeM naparpade, Korza pacCMaTpHBAJCS
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HMAHHAP C TIOWAZBIO OCHOBaHHA S cM’, BenHyuHa S Bee paBHO
COKpaTRAACE).

[Tyqok cBeTa COCTOMT U3 MapajiiesbHHX Jy4eld H XapaxTepH3y-
¢TCA MAOTHOCTBIO NoToxa sHepruu I. Ecau Ol He GuiM0 MOTMOIEHHA
CBeTa NHAHHKAMH, BeJiHuMHa | Oua 6H MOCTOAHHA.

B paccmaTpuBaeMoM caoe copepxuTes N dx NHJAHHOK, KOTOpHE
lepeKpHBAIOT MIOIaAb oV dr H3 NOJIHON NJIOMIAAH OCHOBAHHS CJIOS
| cM% CrenoBaTenrHo, B cloe morowaetca oas oN dr sHepram,
nagaomeif Ha caoil mo HanpasaeHu!O ocH &. Iloatomy d@ = INo dzx.
[Ipy npoxoxpaeHRH CBeTOM c/iosi dr MOTOK 3HEPTHH CBEeTa YMeHb-
NiaeT¢A Ha BeNHYUHY, PaBHYI0 KOJHYECTBY MNOIVIOWIEHHOH IHEprHy
d(). Jlo Bxoaa B cAofl MIOTHOCTH NMOTOKA 3HepruM 6maa I(x), nocae
RMX0Za U3 caod crana I(z + dz), nostomy

I(z) — I(z + dx) = IoN dz. (14.1)
Jameuasn, uro I(z + dz) — I(z) = dI, nonyyaem us (14.1)
di
'&E = —INU.
Peuretine sTOro ypaBHeHUs:
I = e Ve, (14.2)

3To pelleHHe MONYYaeTCA COBEPIIEHHO TAKHM XKe COCOGOM, KAk K
pemenne N = Noe™™ npu pacCMOTpeHHH pafiHOAaKTHEHOMO pacfaza
(cM. § 3). 3necw Iy ecTb sHaueHue BeAMuuHH I npu z = 0.

ITpu yBenHueHHM TOJALIMHH Closi B apH(METHYeCKOH mporpeccuu
x| =@, 23 = 26, £3 = 36 U T. &. CHJIa CBeTa YMeHBUIAETCA B MeOMeT-
pHuecKofi nporpecchu. B caMoM zene, o6osHauas e—°Ne = q (torza
o < 1), HafizeM, noab3yscek (14.2):

I(z)) = L, I(z3) = Ipe® I{x3) = Le? mr.n

§ 15. CooTHOmMEHME MeKAY TOUHLIM H rpyOniM paczeTaMu

BecbMa moy4yHTeABHO Telleph, pacnonaras H TOYHHIM pelieHHEM
(§ 14) u rpyGo#t ouenkofi (§ 13), cpaBunts mx. Takoe cpaBHeHHe
noMoraer MoJL30BAThHCHA IPYGHMH OLEHKaMH B CJOXHHIX 3ajauax,
TAe TOYHOE pellleHHe HAHTH TPYAHO; CpaBHEHHe TIOMOTAaeT NOHATh
rPaHULK NPHMEHHMOCTH Ipy6oro pelmeHus.

Iipu rpy6oM pelieHHH MH HallJIH OAHHY, HA KOTOPOH NMPOHCXOAHT
3HauuTeNbHOEe NOrMOIIEHN e,
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Ilpu momowm BenwyHHH L TtouHoe pewenne (14.2) moxHo BHpa-
3HTb TaK:
I=Iye=/L, (15.1)

3H2UHT, MOJAHOCTLIO NMOATBEPXKAZETCA NpeANioNoKeHHe, UTo HaliaeH-
Hasl TpyGBIM paccyXeHHeM BeaMYHHa L BXOOMT B TOWHOE pellleHHe.
ToyHoe pemieHUe HeHCTBHTENbHO HMEET BHI,

r
I=1f(z)
Hs Tounoro pemenus (15.1) HaxoauM KOHKpeTHHH BUA (YHKIHH
z Y _ -/l
f ( L)' HeiicraurensHo, f ( L) ,
PaccMotpum pauny z = L. Ipy6oe paccyxnende nasano Ha 3Tol
AMHHe NoJAHOE NornolleHue ceeta. Ha caMom aene us TouHoro peme-

uua (15.1), noaaras B HeM z = L, HaxoguM I = lpe~1 = 0,371, t.e.
npoxoaur 37 % cBeT2, a moriomaercs, cieAosarenbHo, 63 %. Ilpu

MaJbX % BeipasuM €~%/L no dopMyne MaxJopena, orpaHHYHBAACH

AByMsa uaeHamu. Iloayuum
e/l -1’:': (15.2)

leoMeTpHyecKH 3TO COOTBETCTBYET 3aMeHe KpuBOH Ha KacaTelbHYK
K Kpupoil npu z = O (puc. 127). Kax sumno u3 (15.2), kacatens-
Had nepecexkaeT och £ npH & = L. [losromy ecnn OH NoraoueHHe

NPOHCXOHAO € OJHHAKOBOH CKOPOCTEIO,
1 T.€. TaK, YTO Ha KAXKMO0A efHHHLE AJHHH

norJowanoch 66 OAHHAKOBOE KOJHYECTBO
I CBETa, TO BeChb CBET OBl OH MOLOLLEH Ha
onune x = L,

TakuM o6pasom, BeauuuHa L, mo-
JydeHHaa TPyOLIM paccyxAeHHeM, Heii-
CTBHTE/bHO, HMEET BaXKHedee SHAYEHHE
H B TOYHOM peIleHHH,

Bonpoc o rpy6nix pemieHHX oueHb BaXKeH B NPaKTHUeCKo# pa-
GoTe, H Hallo BCAYECKH PASBMBATL YMeHHe OLICTPO HAXOAMThL rpy-
Ghie peleHHd, TPEHHPOBATHCA B HX HAXOXJEHHH H MOHHMAaHWH;
5TO ropasfo BaXKHee H IJIOJOTBOpHEE JIOPAZHOTO MOAYEPKHBAHHA
HeJoCTaTKOB Ipyluix pemiennit. ByneM panopatscs ToMy, uTo rpyGoe
petuenHe faer 100% mornouieHHsA TaM, rae ToYHOe pelieHHe AaeT
63 % moraomenns — ommbxa Bcero B 1,5 pasa. I'pyGoe pemenne
npH ¢ = L gaer 0% npoxoxeHHs] CBETA BMECTO TOUHOTO 3HAuUeHHs
37 %; Ho sTO He Gema, TaK XaK 3apaHee GHJIO TIOHATHO, 4TO 34ECh OT
rpySoro pelieHHA HeAbsA XKAATh Xopolied TOYHOCTH.

] L X

Puc. 127.
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Ecan ycraHoBneHo, uTo 3ajaua He HMEET TOYHOrO peLIEHHS B
sune ABHOH (GOPMYJNEL, TO HA 3TOM HHKAK HENb3A OCTAHABAHBATHCA.
Hapno oThickuBaTh X0TH O6H oueHb rpyGoe pemenHe sagauu. Onnaxo
IipH NONB30BAHHH HM BCErfA C/efyeT NOMHHTB, UTO 5TO He TOWHOe,
& TONBKO rpyGoe, TPHOIHIKEHHOE pelieHHe.

OcTaHOBHMCH elle Ha BOIpoCe O pasMepHocTAX. PasmepHOCTBb
peanuuns L = 1/(No) M npoBepH/H M YCTAHOBHJH, YTO 3T0 AJIH-
Ha. YacTo OKa3HBaeTCA BOSMOXHHM H2ATH NPHOJHMEHHOe BHpa-
HEeHHe HATEpecyIIel Hac BeIMYHHH, 3Had TOJABKO ee pasMepHOCTDb
H P23MEpPHOCTh MCXOAHHLIX BEJMYHH, BXOAAIIMX B YCJIOBME 32/1a4H.
OnHako B AaHHOM cyyuae 3To HeBo3MOXHo. JleficTBHTeNbHO, Bean-
HHHY, HMEIOWYI0 PasMepHOCTb MJIHHE, MOXHO NOCTPOHTb, HCXOAS

W3 ofiHOM ToALKO Kounentpauun N (1/cm®): I) = —% Besuuna I

npeacraBisieT cofoil cpelHee pacCTOfHUE MeXAY 4acTHUaMiu. Be-
JHYMHY, MMEKIIYK) PasMEepHOCTb JUTHHH, MOXHO MOCTPOHTH TaKXKe
u3 ceuennn o(cm?): Iy = /o, Bennuuna l, xapaxrtepusyer pasmep
yacTHIH. OueBHIHO, YTO BENHYHHA [y = I‘i‘lé“‘ npH J106oM 3HaYeHHH
oKasaTessd CTeMeHH & TaKiKe HMeeT pasMepHOCTb RJuHH. B uacr-
HOCTH, HHTepecylomad Hac penwduHa L nonmydaerea apu o = 3.
Takum o6pasoM, B pacCMOTpeHHOH 3ajaye TeOpUA PasMePHOCTH He
(IPHBOEHT K ONpeleNeHHOMY oTBery. [Masa Toro 4robw Haiitu L,
T.€, BeJIHYHHY PasMEePHOCTH AJNHHH, BXORALLYI0 B TOYHOE pelIeHHe,
oKashiBaeTcs HeoGXoAMMHM HaliTH MMeHHo rpy(oe pelleHHe 3ajauM.
dopManbHOE NPHMEHEHHe TEOPHH PasMepPHOCTH 3[ech He NMPHBOIMT
K LeJH, He JaeT OfHO3Ha4yHoro oTeeTa. Ho faxe B Tex cayuasx,
KOrAa cooBpakeHHs pa3MepHOCTH JAlOT eIWHCTBEHHHi OTBeT Ha
BONPOC, XKeJaTeAbHO TaKXKe HaHTU rpyboe pellieHRe 3afa4yy, yToOH
fICHEe MPEACTABUTE KApTHHY ABJACHHA,

§ 16. 3ddexTHBHOE CeueHue

B samave o6 ocaaGneHHH CBeTa, NPOXOAAMIETO Yepe3 BOSAYX
¢ MEJILIO, BeIHUHHA ¢ HMEET NIPOCTON reoMeTpHUeCKHH CMHICA NJo-
UafH TeHH OfHOW MBIHHKH. 3akoH ocnaGaeHns csera (14.2) onuna-
KOB AJIA CBeTa pasjM4YHON NJMHB! BOJHH (T.e. pasHOro upera), Tak
KaK BeIIMYMHA ¢ OT AJHHH BOJHH HE 3aBHCHT.

IIpy mornoueHAH CBeTa OTHEALHHMH MOJICKYJ2MH H ATOMaMH
HaGaoaaeTcs CHJAbHAA 3aBHCHMOCTb 3aKOHa ocaal/ieHHS cBeTa OT
AJMHH BOJMHH cBeTa. Tax, HanmpHMep, B YHACTOM BO3JyXe BHIHMbIN
CBET MPaKTHYECKH COBepLIeHHO He ocaabasercA (ocaabieHue co-
craBjAeT MeHbmie 1% Ha nyTH B 1 XM, CoOTBeTCTBeHHO ocaabieHue
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B € pas MPOHCXOAHT Ha myTu okomo 100 kM). YneTpaduoseroBsie
JY4H ¢ ANHHON Bosub 1800 108 ecm = 18- 105cu=1800A%
ocaabnaiorea B ¢ pas Ha nytn L = 0,1 cm. Eme Gosee kopoTkue
yAbTpadHONETOBLE MYy4H, ¢ AMHHOA BosHu 1,1 - 1078 cu = 1100 A,
ocnabasiores B e paa Ha nytd L = 0,01 cm.

CaenoBaTeNbHO, NMOMMOIIEHHE CBEeTa BO3AYXOM He NMOXOXKE Ha Mo-
rAoLIeHHe CBETa HepHON MBJIHHKON, OAMHAKOBO MOrAoLIalomel crer
¢ nobolt LAHHOH BOAHH.

KoaxuecTBO CBETOBOH SHEPTHH ¢, NOTACIIAEMOE ORHHM ATOMOM
B €AWHMIY BpeMEeHH, IIPONOPIIHOHAABHO MJIOTHOCTH IIOTOKA CBETOBOA
5HepruH I B TOM MecTe, Iie HAXONHTCA aTOM:

g=ol. (16.1)

3neck o ecTb xospuLEEHT NponopuHoHaNLHOCTH. Onpenennm pas-
MepHOCTh . PasMepHOCT ¢ ecTh 3pr/c. PasMepHOCTD TOTOKA sHep-
riu I ects apr/(cm? - ¢). Caenoarenbho, PasMEpPHOCTh & €CTh CM2
Beauuuna o HasuBaerca spexTHBHEIM ceueHHeM. Ilaa uepHoil nul-
JMHMHKH KOp(PHIMEHT ¢ COBMafaeT ¢ MeOMETPHUECKOH BENHYHHOA —
NAOMAAby TeHn, Jinm MoAexys M aTOMOB ¢ CHJIBHO 3aBHCHT OT
IJAHHE BOJHH CBETA.

I'py6Go MOXHO Tax npeacTaBHTH cefe MPHYHHY STOH 3aBHCHMO-
ctd. KosHyecTBo morsiolaeMoffl aToOMOM >3HEpPruM NpH BO3NAEACTBHH
HAa Hero CBeTa OKashBaercA ocCoGeHHO GOJBIIHM, KOTda 4acToTa
CBeTOBHX KOJA€GARHHHA COBNAJAET C YACTOTOH ABHIKEHHA AEKTPOHOB
B arome. [Ipu 3TOM HMeeT MecTO ABJeHHEe pe3OHAHCA, SMEKTPOH KO-
aebaerca 0cobGeHHO CHALHO H MOMMOLIAET OCOGEHHO MHOTO CBETOBOH
SHeprHH. _

Takoli pesoHaHc RocTHraercs, HanmpuMep, NPH MOIVIOMEHHH aTo-
MaMH HaTpus (B napooGpasHOM COCTCAHHH) JKeATOro CBeTa ¢ LAHHON

soann 5890 A = 5,80 . 1075 cm. TouHo Takofi e MeaTHi CceT
HCIYCKAOT aTOMH HAatpusi MpH Gosiee BBHICOKOA TeMmepaType, KO-
rAa KoneGaHHe 3JeKTPOHOB BHISHBAETCA CHALHBIMH CTOJKHOBEHHAMH
aTOMOB Mexay coGoH.

IIpu pesonance penpupHa ¢ pocruraer 10~0 cm? Pasmepu aro-
MoB H Mosiekya nopsiika 10~8-10~7cm, uto cooTBeTCTByeT ceueHHAM
nopaaka 10~16-10-14 cm2

TaxkuM o0pasoM, MaKCHMaJbHHE 3¢ (EKTUBHBIE CeYeHHS BO MHO-
ro pas 6oabillé HCTHHHHX NACLIafeA Ced4eHUH RTOMOB H MOJIEKYJ.

") A — anrctpem, 1 A =10"% cu.
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(. ApYToA CTOPOHH, AJIA CBETA, YACTOTA KOTOPOr0 HE COOTBETCTBYET
¢06CTBEHHOH uyacToTe aToMa, PeKTHBRHOE CedeHHe Mafo, ropasao
MEHBLIE MVICIIAAM CeYEHHA aToMA.

§ 17. Ocnabnende NOTOKA 3apPSIKeHHAIX
YaACTHL o~ H f-aydel

[TokasaTenbHEY 3aK0H YOHBaHUA NOTOKA YACTHIL B 3aBHCHMOCTH
0T NPCRAEHHOTO NYTH
I=Ipe~/k (17.1)

OCHOBAH H2 O4Y€Hb 0oOILIeM NpeANoAoXKeHHH, YTo ociabneHHe NMOTOKA
Ha MafioM NMyTH dT NpoNopUMOHANBHO CamMofi MHTEHCHBHOCTH IIOTOKA:

a_ 1
=11 (17.2)

1
rae KOS(‘JQ)HI.IHEHT MPpOoNMopHOHAJNBHOCTH Z €CTh MOCTOAHHOE YHCJO,

3ABHCALLLEE TOJLKO OT BHAA YACTHLL.
Peienne ypaBHenusn (17.2) ects

I =TIk

MostoMy dopMyan (17.1) u (17.2) paBHOLEHHH, OfHA CAERYeT M3
ApyToii,

OnbiTH NOKA3HBAIOT, YTO B HEKOTOPHX CYYasX MoKasaTejbHBIH
3akoH (17.1) aBaseTcA BnosHe TOYHLIM, & MHOTAA OT Hero HabJaona-
10TCA OTKJIOHEHHA. PaccMOTPUM BHHMATENBHO T€ MPHUYUHH, KOTOPHE
MOTYT BHI3BAaTh OTKJOHeHME oT dopMyanl (17.1) war {uto TO XKe
camoe) oT opmyan (17.2).

Jlerko OTBETHTh Ha BOIPOC © CMBIC/E OTKMOHEHHH oT dopMy-
aut (17.2). dopmyna (17.2) noapasymeBaet, uT¢ NPH H3MEHEHHH X
W uaMeneHun I paccMaTpuBaeMHil cBeT (MMM Apyroe kakoe-HHGYAB
H3JyueHHE) Ka4EeCTBEHHO He HM3MEHSeTCH, HHAYe H3IMEHANAOCh Ol
uncsio L. INepenwmem (17.2) 5 sune

1dl _ 1
I dz L’
1dr
OTcioga BHAHO, 4YTO BEJHYHHA T4 nocroAnna. Ecan okamercs,
1drI
YTO B PasAHYHHX TO4KaX MPOCTPAHCTBA BENHUMHA — — pas/IHyHa,

I dr
3HAYHT, B 3THX TOHUKAaX pasJMH4YHA Heé TOJBKO HHTEHCHBHOCTE H3Jayde-

HHA, HO PA3jJMYHO U €ro (PU3IH4YEeCKoe CoepiKaHHe, HAlpUMep, CBET
pa3Hore UBeTa, T.€. ¢ HEORMHAKOBOH CPexHed NAMHON BOJIHHL.
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[Ipn paccMOTpeHBH BONPOCOB 3AIUMTH OT PAJHOAKTHBHEIX H3-
JIyueHRH H BONPOCOB TPOXOXAEHUA -, B- M y-Ayuell U HeHTpOHOB
qepe3 pasjiMUHbe BellleCTBA MH BCTpeuaeMcs ¢ APYroft mpHUHHON
OTKNOHeH## oT mpocToro 3akoHa (17.2).

B npumeseHMH & Mpoueccy norMomMeHHs cBera 3sakoH (17.2)
03Ha4aeT CJAeAyIOIiee: ecAR CBET BCTPETHJ HA CBOeM NyTH NHAUH-
Ky, TO 4YaCThb CBeTa NpPOXOAAT MHMO STOH NHAXHKHA, COBCEM He
H3MeHAACh, 4 Apyras 4acTh CBeTa LEJHKOM TOrjoliaeTcs NEAHH-
Koil, B caygae paguoakTHBHEIX M3nyueHHH Jeo o6CTOMT CJAOKHee:
O-4acTHLA NpexcTaniasieT coboff Afpo aTomMa TrefHA, BHJETAOMEe
H3 PafHOAKTHBHOIO <«PORHTENbCKOrO» Afpa ¢ OOJBIIOA CKOPOCTHIO,
nopaaxa 0,07¢ (rme ¢ — cKopocTs CBeTa), T.€. CO CKOPOCTBIO OKOJIO
2. 10% em/e, INponeraa yepes aToM, o-4acTHIA OTRACT SJMEKTPOHAM
Mmanylo dactk ceoelt suepruu. [locsie mpumepuo 50000 cronxHoBe-
HHH ¢ aTOMaMH &-JaCTHLA NMOTEpHET NOAOBHHY cBoel SHeprau. Ilpu
3TOM OHAa He MepecTaHeT CYIEeCTBOBaTb, HE HCYE3HET, HO SHEPrus
H cKopocTb ee H3Mensatcd. [locae 100000 cronkHoBeHHHA a-uacTHIA
0CTaHABJINBAETCA, MepecTaeT CTAAKHBATHCA C ATOMAMH H BHOHBATD
K3 HHX 3JIEKTPOHK. TaKkoe YHCAO CTOAKHOBeHMH o-4aCTHIA MCOAITH-
BaeT B BO3lyXe HA NMYTH B HECKOJbLKO CAHTHMETPOB.

B neiCTBHTEbHOCTH HA 5TOM IYTH PasfHYHBE a-4aCTHLH (OXH-
HAaKOBOH HayaZbHON 3HEPrHH) HCHHTHIBANT pasHoe YMCJIO CTOJK-
HoBeHH, He abssareasHo B tounoctH 100000. Oxuake, Tak kak
100000 — srto Gonnbuoe 4ucA0, TO HAa JaHHO# JJRHe NMyTH OT-
KJIOHEHHA YHCJA CTOAKHOBEHHH OTHEMBHEIX O-YaCTHL OT CpelHero
(100000) negeaukn (nopanka 300, 1. e. oxoso 0,3 % cpenHero uucsa
cToJKHOBeHH#). [loaToMy «-yacTHIH ONHHAKOBOH SHEPrHMH Beeraa

TEPAIOT BCIO CBOX SHEPrHIO HPHOAHIHTENb-

Y4 HO Ha OAMHAKOBOM NyTH. Besumumna sro-
ro OyTH 3aBHCHT OT Haya/bHOit 3HEpPrHH
o-yacTHOH. Ecau nmoTok o-vyacTHL ofuHa-
KOBOH 3HePrHM JeTHT BAOJIb OCH ¥, TO
3aBHCHMOCTh MeXAY HHTeHCHBHOCTbIO IO-
Puc. 128, TOKa H BeJIHYHHOH mNpoifaeHHOro MYTH
n3o6paxkaerca KpuBof puc.128. Kpusan

3Ta CoBepilleHHO He NMOX®Xa Ha rpaduk nokasaresbHo# yHKUHH.
Ha npoTsaXeHHH 3HAYHTeNbHOH YAaCTH OYTH HHTEHCHBHOCTH MOTO-
Ka a-4aCTHI| He MeHSeTCA: 332 OAMHAKOBBE NMPOMEXYTKH BpeMeHH
yepes NAOMAAKy B 1 cm? NpoJieTaeT OHHAKOBOE YHCJO O-YACTHII,
3aTeM HHTEHCHBHOCTb pPe3Ko NMaflaeT. 3To pe3Roe nNafenHe ObLIO
TOArOTORNICHO HA YYACTKE, ¢ HHTEHCHBHOCTE OCTABaJdach MOCTOAH-
HOHA, TOTOMY YTO Ha 3TOM YYacTKe SHEPrHs a-4acTHU yMeHbllajach
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¢ yBeNiHueHHeM NyTH z. Pe3roe MafeHue NMOTOKA MPOHCXOAUT TaM,
Ile SHEPTHSA O-YAaCTHI, CTAHOBHTCH BechbMa MaJofl.

AHaforHUHAs KapTHHA HMeeT MECTO W AAfA GhCTPHIX IMEKTPo-
loB (f-4acTHL, UCMYCKAaeMbIX, KOTAA B Afipe HefATPOH Npespamaercs
% npotoH). B 3TOM ciiyuae KapTHHA OCJHOMHSETCS TEM, YTO MpH
PaAMOAKTHBHOM pacnafie HCIyCKAlTesl SAGKTPOHH ¢ Pa3NHYHHMH
CKODOCTSIMH, ¥ K TOMY XK€ SJIeKTPOHREI, [IpoJieTas OKOJO0 aToMa, He
TONLKO OTHAIOT eMy 4YacTh CBOEH SHEPrHH, HO YACTO HCHEITHBANT
H 3HaYMTeNbHOe OKOBOE OTKJAOHEHHe.

Kpupasa mas p-yacTvn HMeeT BHJ, TOKA3aHHBI% Ha puc. 129,
Yxe mpH HeGOALIIMX X YacTh SAEKTPOHOB BHOLBAET U3 MY4Ka;
4TO B OCHOBHOM Te 3JEKTDOHH, KOTODbleé HMeJH MAJyi0 HAYaJALHYIO
ckopocts., [losTromy BOMH3H & = 0 nobefieHue KpHBOH NMoXoXe Ha
l0BeZleHUe MoKasaTenbHoH ¢(yHKuMH, Onna- "
KO Aanblie KPHBas FOCTHraer ocu abcumce,
HHTeHCHBHOCTb J CTAHOBHTCA paBHOH Hy-
N0 NpH BMOJIHE ONpele/ieHHOA BeJWYHHE I,
COOTBETCTBYIOINEH MAaKCHMAALHOR SHEpPruH
3/EKTPOHOB, NOJYYAIOMHKXCA NPY AaHHOM pa-
JMOAKTHBHOM pacliafe.

Haubonee BaXHLIMH JAS [PaKTHKH
(n BMecTe c Tem HauGoJjee TPYIHBIMH) SIB- Puc. 129,
JAIOTCA BONPOCH, CBA3AHHHE C 3AIMMTOH OT
y-JiydeH, HCIYCKAeMHX DAIHOAKTHBHHIMH BeleCTBAMH, W OT Heil-
TPOHOB, 06pasylOIHXCA Npu OefeHHH Alep B aTOMHHIX PeaKkTopax
(KoTAax) M NMpH AfepHHX B3pHBax. B sToM cayyae noaoxenHe Hau-
fosiee 3aMyTaHHOE H CJIOXKHOE, TAK KaK Y-AyYH H HeHTPOHH OTAAIOT
IHEPriio GOJILITHMH HOPLHAMH ¥ NDY STOM CHJABHO OTKJOHSIOTCA
OT NepBOHAYAMDHOrO HampabjeHHs. llaxe B TOJACTOM cjioe BO3Ay-
xa (100-200 m) ecTh 3HaumTenbHaA BeponaTHOCTh (mopsaaka 37 %)
MPOXOXKACHHA HeHSMeHHBIX y-AyueRl H HefiTpoHoB., [losroMy oHH
TpeGYIOT TOJNCTHX 3AMUTHHX cjoeB. [loTok y-Ayvyelt M HelTpoHOB
He oGpamiaerca B HyJb OPH oNpelefeHHOA TOJILHHE CJIOA, KAK 3TO
UMeeT MecTo AMA ¢- ¥ P-aydeil; npu Soabilol ToJIKHHe 3AUHTHOrQ
cA0sA, KAK MOKASKHBAIOT ONET H CNOXKHHE pacyeTsi, NOTOK y-Aydeid
¥ HeHTpOHOB yOHBaeT MPHOAHSHTENLHO N0 NOKA3aTeJbHOMY 3aKOHY.

wY




Fnasa VI
MEXAHHKA

§ 1. Caaa, paGora, MOIHOCTH

CooTHOWEHH Mexkay BaxueHI¥MY BeJIHYHHAMH MeXaHHKM
MOXKHO TOYHO cGOpPMYAMpOBaTh TOJNLKO NPH NOMOIIH HHTErpaJoB
H TpoH3BOAHHX. B raape | Mul yxe paceMaTpHBaAH COOTHOLLEHHE
MeXAy KOODAYHATOH# Tesa, €ro CKOPOCTBIO, d TaKXKe MEXAY
cKopocThio H yckopennem. He rioBTopas storo, paccMOTPHM Teneph
COOTHOIIEHHN MeXIy TaKMMM BeJHYMHAMH, Kak cHaa, pabota,
SHEprud, MOIIHOCTb. PaccMOTpPHM NDAMOJHHEHAHOE ABUIKEHHE Teaa
BEoAb ocH 2. [lycts cuna - F, peftcrByomas Ha Tefo, Takxe
HampaBieHa BOOAbL ocH z. B saementapHo#t ¢usuke paGota A,
COBEpIIEHHAsA CUJIOH, ONpeeNIfeTcs Kak NpoH3BeAeHHe cuaum F
Ha NpORAEHHHH TeaoM OyTk | = zg — T, THe Ty — HaAYaJbHOE
MOMOXKEHHE TeJia, T} — KOHEUHOEe MOJOKEHHE TeJa:

A= Fl = Flz, - z,).

OueBHAHO, 3LeCh HMEET MEeCTO TaKoe e MNOJIOMEHHe, Kak
M B Ciydae COOTHOIICHUS MEXAY CKOPOCTBIO H KOOPAMHATOH: Mpo-
cras ¢opMyaa — paGora paBHa NPOH3BEJIEHUIO CHAB HA NepeMelle-
HHe — HMEeT MecTo JHIIb B TOM CJy4ae, KOrAd CHJAa MOCTOSHHA.
Ecan ke cujia MeHSieTCs Ha NPOTAMEHHH Opollecca MepeMemeHys,
TOrAd HA0 BeCh MPOLECC NepeMeleHHA pa3GHTh HA OTAEJbHbIe
MaJibie TIPOMEeXXYTKY TaK, YToGbl Ha MPOTAMEHHH KaXIOro Majoro
NPOMEXYTKA CHAY MOXHO Ona0 cuMTaTe nmocTofnHoff. Torma aas
MaJioro MpOMeXyTKa

AA; = FAz; = Fi(mey1 — 23).

3nauut, B o6ilem ciyuae nepeMeHHON CHABN paloTa BupakaeTcd He
TIPOM3BENEHHEM, 3 HHTErPAJioM

&
A= dem
En
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Mu cyHTaeM H3BeCTHWIM ABHXXEHHe TeJia, KOTOpOe 3aflaeTCs H3-
secTHOH (ynkumelt z = x(t). IlepeMemicHHe Tena 3a Majoe Bpems dt
paBHC MPOHU3BERCHHIO MIHOBEHHOR CKOPOCTH ¥ HA BpeMs di:

dx:vdt=%‘:-d¢.

MosToMy BHpaXxkeHHe palOTH MOXHO HAaMHCATh H TaK:

ty iy
A= |FZdt=Poas (L.1)

tn tn
Ipon3ssenenne F'v, RoTopoe BXOAHT B 3Ty dopMyJay, €cTh paboTa,
NpoH3BefleHHaA B eAHHUIlY BpeMeHY; OHO HA3HBAETCA MOI[HOCTHIO
CHAH. Je#CTBHTENIbHO, B Cyyae NOCTOSHHHX CKOPOCTH H CHAH NYTh
papen x = vi, pabota paBHa A = Fz = Fut u oTHoweHHe PaGoOTH

A
K MPOTEKIeMY BPEMeHH pasHo — = Fy. O603Hayan MOIHOCTL Ye-
pes W, Fv = W, moxHO HanHcaTb
3
A= [Wat.
tn

B cucreme eannnn CIC cuna nanepﬂe'rcs B aHHax (cuna,
npupaomas Macce lr yckopemne I cm/c?), pabotra — B sprax
(I spr =1 gum - 1 cm), MomBOCTE — B 3pr/c.

B cHcreMe enunnn CH pabora wamepserca B mxoyisax; 1 lx =
= 10 apr. MomHocts usmepserca B patrax; 1 Br =1 x/c =
= 107 spr/c. MHorza nosb3yioTcsl Takxe APyrofl eIWHMIEH MOIIHO-
CTH — TaK Ha3uBaeMoli nomaguHol cHaolt; 1 a.c¢, = 736 Br,

Ha Teso moryT meficTBoBaTh HeCKOJIBKO CHJ, Hanpumep, Fy u Fy
TOTZ2 MOXCHO rOBOPHT: O paGoTe, KOTOPYIO COBEPILM/IH NepBas CUJa
(A;) u Bropaa cuna (Ag) 3a To BpeMs, KOTZA TeA0 NMepeMecTHAOCH
H3 HauaJibHOTO MOJMOXKEHHS Tn, B KOHEYHOE
nojioxKene rx. Cuutas, yro cHaAw F) H a

F
Fy — mocroAHHbe, NOAYYHM: %_’ >
Ay = (xr — za)F), Ag = (3% — 2o} F. 6

F

OO6paTymM BHHMaHHe Ha 3HAKH BeJH- *_%
YHH, BXONAIIMAX B 3TH Bupaxenus, Cu-
Ja cunTaeTcs NMOIOKHTeALHO#, Koraa oHa Puc. 130.
AeHCTBYeT B CTOPOHY BO3PacTaHHA Z, T. €.
B CTOPOHY, MOKa3aHHYIO cTpedxolt Ha och z (pHc. 130,a) Bnpaso.
Cuny, nefcTBYIOILYI0 B NMPOTHBOMONOXKHYIO CTOPOHY — BJEBO, CYH-
TaeM oTpHuaTensHolt (puc. 130, 6).

=Y
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Ecin Teno nepemeliaercA B Ty e CTOPOHY, B KOTOpyio nelf-
CTBYET CHJIa, TO paGoTa CWIH NoJoXHTeAbHa. [IpeacTaBHM cebe, uTo
TeJ0 JZBHXKETCA B HANpABJEHHH, [IPOTHBOMOJIOKHOM HampaBJieHHIO
CHJIH, Tak uTo F| ¥ (T} — z,) MMEIOT pasHHe 3HAKH; Toria paboTa
cuan A) oxaxeTcs oTpuuareasHoll. [TpeacraBum cebe, HanpuMep,
YTO Ha TeJA0 AeHCTBYlOT ABe cHAW (puc. 131, a): chana pacraxyTO#
npyxunsl F) U cuna HaTsKeHUA BepeBKH Fb, Kotopyio Bu, uura-
TeJib, HATATHBaeTe pyxkoli. F| Tauer Bneso, Fy < 0; Bu TaueTe Bnpa-
B0, Fy > 0. Ecan Bu 1dHeTe cusibdee MpYyXKHHHE *), 10 TS0 6yzner
nepememarhed caesa Hanpaso. Ha puc. 131, a mokasaso HavanbHOe
NoJOXKeHHe TeJia, a Ha puc. 131,6 — ero KOHeYHOe NOMOKEHHE:
(xx —2zn) > 0, F) < 0. Pa6ora A;, coBepileHHas Haj TEJOM CHJIOH

HaTAXXeHHH NpPYXKWHE, WIH, Kopove,

y a F, pa6oTa MpyKHHH, MPH 3TOM NepeMe-

LIeHHH OTpHLaTeAbHa. B atom cay-

Xn yae paGota, Kotopyle Bu nponspe-

F JIH, NoJioxkHTeNbHa, Ag > 0. [Tonnas

pa6oTa, COBepileHHaA Hajk TEJIOM,

. A = Ay + A;, TaKXKe NONOKHTEJNb-

F:, #a. Ho A < Ay, max Kak A4; < 0.

310 3HAYMT, UTO TOJABKO YACTh NpO-

usBefensoit Bamu paort (A) Boc-

Puc. 131. [pHHATA TeaoM, Apyras 4acts (|A;])

NOWIA HA pAaCTAXKeHHE NPYXUHH.

OTMeTHM, UYTO CHJ/IA TPEHHS O HEMOABHIXHYIO OBEPXHOCTD HaNpasJe-

Ha BcerAg B CTOPOHY, NPOTHBOMO/IOXKHYIO CKOPOCTH ABHXKeHHMA Teaa;

nosToMy paGoTa CHJAL TPEHHS O HENTOABHAKHYIO NOBEPXHOCTb Beeria
OTpHIlaTe/bHA HE3ABHCHMO OT HaNpaBJieHHA ABHIKeHHA Teja.

Cnna F, pelicTBYIOmAn HAa TeJO CO CTOPOHH NPYXHHH, ApyToH
KOHell KoTopofi 3aKpenieH, OTAHYAETCA BeCbMa BaXKHHM CBOACTBOM:
5Ta CHJIa 32BHCHT MCKJIOUWTEABHO OT MoJoxkeHHs Tesa. BoBce He
BCE CHAHW OGA3JAOT TakWM CBOHCTBOM; HANpHMep, CHJa TPeHHA
0 HEMOABHXKHYIO NOBEPXHOCTh BCETA TOPMOSHT ABHIKGHHE Tesia, Ha-
NpassieHa BJIEBO, EC/H TeJ0 ABHKETCS BNPapo, H HaNpaBJ/eHa BIpPaBo,
€CHH TeNo ABHXKeTcH BJeBO. [losTOMy HanpaBsieHHE CHAB TPeHHS
3aBHCHT OT HANpPABJIeHHA ABHXKeHHs Teaa. Kpome Toro, cuja TpeHHa
MOXKeT 3aBHCEeTh OT BeJIMUMHBI CKOPOCTH Tea, CliefoBaTedbHO, CHAA
TPEHHN 3aBHCHT OT BeJHYMHH H HANPABJEHHA CKOPOCTH TeJa.

|

*) MareMaTH4ECKH 3TO O3Ha4aeT, YTO aGCOMIOTHAA BEJNHYHHA CAJIH, ¢ KOTOpof
Bu rtanere, Goablue aScomorHoll BearuHHE CHAH, ¢ KOTOpOfl TAHer TeJio BJAEBO

npyxuna: [Fq| > [Fy].
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Cuna Fp, ¢ woropoft Bu rAHere BepeBky B mpuMepe puc. 131,
# W 6, MoXeT MeHAThbCH NI0GkIM 06pasoM, nmo Bamemy npouabosy.
I} wacTHOCTH, TeA0 MOXeT ABHraTbCA CHAYa/a HAmpaBo, a TNOTOM
inseso. Ilpu 9TOM Teno nBax AW GymeT mpo-
KOUTh OIHO M TO K€ TMOKOKeHHe: mepBhit
|3 Ha TIYTH Briepefl B MOMEHT £, BTOPOA pas
A O6paTHOM NMYTH B MOMEHT o.

BoamoxkHeifi TrpapHrR JBHXKeHHA Teda, a I
I.¢. 3aBHCHMOCTb KOODAMHATH & OT BpeMe- ! 2
I ¢, MOKA3aH AJs 5TOro chy4as Ha puc. 132, Puc. 132,
B Hamweft Bosie B MOMeHT %) TAHYTh TeNO
wnpano, Fg(t]) > 0, a B MOMeHT ity OTHYCTHTb Tpoc, TaK 4ToO
Iy(t) = 0, M Aa)e TONKATh TeAO BAEBO, Tak uto F(%y) < 0. Ho
+{t) = z(ty) = x|, 3HAUUT, NPOH3BAJILHYIO CHAY Fy Henbad, BoobiLe
rOBOPA, pacCMATPHBATh KaK (YHKLIHIO KOOPAHHATH &.

IlpuBeAeHHEHe NPHMEPH CHAW TPeHHA ¥ CHAbL, TPHAGKEHHOH
“IOBEKOM, AEHCTBYIOIIMM N0 CBOEH BoJie, CAYKAT AMA TOrO, YTO-
6l MOKa3aTh, UTO 3aBHCHMOCTH CH/ABI TOJBKO OT NOJIOXKeHHA TeJia
I\ = Fi(z), xapakrepHast Aas cHau F|, c XoTopoii npyxXuHa Heli-
(TBYET Ha TeJOo, He €CTh 06Iee CBOHCTBO JIIOGBIX CHJI, 8 €CTb YaCTHOe
CBOHCTBO, CBASAHHOE C YNPYTOCTbIO NPYKHHEL.

s Toro q-roﬁu HafiTH paﬁo'ry AaHHO# cHAb Fi Mo ofiwOA H3

x
Xy

fopmyn A; = j F,dz; A; = J v dt, HYJKHO 3HaTh ABe pelliy; 1) Kak
Ty

J\BHTaJioch Tesio, T.e. 3aBHCHMOCTb KOOPIHHATH Tefla OT BpeMeHH
r(t), H 2) BHpaxeHHe cunH F;, kotopas B oflueM cayuae 3aBHCHT
otz t v

3uan saBHcuMocTH 2(t) H v(f) ¥ NOACTABAAA MX B BhipaXKeHHe
Fi(z;t; v), nonyuuM BHpaxeHue B8 F; B Buge QOYHKIWH BpeMeHH
H CMOXeM 3amHcaTh paboTy Kak HHTerpai no BpeMeHH.

IpuMep. [lyeth cuna F(z) = —kz, a ABMKeHHe Tela 3afaHO
ypaBHeHHeM z = bsin wt; Toraa:
v=" =bocosat, F(a(t)) = —kz(t) = —kbsinat,
ix it
A; = —bka J sin ot cos et dt = _b;km J sin 2a¢t dt =
tn tn

¥k te

_+— 2mttn=%’f(oos2mtk—cos2mtu). (1.2)
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B 3Tom cayuae, KorZa CHJIa 3aBMCHT TOABKO OT KOOPAHHATHI,
ropasfio npoine ¥ yaoGHee MOJb30BATbCA BHpaXKeHHeM PaGoTH Kak
HHTErpana no :

Tk Iy
. . =k | kzi  kzi
A= IF(m)dx-—szd&:-T =
&n n
IlopctaBasn ciona ¢ = bsin wt, Nerko NOAyYHTL H BHpazkeHHe pabo-

TH B TeYeHHe 3aJaHHOr0 IPOMeXYTKa BpeMeHH oT iy 10 (7%

. 2 . 2

Jlerko )'GEJJ.HTI:CH B TOM, YTO 3TO BhipaXeHHeé B TOYHOCTH COBlidgaeT
C [IpeAHEYIIHNM, TAK KaK

cos 2ot = cos® ot — sin’ ot = 1 — 2sin’ mt,

o8 2ty — c08 2wty = | — 28in’ oty — (1- 2sin® oty) =
= 2(sin? oty — sin’ aty).

IMoncraprnns sto Toxpectso B (1.2), moayunm (1.3).

IIpy nonb3oBaHHH BHpaxenueM paoTH KaK HHTerpasa Mo Ko-
opAnHaTe x B oOmweM caydae cunu F(z,v,t), 3aBHcamelt ot &,
v, {, HyXHa 6o/blIas OCTOPOXHOCTb. B camMoM Aefle, B MPUHIHIe,
€CJIH 33faH0 ABHXeHWe, T = z(t), TO 5TO ypaBHeHHe MOXHO PelliUTh
OTHOCHTEABHO t W ompefesnuTb (). ONHAKO HAl0 HMeTb B BHAY,
uyTo t MOXeT OhTbh HeOAHO3HAUHOH GYHKUHEH Z, OAHO W TO XKe Mo-
Jl0XKeHue X BO3MOXHO B IBA PA3JHUHEIX MOMEHTA BpPeMeHH, T.e. A/fA
OHOTO H TOTO JKe 3HAaueHHR T NOJyduaeM ABa Pas/IMUHLIX 3HaueHus i
(cM. puc. 132). Torma Bce ABHMKeHWe HAZO Pas3bMTh HA OTAeJbHEE
HepHOAH, BO BpeMsi KOTOPHX CKOPOCTh He MeHfieT CBOero aHaka M 2
sB/ifeTCHA OfiHO3HA4HOH pyHKuHell . ONHAKO AAA pa3HHX NepHOAOB ¢
BRIpAXAeTCA Pa3nvuHLIMH GyHKuuamH z. [IycTe, BanpuMep, Teao
ABHIKETCA N0 3aKOHY « = bsinef, Kak H B npefbIyIEM NpyMepe,
HO CHJIa 3aflaHa KaK ¢yHKUHA Bpemeny F' = f coswt. [lpu atom cusa
He ABAAETCA OARO3HAYHOR QyHKUMeH mosioxeHHs . JdeficTBHuTenbHO,

nyctb, Hanpumep, t = 0. Toraa £ = 0, F = f. Ecan nonoxuts ¢ = 0—’: .
TO CHOBa % =), HO TpH %ToM F = —f, TaK 4YTO B pasAHYHLIE
MOMEHTH BpeMeRH ([t =0nt= % TeJI0 HAXOMUTCA B OXHHAKOBOM

noioxesuy x = 0, HO chia [pH 3TOM pasanuHa. [lpu uHTerpHposa-
HHH D0 BPeMeHH 3Toi TPYAHOCTH HeT: KaXKIOMY MOMEHTY t OTBeuaer
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OfHO onpelie/icHHOE 3HAYCHHE KOODAHHATH ¥, CHIIbI F n Beex ApYyTrHx
BEMHYHH.
Jlerxo Ha%TH paGoTy, HHTErPHPYA MO BPeMEHH:
ty 173 g
A= Fudt= [ fosatbocosatdt = fbw | cos? at dt.
tn

tu t!'&

Bocnionb3yemcs MpuBeReHHON Bhlllle TPUroHOMeTpHYECKOR dopmyrniof

cos2p = 2cos’ g — 1.
Orciona co820
2 ¥

1

NO3TOMY
[

1 cos2eit It
= %fbm(tk - tn) + % (sin2cotk - Sin2mtn)- (1.4

C TegeHueM BpeMeHH pafoTa HeorpaHHYeHHO BO3DACTAET, KAK BHAHO
u3 dopmyant (1.4). Do ofbACHAETCA TeM, YTO CHJAA U KodeGaHus
HAXOAATCA B peacHaHce (NMOAPOGHO siBIeHHe pesoHaHca GyZeT pac-
cMoTpeHo B § 11).

JBHxXenne no 3akoHy x = bsinmi npeacrasaser cobof Koneba-
HHE Teia, paccMOTPHM paGoTy CHAB 3a OOMH MONYNEPHOA, BHIGpaB
HaYasibHEH MOMeHT i, = 0, £, = 0 H KoHeuHBIli MOMEHT ti = i,
sinet, = sinx = 0, 2 = 0. Toraa B (1.4) sin20t; = sin2et, =0
W paboTa paBHa 1 X x
A—2fbo)m—2fb. (1.5)

Teno mepHy/moCs B MCXORHOE COCTOfIHHe, a pafoTa, NpoH3pefeH-
Has CHAOH, He paBHA HY/lO, UMEeT BiiOJiHe ONpelesieHHYI0 BeJHYH-
Hy. Kax MOHATL 3TOT PesyAbTAT C TOMKH 3peHHA NePBOA GopMyaH

£

A= I Fdx? Ha nepBHit B3rA8A, ec/iH MOACTABHTL ZTp = Tx = 0, TO

Oy M )
A= JFd:c =0
0

B sefcTBHTeNbHOCTH Mbl JOJDKHB! PAcCMOTPeTh OTHEAbHO Npolece
napacrannst 2 oT 0 40 Tmay = b H TpoUecc YOHBAHUA T OT Tmax = b
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zo 0. B mpouecce HAPaCTaHHA K2XKJAOMY 3HAYEHHIO T COOTBETCTBYET
ofipefieieHHOE 3Ha4eHHe CHABL F', KoTopoe oGo3nauum F:

= feosat = fV1 —sinfot = f 1—() > 0.

Bo Bpems yGbiBaHHA & TeM Xe NOJIOKHTRJALHBIM 3HAYEHHAM T CO-
OTBETCTBYeT OTPHLIATeNBHOE SHAYEHHE CHJAH *). DTy cuay 06osHa-

yHM Fo: 3
R =-ff1-(3) -

Taxum o6pasoM, HHTErpaa c NyTeM & B KauecTBe NepeMeHHOR HHTe-
TPHPOBAHHSA pacTajaeTcs Ha ABa:
b ¢
A=JFldz+JF2dz. (1.6)
H b
311 ABa MHTErpa/la HeMb3sd CJIOKHTL TO Hopmyne
b ¢ <
dew+f¢dm=Jq>dm.
a b a

Tak K2k nojbHTerpafinHad GyHKIMA B ZByX uHTerpasax B (1.6)
XOTA H HMeeT OZMHAKOBHH CMbiCA (CHJa), HO BHpaXkaeTcs pas-
noimy popMynamu, Tloaydaerca ato motomy, uro F' sajana kak
GyHKIHA ¢, a T BHIpaXKaeTca yepe3 7 PA3IMUHEIMU GOPMY/NaMH IIPH
BO3pa C'ramm x or O ao b u npu y6uiBannH z ot b no 0. B nauHoM
ae Fy(z) = —Fi(z). [loacrasnss supaxenus axa F(z) n Fy(z)
3’“ 1.6), noayqau

A= s [ -1 y- G e

Bo propoM uHTerpanie MOXKHO IepecTaBHTE OpeReibl HHTErpHPOBa-
HHSl, IPHYEM MeHseTcsl 3HaK, IO3TOMY MOJNYYHM

b 2
A=2ff 1—(“-;-) dz. (1.7)
L

*) PaBeticteo cos® ot + sin® of = 1 NpaBHABHO TPH AOHX sHaveHHAX of. Hs
Hero caefyer cosat = 14/ 1 — sin? @f, a BOT 9HRK Nepefl KopHEM 3aBUCHT OT TOTD,

Kakopa BeflmuHHA f. Jlerko yBeauTbCH, YTO NPH of < g Hazo 6paTh mJWC, 2 NpH

g < o < % Hajo 6paTh MUHYC, YTe H ChelaHo BHille,
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{)603Hauag z = %’ dz = bdz, HalizeMm

1
A= 2be V1-22 dz.

0
1

Hurterpan I = [ Vi-22dz= E (nnomaxnb YeTBepTH Kpyra paguy-

0
va 1). [Tostomy us (1.7) moayuaem
A=2f T =3bf,

HTo coBnagaer ¢ dopmyol (1.5), nonyueHHoON HHTErpHpOBaHHEM [0
HpeMEeHH.

TaguM ofpasom, B cliyyae CHJH, 3aBHCALLEH OT BpeMeHH H MOTY-
Neid NPHHAMATh Pa3Hble 3HaUeHHA NPH OHHAKOBOM 3HAYEHHH ¥, pa-
fora A TakXe He ABAgeTcH OfiHO3HauHOH dyHKuMell . B npuBegen-
IOM NpuMepe KoJebaTenbHoro AsHxeHHs F = fcoswt, x = bsinwt
¢ TeUEHHEM BPEeMeHH & CHOBA H CHOB2 HPOXORHT ONHH H Te XKe
JHayeHHA, a paboTa, NpOH3BeAeHHAas CHJOil, Bce YBeJHUMBaeTcs
W YBEJIHYHBAeTCH (IIpH MOAOKHTENLHOM f).

Ecau cuiia 3aBHCHT OT CKOPOCTH (K2K 3TO MMeeT MecTO AJIA
CHJIH TPeHHS), MoNioKeHHe OylleT TOXOXHM: TeJ0 MOXET BEpPHYTbCA
5 HCXOIHOE TIO/IOKEeHHe, HO paGoTa CUJAH He paBHa HyMO. B cayvae
CMJIB TpeHUs paboTa OTPHIATedbHA (CM. yIpaXKHeHH:).

¥Yopaxnenns

1. Hafith BhipaxeHue B BHAe MHTErpasa ANf PaloThl CHAM TpPEHHR,
1NPONOPLHOHANBHOA CKOPOCTH ABHMEHHA TeNa K HanpaB/JeHHOH B MPOTHBO-
nonoxuyio cropony, F'=—hu, h > 0. Ilokasars, 4To patora OTpHLATENbHA,

2, Cana TpeHHS HOCTOAHHA NC BEJAHYHHe M HanpameHa B CTGPOHY,
IPOTHRONOMOKHYIO CKOPOCTH, T. €.

F= {—h, ecan v >0,
+h, ecan v <O
Teno apuxerca mo saxoHy x = bsinet. Halttu paoTy cuAu TpeHHA 232
npema ot t=0n10¢ = s.

3. Cuna, peficreylomas ua Tedo, 3afiasa Qopmynolt F = fosin wot,
fo — nocroannan. Beazy Toro, 4To Ha TeNo JEHCTBYIOT TaKKe M ApYrHe
CUABL, OHO ABHMKETCA N0 3aKony & = bsinwyt. Onpeneauts padory cunul F
4a spemst ot ¢t =0 po £ =iy, PaccMoTpers cayuall oy = o).

4, Teno nafaeT no 3aKoHY £ = 5 {ocs T nanpaeaena puu3). Hailitu

ijlopMyay aas paGoTH CHMH CONPOTHBIEHHA BosAyXa F = —aSp %, rae
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¢ — K03 pHLUHEHT NPONOPUHOHANLHOCTH, 3aBHCAmHA OT dopMH Teaa (OB
moer uaMeHatecn ot 0,1 ao 1), § — nacLaak MonepeyHOro CeveHHA Teaa
B cMZ, p — mnoTHOCTb Bosayxa (1,3 - 1072 r/cu®), v — cxopocTs mageHus
Tesia B cM/c. HafiTu Takke dopuyay nas paboTel Crau TaxecTH F = mg,
m — Macca TeJa.

IponspecTH BHYHCAEHWS H CPAaBHHTh Pe3YALTATH AAA JAepeBAHHOTO
mwaprKka auameTpoM 1 cM, a = 0,8 u 1aa craaeHoR! nyau AmaHo#t 3 oM,
anamerpoM 0,7 cm, a =02, pmat =1¢, 10¢, 100c.

3ameuanue Cumuen pacueTa COCTOMT B TOM, YTO MH MpPeAnNofara-
€M, YT0 CHJIa COTIPOTHB/ACHHA BO3AYXA MaNa MO CPABHEHKIO C CHJOR TsKe-
CTH H 3aMeTHO He MeHseT 3aKoH cBologHoro maieHud Tena. [loacuntHBan
paGoTy CHAH CONPOTHBAEHHA BOSAYXa H CPaBHHBaA ee ¢ paboTod CHAW
TAMECTH, NPOBEpAeM NPABHALHOCTh MCXONHOTO NPEANONOXEHHE 0 Manoft
POAH CHAK CONPOTHBIEHHA BO3AyXa. TouHoe pelleHHe 3afa4¥ O NajeHHH
Tena ¢ y4eTOM COTMpPOTHBJAEHHA Bo3Ayxa GyaeT aaHo B § 7.

5. Betep, nywompifi co CKOpOCTBIC vy, AEHCTBYET Ha mapyc C cHJol,
paBHo# .
+aSp !Wéi npu v < vy,

B ¥
(iz—y)— npH v > vy,

—aSp
rfie ¥ — CKOPOCTh ABMIKEHUA CyAHA, S — nmAowags napyca, p — NAOTHOCTD
Bo3gyxa, @ — GespasMepHHit koadduument (13 napyca, NOCTABEHHOTO
NEPNEeHAMKYAAPHO K HANpaBJeHHIO Betpa, & =2 1). Hafith paGoty chan
BeTpa MpH NepeMellleHHH cyaHa Ha b MerpoB. HaliTH MolIHOCTE CHJH BeT-
pa. JIBHXeHHe CyfHA CYHTATb PaBHOMEPHHM C NOCTOAHHOH CKOPOCTBIO .
BLIACHHTL 3aBHCHMOCTh paGoTH H MOMIHOCTH OT BeAHYHHH v. Hafitn maxk-
CHMaJBHYIO MOLIHOCTD IpH v = 30 M/c, a = 1, § = 10 x 10 m® ¥ Beipasuth
ee B JOWAAHHHX CHAax.

6. Teao fBHXeTcs NO 3aKOHY & = ccos (wé 4 o) noa AeficTBreM CHIb
F = fcosmt. Halitn paboty cHIH 3a BpeMs oT ¢ =i, a0 ¢ = §. [loayuurs

paboTy CHJH 33 OfHH MepHOX e¢ AelicTBHA (o'r t=0pmot= %") Hafitu
CpeaHIoI MOLHOCTh CHIHL.

§ 2. Imeprna

PaccMOTpHM caiyuafl CHJIBI, KOTOpas 3aBHCHT TOJILKO OT MOJIOXes
Hus (KoopauHath) Tena, F' = F(z). Kak oTmevanoch BHiue, nmpH-
MEPOM CHJIH TAaKOTO poiia SBJAETCA CHIA, ¢ KOTOpoff Ha Teso Aefi-
CTBYeT MpyXXHHA, BTOPOf KOHEL KOTOPOH 3aKpersieH HemojBHMKHO *),

*) Ecam BT0pOft KOHEL NPYXHHE MOXET NepeMellaThcs 110 NPOUSBONY, TO CHJIM,
AelicTBYIOIMIAA Ha Teno, OyAer 3aBHCETh He TOABKO OT NOMOXKEHHA TEfla, HO H OT
AOAMKEHHA BTOPOTO KOHIA NPYKHHH, & CAeA0BATeNEHO, He yaosieTnopser cdops
MYJAHPOBAHHOMY YCJIOBHIO.
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zp
B takom cayuae BmpaxeHHe A = J Fdr MoXHO TIpHMeHATL Ge3

Tn
KakuX-AH60 OCAOMHeHHA (cpaBHUTE ¢ NpeluAyIHM naparpagom).
B vacTHocTH, B 3TOM CNydae, €CJId TeJIo ABMTaloch cOepBa B OfHY
CTOPOHY OT Ty 10 T, 4 NMOTOM B NPOTHBONOJCKHYIO H BEPHYJIOCH
B HayaJIbHOE MOMOXKEHHE, TO Tk = Ty, NOJMHAA paboTa CHAH ALHCTBH-
TEABHC paBHA HYJIO:

TH=%n
A=.[F&=&

Tn

PaabueHne myTH Ha y4aCTKH TOJBKO NOATBePXAAaeT 3TOT BEIBOA:

T Tk Tyn
A=IF@+JF&=JF@—TFw,
Tn Tm Tn Tk
ANpH T =Zn A =0.

B MexaHHKe nOmMenyuaibhas sNepeun onpeieafeTcd Kak Cro-
cofHocTh mpoHsBecTd paGory. IlpykuHa o6namaeT ofpeseneHHHM
3aracoM MOTEHUUANLHOH SHepPriM, 3aBHCALIAM OT TOrO, HACKOABKO
OHa PacTAHyTa MJIH ckKara, IIpH HEMOXBHXKHOM TOMOXEHHH ONHOTO
3AKPEIJIEHHOr0 KOHOA MOTEHUHANBHAA SHEPIHA MPYXKHHBl 338BHUCHT
0T MOAOKEHHA TeNa, K KOTOPOMY NpHKperJieH MOABHXKHON KOHen
npyxkHHH. TakHM 06pasoM, MOTEHIHAAbHAA SHEPrHA u = u(T) ecTb
(bYHKUHS KOOPAMHATH &. ECJM B Ha4a/JbHOM MONOXEHHH MOTEHUH-
a/bHAA 9Heprua pasHa u(zn), TO MOCAE nepeMellleHHs Teaa B MO0~
JeHHe Ty, KOTZa MPYXKHHA COBeplMna paGoTy A, paBHYIO

A=Tﬂﬂ&,
Tn

OCTaBLIAfACH MOTEHUHMAAbHAA SHEPTHA paBHa u(Tp) — A. TaxHm 06-

a30M
pasow, o

uug=uug-A=u@g-jF@ma 2.1)

Tn,

Hajio noABOCTBIO MPOYYBCTBOBATH 3HAK NPH A B 5TOM BHPAXKEHHH:
ecJIH NPYXHHA coBepillaeT paboTy, TO 3anac CNOCOGHOCTH MPYXHHMH
coBepilaTh paBory npH 3ToM yMeHbmmaercd! [IpoHaBeseHHas DPYKH-
Ho#t paGoTa YepnaeTcs W3 3amaca NoTeHUHaJbHOR sHepTud. [losTomy
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npoussefeHHad pabota (TO, YTO OTAAJA NPYIKHHA) PaBHA Pa3HOCTH
Ha4aJbHON 3HEPrHH MUHYC KOHeYHas SHEPTHf NPYIKWHHL:

A = u(zy,) — u(zy).

Bo Bce ¢opMynH BXORHT pasHOCTh BeJAWYMH NOTeHUHAJbHOI
SHEPTHH B IBYX HOJMOXeHHAX Tesa. [loaToMy ecau saMeHUTh u(x)
Ha u(z) + C, rae C — M06as NOCTORHHAS BENHYHHA, TO ITO HHYETD
He H3MEeHHUT B (pHIHHEeCKHX pesyabTarax. lleficTBuTensHo,

[u(za) + C] - [u(zx) + C] = u(zn) — ulzs).

3nauenne u(x) B KaKoli-To AaHHOH TouKe — 0GO3HAYUM ee Ty —
MOXHO BHOpaTh npoussospHo, OGosHauHM ero ug. Ilocae sroro B
Ji0GoA Apyro#i Touke T 3HaueHne (GyHKUMH u(xr) onpenensercs no
dopmyne (2.1), ecaH B Hell DOAOKKUTD Xy, = Tg, Tk = 2:

T

u(z) =ug — j F(z) dz. (2.2)
2y

Takum ofpasoM pelaercs 3ajaya o6 onpeieleHHH HOTEHUHAJbHOMN
3HEPruH mo 3ajaHuoH cHJe.

MoxHo nocTaBHTh OOGDATHYIO 3afauy: 3Hasd MNOTEHUHAJLRYK
9HeprHI0 Kak ¢ymkumio z, u(x), Hafitu cuny F(z). Oaa pewe-
HUA 3TOR 3afa4d BO3bMEM NPOH3BOAHYIO OT ofeMX vacTell paseH-
crBa (2.2). TlpoussogHas OT HHTerpana paBHa NOALHTErpaabHOMN

KIHH, TaK 4TO
by ) _ _pe

dz
JHak MMHYC 37eCh BecbMa cyulecTBeH. CHIa NOJOXKHTENbHE,

du
HanpaeJ/ieHa B CTOPOHY YBEJHYEHHH F B TOM (Jly4dae, ecliH @ oTpu-

HATeJbHA, T. €. €CAH NPH YBSAHUCHHH & NMOTEHUHANLHAH SHEPTHA U

, yMmeHbllaeTed, Cuna oTpHuateibHa (Ha-

_Z%P@_z TNpaBJieHa B CTOPOHY YMeHblIEEHA &), ec-

x= au % > 0, T.€. B TOM cJlyuae, KOTHa NpH

Puc. 133, YBeJHUCHHH T SHEPrHfl % YBEJHYHBAaeT-

CS1; B 3TOM CJy4ae, OUEBHAHO, IPH YMEHB-

IIeHHH T HePIHs U TaKXKe yMeHblllaeTcH, 3HAUHT, CHJa HaNpaBJeHa

Bceria B TY CTOPOHY, NPH ABKXEHHHM B KOTOPYK MNOTeHLHAaJLHAas
SHEPTHA YMEHBIIAETCH.

Paccuotpum noppobuee npuMep DpyXHHH. [lycTh B HeHaTs-

HYTOM COCTOSIHMH NPYXHHH TEJO HAXOAMTCA B Hauyajle KOOPRHHAT

{puc. 133). IlpH OTTArHBAaHHH TeAa BOpPaBO CHAA NPONOPLHOHANLHA
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IOMY PacCTOAHHIO, HA KOTOPOE OTTAHYTO TeJO, H HANpaBJeHa BJIEeBO:
F=—kz, k>0

llonoxum mpu g =0 ug =0, T.e. NpUMeM NOTEHUHAILHYIO 3Hep-
I'MI0 HeHATAHYTOA NMPYKHHH 32 Hy/b. [loayunm

u(z) = —IFda:=kadz= k%‘

Jlerko yGenuTheA, uTO 3TOMY u(T) COOTBETCTBYET MO (opMyse

. _du d [, 2
= &z Cha F= E(k?) = —kz.

PacemoTpum BTOpOH mpHMep: cuay TaxectH. Hanpasum oce 2
npepx. Cuzia THXecTH, AeficTBYIOIlad BHH3, paBHA —mg, Tle g —
ycKopeHHe cuJab TsxXecTH. OHa He 3aBHCHUT OT BHCOTH 2, HO Beflb
IGCTOAHHAA BeJHIHHA €CTh YACTHHA caydal ¢yHxuHH, BaxHo To,
ITO CHJA THAXECTH He 3aBHCHT OT BpeMeHM H ckKopocTd. [loaromy
MOJKHO DIDHMEHHTb MoJyueHHHe BHINe (opmyar. IIpumeM 3a Hynb
110TeHIHAJABHYI0 SHEepruio TeJa Ha ypopHe 3emaH npu z = 0. Torma

z F 1

w(e) =—[Fdz=- I(-mg) dz = mgz. (2.3)
0 4]

IloTeHUHaNbHAA SHEPTMA JHHEHHO pacTeT ¢ YBeJHYeHHeM BHICOTH
TeJa Haj, OBEepPXHOCThI0 3eMJH.

B npemniaymeM mpHMepe MH NpPeANOJATalH, YTO PacCTOAHHe Zz
Ma/0 M0 CpaBHeHHI0 ¢ paguycoM 3emsH. Bynem Tenepn paccemar-
[MBaTh CHOBA CHJY TPHTSKEHHf, CYHTafl, YTO PaCCTOAHHA MOTYT
6biTh CKOJBb YrofHO GoabmuMa. [To 3akoHy TaroreHns Helotona cHaa
IIPUTAXEHHA OGPaTHO NMpPONOPUHOHAJNEHA KBAApaTy PacCTOAHHA OT
puTArHBalomedl macc. HspectHo, uto AAs Tesa, Haxomsmierocs
(1], MOBEPXHOCTLI0 3eMJH, CHJa NPHTAMEHHA KO BCEMY 3eMHOMY
\Uapy paBHa CHJe NPHTAXEHHA K Macce, paBHOA Macce 3eMJH H co-
cpeNOTOYeHHON B UeHTpe 3eMan*). YnoGHO MOTOMY paccTosiHHe
OTCAUTHIBATL OT LeHTpa 3eman. OGosnauuM ero r. Hrak, cuaa,
JeHCTBYIOIAA HA Teslo, paBHA

C
F—-?.

*) Ans Tena, HaXORAMIErocs BHYTPH SeMAH, 9T0 Hecnpapesanpo. B sTom cryuge
IpH pacyeTe CHAR HAAO0 YYHTHBATh TOALKO TY HacTh MacCH, KOTOpaf Ganxe K
IEHTPY 3eMaH, UeM paccMaTpHBaeMoe Teno.
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TMonpasymesaercs, 9To koHcTanta C nonoxuTenpbHa. Cusna oTpHilde
TeJbHa, TAK KAK OHA HATIpaB/ieHA K LEHTPY 3eMJH, a KOOpIWHATa T
pacTeT NpH YAANEHHH OT JeMJH — CHJa JIefiCTBYeT B CTOPOHY
YMeHBbIIeHUA 7.

Koncraety C 7erko onpefesiuTh U3 TOTO YCJAOBHA, YTO CHJA,
peficTyiolias Ha nosepxHocTH 3emnd (r = rg = 6400 xM = 6,4 x
x 108 cM), Ham XOpOILIO M3BeCTHA:

Flro) = ~mg = —%0, C = merl, (24)

TAE g €CTh YCKOPEHHE CHIAK THXECTH HMEHHO Ha MOBEPXHOCTH 3eM-
au, g = 981 cm/c2 OxoHuarensHo

_ _mgrg
F= o

[TprmMeM cHOBa 3a Hy/Ib NOTEHIHANBHYID SHEPTHIO TeJIa HAa YPOBHE
3eman. Toraa

—mgrd(-1+ 1) =mg(ro-2) = mg (r- ). (25)

[Mpu Manoii BHcoOTe 2 = r — 1y <& T, %0- MaJI0 OTANYAETCHA OT efiWHHU+
UB H IPUOIUSHTEIBHO

u(r) =mg(r —ro) =mgz,
yTo cosmazaer ¢ ¢opmyinofi (2.3), nosyderHo# parbiie. OnHako NpH
yBeNUYeHNH 1, KaK BuAHO u3 (opmyan (2.5), moreHuuansHan sHep-

THA He pacTeT HeorpaHHYeHHO, Kak 3To 6nJIO OH No npHOIHMKEHHOA
dopmyae (2.3), a CTpeMHTCH K ONpeleACKHOMY Npenesy

u(00) = mgry.
Takum ofpasom, ¢ yueToM ocaabiaeHHs NPHTSKEHHA ¢ PACCTOSHHEM
9Heprus Tela Ha GecKOHEYHOM PacCTOSHWH TaKas e, KaKk HO IpH-
OaHXeHHOH QopMyne Ha PacCTOAHHHU Ty OT NOBEPXHOCTH 3EMJH, T. €.
Ha PacCTOAHUH 2rg OT LeHTpa 3eMan,

B sTofi 3agaue MH BeTpedaeMca ¢ (PHIHYECKHM BOTPOCOM, B KO-
TOpOM paccMaTpuBaeTcs GecKoHegHoe paccrofHue, [To sTomy nosony
HY>KHO HMETb B BUAY, HTO B (H3HYECKOH 3ajave Hac HHTepecyloT
BCErAa KOHeYHHE BeJMYHHH, KOHeYHbe paccToAHHUA. Tak, HanpuMep,
€CJIH PACCMATPHBAIOTCHA ABHXKEHHE Tesla H SHEPTHH Tena, 3aBHCAIME
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OT NPHTSKEHHA 3eMAH, TO HemoCPeACTBEHHO MOXeT HHTepecOBaTh
noctkerne Jlyno, Mapca unH ZpyTHX njaHeT HJIH JaXke ApPYrux
me3j, T.e. NOCTHXEHHe pacCTOAHHH GOJBIIMX HAH 04eHb SOMBIIHX
lio CPABHEHHUIO ¢ PafiHycoM 3eMJIH, HO Bce Xe KOHEYHHIX!

[lycts paccMaTpHBaeTes BONPOC O 3anycke pakeTH Ha Goabwyio
BLICOTY, Ha Goanioe paccrosHde oT 3emiad. HHTepecyloT HeoSxoRu-
Man SHeprMA H BpemdA noneta. PaccMOTpHM nBa ciydas:

1) pakera monxua npoaeretb paccrosHHe R = 10rq, roe r9 —
paguyc 3eMJaH,

2) pakera goaxHa Oponeretb paccroaHue R = 100r,.

BpeMs nosieTa NpuUOGJH3HTENbHO NMPONOPLHOHAABHO PACCTONHMIO.
|losToMy Bo BTOpOM CJiy4ae paKeTe HPHIETCA JETeTb NPHMEPHO
v 10 pas ponblue, yeM B nepBoM. FlameHeHHe B cyIlecTBeHHO H3-
MeHdeT BpeMA mojsieTa. IlosToMy mpH paccMOTpeHMH BpeMeHH nojera
1ameHATh A GeCKOHEYHOCTHIO HUKAK HEJB3A,

Pa6ota, HeoGxonHMas Ans TOro, ¥ToGH, OTOpPBABLIHCH OT 3eMJH,
npofiTH Ha paccrosHue R oT tieHTpa 3eMnu, paBHa

o2l 1
A= mery (;_U R) .

Benomunan, uto ry = 6,4 - 108 eM, moayuaeM B nepBoM cayuae
Ay = mg. (5,76 - 10® cm), a B0 BrOopoM crydae 4y = mg - (6,34 x
x 108 cm).

Wsmenenve paccroanua B 10 pas HesHauWTeNbHO NMOBAHANO Ha
heJJHYHHY HeoOxoauMof sHeprud. Ecnn On Ml 3aMeHnnu R Gecko-
HeYHOCTBIO, TO MOJAYYHNH OBl

Ao = mg-(6,4-10° cm).

A; otnuuaerca oT Ao Ha 10%, Ay — Ha 1%. Tostomy mpu
nofcHere paboTH K MOXKHO 3aMeHHTb 6eCKOHEYHOCThIO.

Takum o6pasoM, OfMa M Ta Xe BenWyuHa K B ompoll ¥ TOM
Me 3afaye NpH PACCMOTPEHHM pasHHX CTOPOH Bompoca AHGO MOXeT
JaMeHATbCA Ha OecKOHeHHOCTh, AUGO He NOo/KHA 3aMEHATbCA Ha
GeckoneyHocTh. Bo3MoXHOCTb Takod 3aMeHBl 3aBHCHT HE TOJMBKO
or camoli BeaHYHHH R (M ee cpaBHEHHA C APYrHMHM BXOAALIMMH
B OpPMYJIbl BETHIHHAMH TOM e pasMepPHOCTH, B IAHHOM CJAy4ae 7g).
Bo3MO0XHOCTL 3aMeHH 3aBHCHT OT CTPOeHHA caMok TOH (opMynH,
B KOTOpPO# MPOH3BOAUTCA 3aMeHa,

BosBpamance K Bompocy ¢ NOTEHUMANbHOA SHEPTHU Teda, NMpH-
TATMBAEMOTO K 3emae, Hafimem 4ucsieHHOe 3HaueHHe 4(00) HA enH-
HHIY MaccH: B cucTeMe enuHnl CI'C oHo pasro grp = 981 - 6,4 x
x 10° =5 6,28 - 101! spr/r, Jlio6oNLTHO NepeBecTH 3Ty BeAHHHHY
B TeIIOBHe euHHLE: 1 Kkas = 4186,8 Jx = 4186,8 - 107 apr, Tak
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yro #(co) = 15 10° kxan/kr. Sra seasunna B 30 pa3 GSoabie
TeVIOTH HWcnapeHus Bogu H B 10 pas Gosbllie XHMHHECKOH SHEpTrHY
B3PHBYATHX BellleCTB.

B 3apayax neGecHoii MexaHHUKY W B (pu3HKe Lenecoo6pasHo Bbi-
6upaTh 3a HYNb NOTEHUMAJBHYIO 3HEPrHIO TeJsa, HaXOAALIerocs Ha
GeCKOHEYHOM DPACCTORHHH OT MPUTArHBalOUeH ero Maccel. Toraa AR
NOTEHIHANBHON SHEPrHH Tesia Ha PAcCTOSHHH 7 NOMYUHM

r

u(r) = u(oo) - [ F(r)dr =<,

o0

C
rae C — KOHCT2HTA B BRIDAMKEHHH CHAH (F = ——2); OHa ollpene-
T

asetcs no Gopmyae (2.4), ecnM H3BECTHO YCKODeHHe CHJM TAXeCTH
Ha NMOBEPXHOCTH 3€MAH g U pagHyc 3eMJH 7.
MoxHo noayauTh Apyroe Bupaxenue aas C. JeficTBHTeABHO,

M0 3aKOHY THArOTE€HH:A HewroHa F = —x 7, rae m — Macca Tena,

nputAruBaeMoro K 3emae, M — macca 3emam, r — paccrosHue
IO ueHTpa 3eMJH, ¥ — TPaBUTALMOHHAS MOCTOAHHadA, paBHas 6,7 X
% 1078 aun - em2/12 = 6,7 - 1078 cm®/(r - ). TMostomy C = xmM.
Moneaysck aToR $popMynol, serko onpeaeants C, anast x u M.

3ajaua 0 NoTeHUHManbHOH 3HeprAH ABYX 3MeKTPHYECKHX 3aps-
AOB €] U €3 COBEpIICHHO aHaJOrMYHA npemsipymefi. Cuaa p3aHmo-
JeficTBHA MeXAy HHMH paBHa

F=k>g. (2.6)

Ipu atoM ecan 3apain BHpaxkeHH B cucreme exuHun CI'CI
(eII.HHHIJ.a 3apsija paBHa ﬁ K.n), a cu1a — B IMHAX, TO B dop-

myne (2.6) k= 1. B ¢opmyne HeT 3HaKa MHHYC, KOTOpHIH cToO-
UT B BHPAXKEHWH AJS CHJB TATOTEHMA. JIeHCTBHUTENBHO, ecaH e
H ey OfHOMMeHHHe (003 MOMOMHTENLHB WIH 062 OTPHULATENBHE),
TO TNPOH3BEAEHHE e1€ NoAoKuTeasHO. Ho B 3Tom cnyuae sapsunl
OTTa/JKHBAIOTCA, T. €. CHAa F' MOJOXKHTeALHA.
Onpeneasns cxosa u(r) Tak, uTobu u(oco) = 0, noaysHm
u(r) = —

IToTeruManbHan IHEPTUA ABYX OJHOHMEHHEIX 3apSAOB HA KOHEHHOM
PacCTOSHHH MOMOXKHTEAbHA: OHM OTTAAKHBAIOTCA B, PaCXOAACh ¢ pac-
CTOAHHS T A0 0O, MOTYT COBEpIIUTH PaGoTy, PaBHYIO

u(r) — u(oo) = u(r).
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llorenuHanbHas SHEPrUA ABYX pasHOHMEHHEIX 3apAMIOB OTpPHLATENb-
na. JefictBuTenbHO, €16y < 0, ecnu €; > 0, eg < 0; 970 sAcHO ¥ u-
SHYECKH: TaK KaK PASHOHMEHHHIE 3apAAK NPUTATHBAIOTCA, TO HYXKHO
SATPATHTL BHEPrHIO AMA TOro, YTOSHl PAacTAIMTEL HX OAHH OT APYIoro
Ha GecKkoHeuHOe pacCTOfHHE.

OrMeTHM, 4YTO 6Jarofapa 3akoHY COXpaHEHHH SHEPTHH HOTEH-
IHANBHYI0 SHEPTHI0 MOXHO ONpefeJHTh He TOJBKO Kak cnocoG-
HOCTb MpPOM3BOAMTH DPaGoTy, HO M KaK paGoTy, KOTOPYI0O HYMHO
6LlI0 3aTpaTHTh AAA TIPHBEARHHA CHCTEMH B HaHHOE COCTOAHHE.
PacTAiHyTas NpyXHHa c¢noco6Ha TPOU3BECTH ONpelefeHHYIo paGoTy,
BO3Bpalllasich B HEpacTAHYToe cocToAHMe. OUYeBHAHO, HMEHHO TaKYIO
¥e paboTy Hajo ObiJIO 3aTPaTHTD AJIA TOTO, 9TOGH PacTAHYTH NPYXH-
Hy. AHaJOTHYHBE YTBep)KAEHHA MOXHO BHICKA3aTh B CJydae Tela,
NOAHATOTO Ha ONpefe/eHHYIO BHICOTY Haj 3emJel, WaH AJIfl CHCTEMB
/BYX 32pAfIOB.

§ 3. PasHoBecHE B YCTOHYNBOCTH

PaceMoTpHM Tes0, MOrylllee ABHraThe 6e3 TPeHHs BAOAL Kakoi-
T0 NpAMOH, KOTOPYIO MpHMeM 3a KOOPAWHATHYIO och . IlycTh Ha
Te/10 AeHCTBYET CHJIA, HaNPaBAeHHAA BAOJb 3TOH OCH M 3aBHCAWAN
OT KOODAMHATH . MOXHO CHOBa MpeACTaBHUTb cebe, HanmpHMep,
npyxuBy. Hixxe Mul pasGepeM H IpyrHe NpUMeEpH.

[lonoxenuem paBHOBecHs Ha3HBAETCA TaKoe MOJOMEHHE, Koraa
CWJIa PaBHA HYJIO H TeJl0 MOXET OCTaBaTbeA B moKoe. Touky, B Ko-
TOpOH MMEEeT MECTO PABHOBECHE, Ha30BeM Tg, Tak 4ro F(zp) = 0.
Pasnaras ¢yekuuio F(x) B pan Tefinopa u npeneSperas Bcemu
cTeneHAMA (r — xp), KpoMe NepBOd, BHAHM, YTO MOXeT OHTb 1Ba
BAPMAHTA 3aBHCHMOCTH F() B OKDECTHOCTH TOUKH Zg (NpH yCAOBHU

7] 6

/¢ A g
7 TN

Pnc. 134,

F(zg) = 0): F(z) = k1(z — zg), F(z) = —kz(zx — xp). B o6eux dop-
MyJaX NOLpa3yMeBaeTCsl, YTO K H ko — MOJOXUTENbHHE BEJUYHHHL.
MepBufi cnyuafl noxasan Ha pHe. 134,a, Bropolt — Ha puc. 134, 6.

3THM IBYM caydYasiM COOTBETCTBYET COBEpIICGHHO Pa3AUIHKIH
xapakTep paBHoBecus. B camoM pene, B cayuae puc. 134,a ecau
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TeJI0 HAXOAHTCA HECKOJLKO NpABEe TOUKH Lp, TO HA HEro JeHCTBYeT
TIOJIOXKHTENLHAA CHJIA, T. €. CHAA, KOTOPAsA TAHET €r0 Janblie BIOpaBo,
Takum obpasom, B ciayuae pHc. 134,a paBHOBecHe B TOUKE & = Tg
HeycToiyHBOe: AOCTATOYHO MAJIOr0 OTKJIOHEHHA Tesa (6e3pasnudHo
BIIPaBO HNH BNeBO), 4ToOH Ha Teno Hayadaa AeficTBOBaTh CHJA,
YBeJAHYHBAIOIAA 3TO OTKAOHeHHe, HampoTs, B cayuzae puc. 134,6
TPH OTKAOHEHMH TeNa BIPaBO CHJIa OTPHLIATENLHA, T.e. TAHET BJe-
Bo. OTK/IOHEHHe TeAa OT MOJIOMEHHA DABHOBECHA BH3HBAeT CHJY,
CTpeMsILiylocs BOSBPaTHTh TeNO B MOJAOXeHUEe paBHoBecHA. B sToM
caydae HMEeM Jesi0 ¢ YCTOAYUBHM paBHOBecHeM. JIerko yOemuThen,
uTO AJIA TeJa, 3aKPenJIeHHOTO Ha NpYXHHe, OCYIIecTBAAETCA BTOPO’
cayuatt,

B co0TBeTCTBHH ¢ BLHIIHCAHHWMH BHILE BHIPAXEHHAMH CHJIH
HaXoAHM BHPaMeHHf MOTeHUHANbHO® SHepTHH, moabsysach (2.2),
B cayyae HeycToHUMBOre paBHOBECHA

l
u(z) = u(zp) — 3 ki (x — 20)>
B cayuae ycToiunBOro paBHOBecHs

u(z) = u(xo} + %kz(x — 7o)

CooTBeTCTBYIOIMH X0 KPUBWX MoKa3zaH Ha puc. 135,2 u 6.

Takum o6pasoM, B cydae HeycTOHUHBOTO paBHOBECHA MOTEHLH-
anbHas 3HEPTUA HMeeT MAKCHMYM, B CAydae YCTOHHHBOrO papHOBe-
cufi — MHHUMYM. B 06oux cayyaax B camoil TOUKe MakCHMYyMa WJIH

du
MHHUMyMa F = ~ = (, cHna paBHa HyIo.

T=Tg
u a th 6
u(xo)—> _\_/
N | e
0| x X 0 o x
Puc. 135,

PesyapTaT ABNMETCA BNOJHE €CTECTBEHHHM. ECJH Telo Haxo-
HHTCA B COCTOAHHM MAKCHMYMa NOTEHUHMAJILHOR SHEprUH, TO TpPH
nepeMellieHHH B OG0HX HalpaBieHHSIX BLIACAACTCHA IHEPrHA, KOTOpas
MOXET NMOATH Ha MpeojioNieHHe HHEPLHH, NPEBPANIaAch B KHHETHHE-
CKylo sHepruio. Ec/H Xe Tea0 HAXORHTCA B COCTOSHHM MHHHMYMa
SHeprud, TO AJiA TMepeMenieHUs ero B JioSoe Apyroe NoOJOMKeHHe
HYXKHO 3aTPAaTHTb SHEPTHIO H3BHE, 3Ta SHEPTHA MOHJeT Ha YBedH-
9eHHe NOTeHIHANLHOH IHEPruH; 3aTPATHB MaAyl0 SHEPTHIO, MOXKHO
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fiyleT AHIIbL HE3HAYHTEJNBHO CMECTHTb TeJ0. TaKHe CBOACTBA Teja,
HAXOASILIEroc B MOJIOXKeHHM MHHHMYMa MOTEeHUMAJAbHON 3HeprHH,
NOAHOCTBIO COOTBETCTBYIOT NOHATHIO YCTOHYHBOrO PaBHOBECHA.

[IpH peficTBHM CHAB TAXECTH BGJH3H MOBEPXHOCTH 3eMJaH No-
TeHUMANbHAA SHEPrUs PaBHA gz, TAe 2 ecTh BHCOTA Haj NOBepxX-
nocteio 3emau, Kpushie, H3o6paxaloHe 3aBUCAMOCTb 1(Z}, MOXKHO
NpeACTaBHTL cefe KaK KpHUBble, H306paXKalomye BHCOTY MOJOXKEHHA
TeJa B 3aBHCHMOCTH OT IOpu3oHTaAbHOR koopauHatH x. Hago npen-
¢TaBHTb ceGe Teno, KOTOpoe ABHIKETCA BAOJAL KPHBOR JMHHMH Kak
fycHHa, HAHH3aHHAS HA JXECTKYI0 npoBoJoky. Kpusas u(z) cooreer-
¢TByeT ()opMe NMPOBOJIOKH, €CJH IUIOCKOCTh 4YepTeXa PacloOKHThb
sepTHKaNbHO. Torma OueBHAHO, YTO MAaKCHMYM u(Z) mpeAcTaBifieT
coboit (puc. 135,@) TOUKY nmpoBONOKH, ¢ KOTOpOH OYCHHH NpH Ma-
fediilieM TONYKE CKATHBAIOTCA BHH3, MHEHMYM u(z) (pHc. 135,6) —
RWKHIO TOYKY, B KOTOPOH GYCHHH HaxXOZATCA B YCTOAYHBOM MOJO-
MeHHH H KyJla OHH CaMH CKAaTHBAlOTCA ¢ COCEJHHX Y4aCTKOB,

Taxum o6pasom, no rpaduky 1) MOXKHO HATNARHO NPENCTaBHTH
ceGe HanpaBjieHHe CH M XapaKTep pPaBHOBECHS.

PaccMOTpHM HECKOJbKO TPHMEpOB.

1. ITycTs sapmkeHHOE Tes0 HBHMETCA Mo npAMol (mpHMeM ee
32 0Cb ), HA KOTOPOH 3aKpeneHH HEeMOABHXHO ABa OXMHAKOBLIX
3apsifia CHMMETPHYHO OTHOCHTEJbLHO Hayana

KOOPAMHAT Ha PacCTOABHM 2a APYT OT Apyra J’[
{puc. 136). e a_ e

ScHO, 4TO B Hayase KOOPAHHAT TeJo 0 x
HAXOIMTCA B TIONIOXEHHH paBHoBecHd. Hefi-
CTBUTEJLHO, B STOM CJyYyae CHJIH, AeficT- Prc. 136.

BYWIIHE Ha TeJ0 CO CTOPOHB HENOABHMXKHAIX
33pANOE, paBHH NO BeJHYHHE U NMPOTHEONOMOKHE 110 HANIpaBNEHHIO,
TaK 4YTO OHH YPaBHOBeIIHBAIOTCH, T. €. HX paBHoneﬁchylomaa paBHa

HYJI0.
INoTeHumanbKan SHEeprua Teqa CKINAaABIBAETCH H3 ABYX WICHOB,
€€ €€
u(:z:) = ?- + ?r;

e € — 3apsi Tela, €; — BeAHYHHA HEMOABHXKHOrO 3apama, r’ —
paccTOAHKE OT TeJa [0 JEBOTO 3apaza, ' — paccTofHHE OT Tena A0
npaBoro 3apama:

v =2z+a, =a—z,

noaToMy

u(a:):ele( ! + L ) (3.1)

a+zx a-—-x
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CooTBeTCTBYIOIMEe KPHBHE M300paxceHH Ha puc, 137. Bepxuas
KPHBaf COOTBETCTBYeT eje > 0, T.e. ciiy4alo OZHOHMEHHOIrO 3apAas
Tefla i HeMOABHXKHHIX 3apAAOB, HHXHAS KPUBasA COOTBETCTBYET Cay-

yalo €& <0, T.e. caydal, KOTHa

ua TeN0 MMeeT SapAfl, SHAK KOTOpOro
14 MPOTHBONONOKEH 3HAKY HErORBHK-
HHIX 3apsioB.
1 -
; eer>0 B cayuae eje < 0 paBHoBecHe

B Hadaje KOOPHAMHAT HEeyCTOH4HBOE.
i JlecTBUTENBHO, TENO MPHTATHBAET-
, —— CAl H K JIEBOMY | K NpaBOMY 3apany,
O 1 23 4% 5 yamane KOOPUMHAT CHAM MPHUTA-
XKeHHW K ABYM SapaflaM ypaBHOBe-
WKBAOT APYr Apyra. OfHako ecau
ce;<0  Te/O HEMHOTO CHABHHETCS, HATPHME,
BMpaBO, TO MPHTXKEHHE K TpPaBOMY

3apAAy OKAXKETCA CHABHEE H TENo

ny

Prc. 137. 6yeT NMpPoROAKATH ABHraThCH B TY
2 e CTOPOHY.
U
Hatinem ELEO. Ioabaysacek (3.1), moayvaem
du _ 1
2
@z e‘e[( T2 fac x)-‘-] (32)
Ilonaras B dopmyne (3.2) z = 0, HaxoxHM
Bu 4ele
E 0= "F
ChenoBatensHo, npu £ =0 % > 0, ecsH ege > 0. B atom caydae
y u{z) umeeT MHHUMYM npu « = 0, paBHOBecHe
a%l _ ycroituuno. Ecin ke eje <0, 10 i,‘f om0 <0,
(L * w(z) umeer maxcumyM npu x = 0, paBHOBecHe
1 HEyCTONYHBO.
Puc. 138. 2. AHaIOrMYHO pacCMOTPHM ciy4ad, KoTAd

3apAAH PACHONOXKEHH Ha TOM Xe PacCTOAHHH
OT Hayajla KOOPAHHAT, HO Ha MPAMOA, MepHeHAHKYAAPHOA K JHHHK
(ocH abeuuce), no XKOTopoil ABMKETCA sapaxkeHHoe Teno (puc. 138).
B stom cayuae nmoTeHUuanbHas SHEPrHA paBHA

ue) =2 s
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{rpadux noTeHUMaabHON BHEprHM mpH a = 1, |eje| = 1 HzoGpaken
Ha puc. 139). B npumepe 2 npu eje > ( paBHoBecHe B Hauajle KOOp-
AMHAT HeycToiuuBo, TIpu sapase Tena APYroro 3Haka no ¢paBHEHHIO
¢ HeMONBHXXHBIMH 3apafiamu (eje < 0) paBHOBecUe YCTOHUYHBO.

Prc. 139,

STO HeTPYAHO YCTAHOBHTb, PaCCMATPHBAA CHAY, NeACTBYIOLIYIO
Ha momBHXKHHBIL 3apax (puc. 140). Ilycte eje > 0. CmecTuM Teso
BMPaBO OT MOJIOXKEHHs pPaBHOBecHA. Torza paBHOAEfCTBYIOLWIAA CUJ
OTTA/KHBAHHA HaMpaBjeHa TOXe BMNPaBO, B CTOPOHY AafibHeiie-

Puc, 140.

ro ypenuueHus oTKAoHeHHA. PapHoBecHe HeycToituuBoe. B cayuae

eje < 0 paBHofiefiCTBYIOIIAA HATIPABJICHA B CTOPOHY YMEHbLIEHHA

OTKJOHeHHd. PaBHOBecUe ycToRYHBOE.

2 K »TuM pesyabTaTaM Takke HeTPyAHO NpHITH, pacCMaTpHBas
%

dz? |z=0’

OGpatuM BHUMaHHe, uTo npu eje > 0, Korna B npumepe 1
(puc. 136) 6una ycrofiunpoctb, B npumMepe 2 (puc. 138) paBHoBecHe
Heyctoftuuno. IIpu eje < 0 (pasHoHMeHHBle 3apAZH) NOJOXKEHHe
ofpaTHoe: paBHOBeCHe HeYCTOHYHBO MPH PaCHONOKEHHH 3apAsOB
B COOTBETCTBHH ¢ PHC. 136 H yCTONUHBO mpU pacmosioXeHHM HX, Kak
Ha puc, 138.

INoBepHyB puc. 138 na 90°, MH 3saMeTHM, YTO OH, B CYIIHO-
CTH, OTHOCHTCA K TOMY e HaualbHOMY pacnpefieieHUID 3apAAOB
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B MOJOXEHHH PaBHOBECHA, 4T¢ H pHe. 136. MoxHo ckasath, uTO
pHC. 136 1 138 oTHocATCA K OfiMHAKOBOMY HauaJIbHOMY paciipeene-
HHI0 3apAfoB, HO pacCMaTPHBAIOT-
tKaxmopnc.138 cqa pasnHuHEe HAMPABACHHA JBUIKe«
Hua (puc. 141). Ilpu sToM Beerpa (nmpu
. Kaxmopic.136  ji06ux apakax 3apafioB) B TOM HIR
) e HHOM HAMpaBAeHHH ABHEHHS PaBHOBE-
CHe OKA3HBAETCS HeyCTOUUMBEIM.
S B anekTpocTaTHKe [OKA3HBAaeTCH,
YTO 3JTOT pesyJbTAT ABAAETCH COBEp-
Prc. 141. meHHo oOIHM: B MPOCTPAHCTBE MEXAY
BHELIHHMH 3aKpel/ICHHHMHA 3apAAaMH HHTAE HeT TOYKH PaBHOBECHA
Tako#l, 4ToOB paBHOBECHE OHNO YCTORYHBHM OTHOCHTEJAbHO NepeMe-
IIEHHR B NMOOOM HAMPABJEHHH,

Tpusenentoe HuXke ofiee AOKA3ATENLCTBO 9TOrO GaKTa MOXeT
NOKa3aThCA YHTATEMO AOBOMLHO CAOXKHHM. Ero MoxxHo mpomycTuths
Ges ymep6a anA NoHHMaHMA JafbHeitnlero MaTepHana,

Jlna poxkasatenncTBa B O0leM BHAE 3aMeTHM, UTO NMOTeHLMaNb-
Haa SHeprusa 3apAxa e, HaxoAsulerocs B Touke (z,y, z), B 38BHCHMO-
CTH OT €ro PacCTOAHHA T OT HeMOABMACHOTO 3apAfa €, OMeLIeHHOro
B TOUKY (21, Y1, 21), Aaercs dopmyanoit

e1e ee

B \/(33-31)24'(9_91)2"'(3_31)2'

U=

du
PaccMOTpHM ABHXKEHHE IO OCH & H Hafiem 2 NPH [OCTOSAH-

8u
HHX ¥ A z, TAKaA BeJIHUHHA o603HauaeTcA —. 3aTeM aHAMOTHUHO

d2®
Fu u .
Hafipem -3 H g, OTHOCAIIHECA COOTBETCTBEHHO K ABHXKEHHIC Mo

ocAM y H 2. OkasuiBaeTcs *), uTo npu MOGHX Z, ¥, 2, T1, Y1, 2 CYM-
Ma BTOPHIX DPOHSBOAHHIX MO TPEM MepNeHAHKYNAPHHIM OCAM PaBHA

uymo (1):
ﬁ + ﬂ + @ =
82t B 82
OueBngno, 3TO CBOHCTBO COXPAaHMTCA H ANA CYMMH Jio6oro

exe
YHCNA UNEHOB BHAA ri, IIe e, — HENOABHXHHNA 3apsag B Tou-
x

Ke (Zk,Yk»2k), @ Tk €CTh PacCTOAHME 3apAfa € OT 3TOil TOUKH.

*) Yuraremo cieayeT caMoMy B HTOM yOemuThCS.
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{ineq0BaTeNbHO, NP JIOGOM paclIpefe/eHHA HEMOABHKHEIX 2apAioB
W MPOCTPAHCTRBE MEXAY HUMH MMeeT Mecto dhopMyaa

3215 3215 821.&_
@4'55"'5?'_0' (3.3)

b YACTHOCTH, H B TOM TOYKE, Il¢ HMEET MECTO PABHOBECHE SapAla e.
Jlna paBHOBecHs Heo6XogHMO, YTOGH CHJH 10 JMI0G0H OCH pPaBHAMKCH
nyawo. Jas sToro HYXHO, YTo6b

O _o H_o H_,

oz oy 0z
licnH paBHHE HyJI0 CHABI IO TPeM NMEPNEHAHKYAAPHEIM OCAM, TC paBHA
NyAl0 U CHNa B Mo6OM HampasneHHH *).

Jlns roro uTo6m paBHOBecHe GHIJIO YCTORYHBBIM OTHOCHTEJBHO
ABHXKEHHS 110 BCEM TPeM MeplNeHAHKYJAADHBIM HanpaBAeHUsAM, HYX-
10, 410G GHAO

P >0 Pu >0 &u >0

[ A A
()anako 310 mpoTHBOpeunt ypaBHeHHI0 (3.3), Tak KaK cyMMa Tpex
110/I0XKHTENRHEX BeHYHH He MOXET PABHATLCHA HYJI,

Bonpoc o ToM, MOXHO JH YCTOWUHBO YNEP)KHBATh 3apANEHHHE
MBCTHIM, AeficTBYS HA HHX HeNOABHIXKHLIMH 3apANAMH, NPHBAEKAN
fioapmioe BHHMaHHe. Jlns moayveHHs siaepHON aHEPruM NMpH Cxura-
(MY OeiiTepHs HYXKHO YHEpXKHBATh 3apsyKeHHble AApa B NpPOCTpaH-
¢TBe, Heé AONMYCKasA CTOJKHOBEHHWA UX cO cTeéHKaMH cocyaa. Ilo po-
Ka3aHHOMY BHIIE 3TOTO HeNb3A AOCTHYL, PACMONarafd Ha CTeHKax
roCya 3apsiabl, KaK Gl HH OblAM mogoOpaHbl 3TH 3apaabl. TakuM
u6pasoM, 3TO HanpaBJeHHe N306peTaTeNbCTBA MOXKHO CPasy HAa3BaTh
fie3aHAnEKHBIM.

HspectHo, 4To MONOKMTEALHOE pellleHHe 3afladd B MPHHIMME
MOXeT JaTh IpeAfoxeHHHA coBeTCKMMHM akamemuxamu A. J[. Caxa-
posim 1 U, E. TaMmoM cnocol npHMeHeHHA MAPHHTHOTC MOJA.

Ynpaxnenns

1. 3apaR e ABMKETCA MO NPAMOH, HA KOTOPON 3aKpeN/eHH HEMOABMK-
HO ABA MONGKHTENBHHX 3apAfa e H ep = 4e| Ha paccToAHMH 2a¢ OAMH OT
apyroro, Hailtu Ty Touky Ha npsMoii, B KoTopoil BOSMOIKHO DaBHOBecHe

*) Ecne mMeeTcs OTAMGHAS OT Hyas cuna F, neficTeywwiag n KaroM-auGo
NaNpABAEHHH, TO BAOJAbL Kawmoll ocH OyaeT AeficTBOBATH CHAA, PABHAS NPOEKOHH
vHau F Ha 31y ocb.
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3apafa, W YCTAHOBHUT: XapakTep pasHosecHs. PaccMOTpeTs ZBa cayyas)
e>0ne<O.
2, PemuTs 3agauy 1, H3MeHHB 3HAK 3apAAa eq.

§ 4. Bropoii sakor HoioToHa

ChopmyanpopanHuii HbioTOHOM BTOpPORt 3aKOH ABHXKeHWA 3as
KJl04aeTcA B TOM, YTO NPOH3BeACHHe MAaCCH HAa YCKOpEHHe PaBHO
neiteTBylomeit cae Y. YcKopeHHe & eCTh POHSBONHAA CKOPOCTH V
No BpeMeHH; B CBOIO OYepeab CKOPOCTE €CTh NMPOH3BOAHAA OT KOop-
AMHATH Tena no BpemeHH. Takum oGpasom,

ma=1m % —] F' (4.1)
AJH
d
m F:: = F,. (4.2)

Haunem co cayyas, Korga cuna 2ajaHa KakK QyHKLMS BpPeMeHH
F = F(t). 310 o3HavaerT, 4To NPOH3BOIHASA Ev 3aAaHa Kak bYHKUHA

BpeMeHH. B TakoM cayuae serko Hafitv H3 3akoHa Helotona (4.1)
CKOpocTk B Ji000H 3aAaHHHA MOMEHT; KpoMe ACHCTBYIOILEH CHAH,
OPH 3TOM Hajlo 3aAaTh TaKXKe CKOPOCThb B KaKoi-To MOMEHT Zg. Toraa

t
o(t) = vlte) + — | Feyae (4.3)
g

3Han cKOpOCTb B 3aBHCHMOCTH OT BpeMeHH v(t) H HauajbHOe MOoJO-
¥eHHe Tesia 2(tg), HaliieM NoOJMOXKEHNE Tesia B JI0GOHR MOMEHT:
t
o(t) = a(te) + j v(t)dt, (44)
to
rae v(t) naHo npeanaymei dopMynoil.

CoOTHOLIEHHE MEKAY CKOPOCTBIO H MyTEM NMOAPOGHO ¢ MpHMEpa-
MH pacCMaTpHBaJOChk B riabe I

) Tlepeuii saxon HeloToHA — 3aKOH HHEPUHH — SAKNI0QAETCH B TOM, 910 TeNO,
Ha KOTOpOE He AefCTBYIOT HHKAKHE CHAH, JBHMETCA MPAMOAUHEAHO H PABHOMEpHO,
910 3HAUHT, 9TO ¥ TAKOrQ TeMs YCKOPeHHME PaBHO HYAK IpH PABHON HYMO cHAE,
CaenoparenpHo, nepeHit 3akoR HeoToHa comepXuTC BO BTOPOM 3dKOHe, ABAHETCA
€T0 YACTHRIM CJIyvaeM.
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B uesom dopmyan (4.3) n (4.4) pewaior sagauy HaxoXAeHHA
r(t) us ypaBreHusa (4.2). CootHoumenue (4.2) — ato aAnddepennu-
RIbHOE YPaBHEHHe BTOPOTO NOPANKA, B HETO BXOAMT BTOpas Npo-
W3BOAHAA HewaBeCcTHOH (yHkuUMH %(t). B oTBET BXONHT He TOAMBKO
1apaHHas ¢yuxuua F(t), Ho H JBe nOCTOAHHHE BETMUHHbI, olpene-
AfieMble H3 HAUAJbHHX YCJIOBHA: NMOJOXKEHHe Tela M CKOPOCTh Tena
B 3a0aHHHA MOMEHT BpeMeHH tg.

Ecnn 3agaH My SKCIEPHMEHTANBHO HafleH 3aKOH ABHXKEHHA
Tena, T.e. 3anaHa ¢yHkuMA (t), TO HAXOKAEHHE CHUMH, AEACTBYIO-
1lel Ha TeJo, He MpeAcTaBAseT HHKAKOIO TPyAa: Haao HaliTH BTOPYIO
NpOH3BOAHYI0 GYHKUNH x(t) U YMHOXKHATE ee Ha m [dopmyna (4.2)].

YopaxHenus

1. HafiTi sakoH ABHXKCHHM TeJa IOf HAeACTBHEM IOCTOAHHOH CH-
au F, ecan B MoMeHT BpeMend ¢ = 0 Tesi0 MOKOWAOCH B Hauaje KOOPHH-
nat (z = 0).

2. To ke npu yenopuu, yro npu £ =0 z=0, v = vy.

3. To xe npu ycnoeun, uro npu £ =0 =z =xp, v = .

4, Teno maccolt B 20 Kr HauHHaeT XBUTATLCA MO JefCTBHEM CHJIbI
10 H u3 nauana Koopaunar 6es HayaabHol ckopocrd. Kakoit nyTs npofiger
oHo sa 10 ¢?

6. llapuk cBoGofHO, T.€. ¢ HayaibHOH CKOPOCTBIO, PaBHOH HYJIO,
nagaer ¢ pucotH 100 M. Yepes CKONBKO BpeMeHHM OH JOCTHCHET 3eMJIH?
(ConporusyienneM Bosayxa npexelpeyp.)

6. B ycioBuax npeApayiled 3ajaud WAPHK HauYMHAET NafeHHe CO
ckopocTel vy = 10 M/c. Pasofpate ABa cAyyad: a) HAYANBHAA CKOPOCTh
IAPHKa %o HarpasAeHa BHU3, 6) HauaAbHas CKOPOCTb (IAPHKA Up Hanpanie-
na Beepx. OnpeRenuTs, Yepes CKONLKO BpeMeHH WADHK AOCTHTHET 3eMJH.
KakoBa ero cKopocTh B MOMEHT npuseMieHus? [IpopepHTh, 4TO B cAyYaAx
4) M 6) CKOpPOCTh IIPH3EMJIEHHS OfHHAKOBA.

7. Ha Teno geficTByeT ciuaa, NPONOPHHOHANEHAS BPEMEHH, POTEKLIEMY
¢ Hauana fBHXKeHHA (KosthQHIMEHT NPONOPLHOHAALHOCTH paBeH k), HaliTu
3aKOH ABHXEHHA TeNa, e¢/H U3BeCTHO, HTO TelO HaMUHAeT ABHXKEHHe H3
Touku & = ¢ HaYaALHONA CKOPOCTHIO ¥y,

8. Ha reno peficTByer cHAA, NepHOAHYECKH MEHAKIIAACA CO BReMeHeM
I"= feosmt (f, ® — MOCTOAHHBIE YHCA).

a) Haiitn 3akoH ABWIKeHWA Tesa NpH ycJoBHM, yro npu t =0 z =0,
# = 0. YcTaHOBUTD, YTO TAKOE ABHIKeHHE ABAAETCA KoAeSareapHuM. Ompe-
NeHTL MepHol KoneGaHus, HauGonbiuee aHadeHue z(t), HanGosbinee 3Ha-
'leHHE CKOPOCTH.

6) To ke pas caan F = fsinot, nput=0 2=0,v=0.

9. Teno neukerca mnop AeficteueM nocrosHHof cunw F. B mMoment
ppeMeHH t = #p Teno GHAC B Touke ¥ = xp. Hafitu, Kakylo cxopocTs
NOKHO HMeTh Teao NpH ¢ = fy, YTOGH B MOMEHT BpeMeHH ¢ = {; nonacTe
B TOUKY & = Z].



§ 5. AMoyanc cuanl

3anaua HaXoXKAEHHA 3aKOHA ABHMKEHHA Tesla NPH 38AaHHOH 3a-
BHCHMOCTH CHJIHl OT BpeMeHH B NPHHUMME DellleHa B NpeAHayLieM
naparpade. 31eCh MH PaCCMOTPHM CBOFICTBA 3TOTO PelleHHs M HEeKO-
TOpEe HOBble MOHSTHA, CRA3aHHEIE C pelLIeHHEM.
ITpoussenenne P = mv MacCH Ha CKOpPOCTb HA3HBAETCS HMNYJNb+
COM (¢KOMHUECTBOM ABHXKeHHA»). Beauunna
¢
j F(t) dt (5.1)
b

HA3HBAETCA «HMNYJIBCOM CHJIB> 3a BpeMs oT tg Oo i.
dopmyna (4.3) MoxeT GHThL 3aNHCaHA TakK:

H
P(t) — P(to) = J Fdt. 5.2)
to

ChoBecHas ¢dopMyanpoBKa pesyasTata (5.2): usMeHeHHe MMOYALCA
PaBHO MMNYJBLCY CHJH,
F. Yacro BeTpevaerca caydall CHIH, Jeli-
CTBYWOIeR TOMLKO B TeyeHHe KpaTKoro Ipo-
MEXYTKa BpeMeHH: IPUMEPOM fAIBASETCA yAap
MOJIOTKOM, OTCKAaKHBAIOIAM MocJe yaapa oT
Tena. U 1o u nocse yaapa cusia paBHa HYJIO,
Tlpu OTCYTCTBHH APYTHX CHJI, KpoMe KpaTKo#
Pac. 142, CHAH YAapa, OYEBHAHO, 4TO A0 YAApa TeJo
OBHKETCA ¢ MOCTOAHHOH CKOPOCTBHIO, a [ocJe
yAapa Tej0 ABWXETCA ¢ APYrolf, TOXe NOCTOAHHOMN . CKOPOCTHIO.
Ilycte F(t) oTAHMYHO OT HYAA TOMBLKO B MPOMEXYTKE OT £; A0 o
(puc. 142). PaceMoTpuM HHTerpan

1

I= TF(t) dt. (5.3)
o
OTy BeJHYHHY MOXKHO HasBaTh NOAHLLM HMNYJALCOM CHAH — M0J-
HHM B TOM CMHICJE, YTO HHTerpan GepeTcs Mo BCeMy NPOMEXKYTKY
BpeMeHH, Korga cufia GakTHYeCKH NeACTBYeT.
B pupaxenne (5.1) BXoguT HHTerpan ot fy ao t. Ecam ty < £y,
at>ity, 10

Fdt=1

o e, 4
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JleficTBHTeILHO, SanULIeM:

S b,

3] to i
th=Jth+det+Jth.
1o | 7] iy

B npaBofi yacTH mNepeuifi H TPeTHA HHTErpajhll paBHH HYJ0, TaK
K&K B COOTBETCTBYIOILHX mpoMeXxyTKax F = 0, a Bropo#t (cpeanuii)
nnrerpan ecthb I. Takum ofpasom, nz dopmya (5.2) u (5.3) nonyqaem
P(t) = P(ty) + I, ecan tg < ty, t > 1.

U3 popmynn (4.3) BHOHM, UTO CKOPOCTh MOC/E yHapa 3aBHCHUT
TOAbKO OT UMNYAbCA CHAH, T.€. OT HHTErpaia CHJH, HO He OT
fleTanbHOTO BHAA dynxumu F(t). Hanpumep, HeCKOABKO pasAHUHHX

Ao,

Puc. 143,

Fi

KpHBHX F(t), HapHCOBaHHHX Ha pHc. 143, Na0T oAHHAKOBHIA HM-
HYABC CHJH, T.€. OJHHAKOBO MEHAT CKopocTh Teda. Jas kaxpoii
H3 KpHBuX F(f) HeTPyAHO HAPHCOBaTH COOTBETCTBYIOLUMA Tpaduk
ckopoctH v(t). Ha puc. 144 mokasaHu Takne rpadukH B obuieM

Vzsoa

Puc. 144.

NpeANONOXKEeHHH, YTO HauaNbHasA CKOPOCTb paBHa Hymo, O6muM aan
ficex KpUBHX puc. 144 sBjfieTcA KoHeyHoe 3HAYEHMe CKOPOCTH, Bee
KPHBHE IEPEeXOAAT CNpaBa B TOPH3OHTANBHYIO NPAMYI0 Ha BHCO-

T® = —.
m
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Kaxaywo us xpupux F() puc. 143 MoXHO CXKHMATh MO OCH
BpEMEHH H NPONOPUHOHANLHO PACTATHBATh MO OCH CUAH. Ilaomans
non kpusoit F, 1.e. ]th, NONHUA HMIYJILC CHAH, TIPA STOM HE H3+
mensierca. HMenno Tak nonyuyeHa, Hanpumep, kpuas 2 Ha puc. 143
U3 Kpusoit 1.

Yem xopoue Bpemsa felicTBHA CHJH, TéM MeHbille BpeMs, B Te-
ueHWe KOTOPOTO CKOPOCTb TeJa MEHSIeTC OT HAYaJbHOTO 3HAueHHA

vg = 0 0 KOHEUHOTO 3HAYEHHA ¥y = é (puc. 144). Takum ofipasoM,

B Nipejene, NPH odeHb GONBIIOH chle, fleficTByIomel B TeueHHe oueHb
Majore BpeMeHH, rpaduk ckopocTH npHoGperaeT BHA CTYNEHBKH
(puc. 145). [lpn 9TOM CTAHOBHTCA HeCYLIECTBEHHHM, KaKYI0 U3 KpH-

x.{\
va

-y

o & 7 ol %
Puc. 145, Puc. 146.

BHX puc. 143 MH CXKHMANH: CTyHeHbKa XADAKTEPUSYETCH TONBKO

onHOM BeAWUHHON ¥p = —, A 9Ta BeAIWYMHA ANA BCeX KPHBHX Oy~
HaKOBa. m

Ecan ao neficTBHA CRJIE T€JO NMOKOHJOCH B TOYKE Tg, TO MOCJAe
KPATKOBpPeMeHHOTO AeHCTBHA GOJBMIOR CHJH TeNio HAYHHAET ABH-

I
raThea ¢ MOCTOAHHOH CKOPOCTLIO, PAaBHOH g Ecau cHna peficTBoBa-

Ja B MoMeHT | (IpoMeXyTOK BpeMeHH OT ¢) 40 {2 CUHTaeM MaJLIM
H He pasaHuaeM iy M t1), TO MOJOKEHHe TeJa B 3aBHCHMOCTH OT
BpeMeHH Aaetcs ¢opMyaaMn:

T = 3, t <1y,

5.4
z=go+ L(t-t1), t>t. (5.4)

CooteeTcTBylowuii rpadux nokasaH Ha puc. 146. OtmeTnn, uro z(i)
YAOBJIETBOPSAIET YPABHEHHIO
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HanomuuM, uTo Ha rpaduke (z;t) nepeas NpoMsBoAHAA % CBS-

JHHA ¢ HAKJIOHOM KacaTesibHOA K KpuBo#i. Bropas mpoHssopgHas xa-
['AKTEPA3YeT CKOPOCTb H3MEHEHHA NepBoil NPOUSBOMHOM, T. e. BTopas
IIPOM3BOMHAS CBAI3aHA ¢ KPHBH3HON JAHHUH ().

Ha puc. 146 annns x(t) uMeer u3noM B Touke ¢ = ¥|, & = .
Hsnom MoXHO mpencTaBuTh cefe KaK TOYKY, B KOTOpod KDHBH3HA
ficCKOHedHa, TaK YT0 HaJHYHE H3JJ0MAa COOTBETCTBYET PACCMOTPEHHIO
oueHb Gosbuiol (B mpemesie — GecKoHeuHo#) cuan. OpHako Ao

H NIocHe HA3J0MA NPOH3BOAHAA E KOHe4YHa; 3HAYHT, c4eHb GoJblnas

CH1a IeACTBOBANA OYEHB MaJioe BpeMs, TaK YTO HMIYJIbC CHJL KOHe-
qed. Vimnyabe Jierko onpeneanth no rpadHky (puc. 146), suuncnsa
CKOpOCTb nocie nefcTBHA CHAN H Hcnonbsys dopmyay (5.2).

Haiipennrift HaMH 3aKOH JBHXXEHHA Tesa, KOTOpoe MOKOHAOCH A0
MOMEHTa { =T, 4 B 3TOT MOMEHT NOJYHH/I0 HMOYALC CAAH I, noMo-
MeT HaM ycoBeplleHCTBOBaTh (opMyan (4.3) u (4.4) npeauayuwero
naparpada. a4 sToro HaM nNoHafgoOMTCA CrielHaNbHHTA caydait dop-
My (5.4), Korga npu ¢ = T TeNO HaXOLUJOCH B Hauane KOOPHHHAT
{irg = 0). Beenem ¢yHnkumHIO

0, t<m,
m

Ecau noxcraeuts v(t) us (4.3) B dopmyny (4.4) n ncnonssoath
Gonee aKKypaTHHe ofo3HadyeHHs (TaK, 4TOOH BepxHeMy TNpefeny
H MepeMEHHON MHTErpHPOBAaHHS OTBEuaJH pasHble 6YKBH), TO HOAY-
'WTCS BHpAXKeHHe, HA NMEePBHil BIMIAR A0BOJLHO MPOMOSIKOE:

t 1)

2(t) = 2(to) + (¢ — o) - v(to) + = [ dts [ Fta) dta.  (5.6)
h

CroamHii 3aeck MHTErpan MOXHO npeoOpasoBaTe No (GopMaAbLHHM
lipaBMaaM o6pallieHNsa ¢ MOBTOPHBIMA HHTerpanami. OfHaKo MH HH-
Ite Hé YNOMHHAMA 00 3THX NPaBHAAX, H MOSTOMY HHTEpeCYIlllee HaC
1pecGpasoBaHHOE BHpaXKeHWe B BHAEC OAHOKPATHOTC HHTErpaia MH
110OAY9HM, MONB3YACH 3aKoHOM (5.5) IBHMeHHs Tesa noA AeHcTBHEM
OLHHOYHOTO HMITYJIBCA CHJIH.

Hefictere cuabl F(t) 3a HHTepBaJ BpeMeHH At OT HEKOTOPOro
MOMEHTA T A0 T+ AT MOXHO NpHOANKEHHO 3aMeHUTh HelcTBHeM
wumyabca cul Al = F(t) - Az, JIBHieHue Tena mop AeficTBHEM
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TAKOI0 HMOY/bCa HAM YXe H3BecTHO — cM. dopmyay (5.5), B koto-
pofi Hy:KHO 3aMenHTh I Ha Al

Jansie ocTaeTcA JAMIIb C/IOKHTL BKAaAB BCeX HHTepBaloB Al
B KOODIHHATY Z(t), H B pe3yJbTaTe MOJYYHM

z(t) = Zml(t,t)AI = Z%(t—t) -F(1)- Ar=

t
é j F1)-(t—1di. (6.7)
to

3nece, Kak OOWYHO, MH 32MEHHJAH CYMMY Ha WHTErpan ias Jo-
CTaTOYHO MeNKuMX HHTepBajoB Art. Popmyaa (5.7) me yuuTHBaer
HauaALHONA KOODAWHATH Z(fg) W ABHMKEHHS C Ha4aJ]bHOH CKOPOCTBIO:
(t —tg) - v(tg); >TH uNeHE! MH MpPocTO MpuGaBuM K BHpaxenuio (5.7),
¥ OKOHYATEJbHO

t
2(t) = alto) + (¢ — to) -olto) + - | F(tr)- (t—t)dtr.  (5.8)
to

dopmyna (5.8) eurogHo oranuaerca ot (5.6) TeM, uro B (5.8)
HHTErPHPOBATh HYKHO TOJABKO OAMH pa3s. MH He cKasaiH, nodeMy
MOJKHO IPOCTO CKJAAAHIBaTh C/IaraeMhuie OT OTAENBHHX HMMYABCOB, OT
H29aJbLHOH CKOPOCTH W HadaAbHOH KoopauHatH. IlogpobHee 06 3TOM
rosoputcd B § 5 oGaBaeHnn. 31ech e HaM AOCTATOYHO TOTO, YTO

dr dz
MOXKHO HeMoCpeACTBeHHO NPOBEPUTD, YeMy paBHi x{lp), %, HF

no dopmynie (5.8). Ias storo HyxHO AuddepennnpoBats z(t) Hs
(5.8), aHanOrHUHO TOMY, KaKk 3TO AeJa0Ch IIPH NpoBEpPKe OPMYIAH
(5.5) u3 § b rnasu V.,

Hanomuum uuTaTteno, uto mo TpeThemy sakoHy HuioTona npu
B3aUMOJCHCTBHH ABYX Te/l CHAA, ¢ KOTOPOH BTOPOe TeAO AGHCTHRyeT
Ha nepsoe (F})*), papna N0 BeJMUMHE H NPOTHBOMONOXKHA 10 Ha-
MpaB/eHHIO CUie, C KOTOPOH Mepeoe TeJo AeiicTeyeT Ha nTopoe (F3):

B(t) = -F{?).

*) 3uauor y Gyxeu F craBuM TaK, uTOOH OH NOKa3WBal, R4 Kakoe TeNO
aelicTsyer cuna F, sHauok y OyKeH P Taxkke o3HauaeT HOMep Teda, K KOTOPOMY
OTHOCHTCH KOJHIeCTEO ABHIKEHHNA.
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dopmyna (5.2) B npHMeHEHHH K NEPBOMY TeJy H cHAe Fy paer
t
Pi(¢) - Pito) = [ Fidt. (5.9
to
3Jra xe (opMmysa B NpHMEHEHWH KO BTOPOMY Teay B cHje Fy HaeT
t
Py(t) - Pylto) = [ Ryt (5.10)
)]
Tax kax F3 = —F) no TpeTbeMy 3akoHy HeioToHa, TO
t t
Jngt= —jFldt.
i o
[lostomy (5.10) mpuHEMaeT BHZ

4
By(t) - Plto) = — | Fidt. (5.11)
1)

Conocranisa (5.9) u (5.11), naxogum

Py(t) — Pi(to) = Palto) — Polt).
Pi(t) + Py(t) = Pi(to) + Pa(to).

[Mocaenuna ¢opMyna mokaseiBaeT, 4To jAeficTBHE Ten APYr Ha Apyra
He MeHAeT CYMMH MMITY/IbCOB 3THX Te.

Orciona

§ 6. Knneruueckan sHeprus

PaccMoTpUM Tes0, ABHXKYyIeecs NPAMOJUHERHO BAONL OCH T NOK
JelicTBHEM H3BeCTHOMH CHAH F(t), TaK:Ke HanpaBAeHHoH BOOJEB OCH
£, W HalAeM CBA3b MEXAY paGoToH, NMPOH3BEAECHHOH 3ITOH CHJIOI,
H CKOPOCTLIO JBHXEeHUA TeJa.

H3 ocHoBHOro ypaBHeHUs m % = F(t), ymHoxas obe yacTd Ha
CKOPOCTb ¥, MOAYYHM

my % = F(t)v. (6.1)

HmeeT MecTO TOXKIECTBO

5-4(3)
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CnpaBeANuBoe, KakoBa 6H HH Owaa aasucuMocTh v(t). IMoabsysichk
HM, nepenuineM (6.1) B Bage

d (v*
mg(z)=Foe
2 Tak KaKk m — MNOCTOAHHAA BEeAHYMHA, TO

i(’"ﬁ) = F(t)v.

da\ 2
Beoas ofoaHauenue .2
5=k (6.2)
ROAYYHM OKOHYATeAbHO
dK
= F(t)v. (6.3)

IMoansysach BHpaxkeHueM Aaa pabotu (1.1), noayuum

t) £
A=|Fapat=| L,
to iy
OTKYyHZ
A=K(t1) - Klto). (6.4)

Bennmyuna K ecrTh KuHerHuecKkas sHeprus tena. Popmyna (6.4)
BhlpayaeT 3aKOH COXPaHEHHs 3JHepruH: H3MeHeHWe KHHeTHUeCKOH
SHEpTHH Tejia paBHO pabore, npousBeneHHoH cuJofi. Popmyna (6.3)
BHIPAXKaeT 3aKOH: CKOPOCTh H3MEHEHHS KWHETHYeCKOH JHEpruH pas-
H2 MOIIHOCTH, KOTOPYIO PasBMBaeT CUJA.

Korza cuna aanana ompefefienHoli QyHKIuell BpeMeHH, TO MM-
NYJAbC CHAH H, CAeJ0oBaTeJAbHO, BH3BaHHOe NaHHOH CHAON H3aMeHeHHe
MMNYJbCA Tela He 3aBHCAT HH OT MAacCH TeJa, HH OT ero Ha-

YaNbHOH CKOPOCTH, TaK KaK HMHYJIBC CHJIH H H3MEHeHHE HMHYJIBCE
1]

€CcThb I Fdt.

to

HanpoTtus, pa6oTa CHJIH M H3MeHeHHe KMHeTHYeCKOH SHepruH
Tesla NoM MOeficTBHEM CHJAN, Kak BuaHo M3 ¢dopmya (6.2), (6.3),
(6.4), cyllecTBeHHO 3aBHCAT He TOJBKO OT CaMoli CHJIB, HO M OT
MacCHl TeJIa W €ro HadanabHO# ckopocth. JleficTBuTeNbHO, AeHCTBYA
337aHHOW CHJIOH B TeueHHe ONPEASJEHHOTO BPEMeHH Ha TAXKesoe
TeJIO, OKOUBIIEECA B Hauaje ABHIKEHUWS, MH [PHAAfAM €My JWIIb
MaJyI0 CKOPOCTb, NepeMellleHHe TeAa OyaeT Mano W paGota CHJbI
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TaKxe OyzeT mana. Jlerkoe Teno 3abeper Ha celsa 6oablIyI0 paboTy,
npuobpeteT Goabiuyio 3Hepruio. Ecan ao Hawana peficTBust cHAB
TeJ0 ABHCAJNOCh B CTOPOHY, NPOTHBONOJIOKHYIO HaNPaBACHHIO Aei-
¢TBHSA CHAB, TC CWJIA MOMET YMEHbIIMTb er¢ 3HEPrUio.

Ipepcrasum ceGe Teso, yuyacTByOIlee ONHOBPEMEHHO B JBYX
Asuxenusx. Hanpumep, ueaonek XOAWT MO KaloTe Napoxona, a ma-
POXOZ HABMXKeTcA, HJIM B KaioTe MajaeT GpomeHHuH may. IIpemmo-
AOXKHM, YTO OFHO W3 3THX JABWXeHuH (B HalleM npuWMepe 3To —
JBHXKEHWe Mapoxofa) paBHOMepHoe. BosHHKaeT Bompoc: MOXKHO JH,
nabmopan najeHuhe MA4Ya B KaloTe JuUG0 ABMKeHHe B HeH Kaxoro-
nu6yas Tesia noj, AeHcTBHeM NPHJIOIKEHHOHA CHMJAB, YCTAHOBHTh, ABH-
MeTcA [2poXol MAH HeT? HMHaue rosops, BJHAeT AU paBHOMEpHOe
ABHMeEHHe MapOX0fa Ha XapaKTep NBHIKEHWS [PeMeTOB Ha CaMOM
napoxofie? OxasuBaeTca, YTO HeT, HHKAK He BAuWAer. ONMHITH MOka-
3214, YTO OTCYTCTBUe BJAMAHHA PAaBHOMeDHOTO JBHXKeHWA Ha (u3u-
jecKHe ABJIEHHA OTHOCHTCA He TOALKO K MeXaHWKe, HO U K mpoleccy
pacmpocTPaHEHUsA CBETA, K SJCKTPHUUECKHM W MATHUTHLIM SABJICHHSM.
U3 sroro dakra IAHmMTEHAH cymen cAenaTh BHBOAK OTPOMHON BaxX-
HOCTH, P23BHBasA TEOPUI0 OTHOCHTEABHOCTH *

B MexaHuKe OTMeYSHHYIO He32BUCHMOCTb OT PaBHOMEPHOr( JBH-
WeHHA YCTaHOBHTb HeTpYAHo. JIeficTBHTENbHO, MYCTh TeNO ABHXKET-
¢ B MOe3fie cO CKOPOCTBIO v, a CaM I0ess ABHXKETCR MO pelbcaM
¢ MOCTOAHHOR CKOPOCTHIO tig. TOrAA MO OTHOLIEHHK K HaGJoAaTe o,
CTOALIEMY Ha pesibcax, TeM0 ABHIKETCA €O CKOPOCThIO ¥ = ¥ + 1q.
lMpu sToM ycKOpeHHe Tesla OMHHAKOBO H ANA HaGAIOAaTeNf, CTOSIErO
Ha peabcax, ¥ AAa HabalogaTeas, e.n}'mero B Noesfe:

dv Ldw _
m=Fogrw=F+F =3

TakuM 06pasoM, MOCTOSHHOe c/laraeMoe B BHPaXKeHHH AAA CKOPOCTH
He MensieT yckoperus. IloaToMy u cmaa, AelicTByIOman Ha Teso, He
meHseTca: F' = ma) = ma. PasHOCTb CKopocTell Tella A0 W mmocae
AeHCTBHA CHJIHL TOXKE OfMHAKOBZ AAA HabJoAaTels, HaXoAsmerocs
Ha pesibcax, B AnA Habaionarens, crosiero B noesfe. JMefcTeu-
TeABHO, NYCTh CKOPOCTH 10 OTHOLICHHIO K HAGAIOAATeNI0, CTOSAILEMY
B moe3fe, A0 AeHCTBHA CWAH ecTb v, nocae meficTeus cuanl v”;
ANA HaGJOZATENAA, CTOAIIEO HA MYTAX, COOTBETCTBYIOMIHE CKOPOCTH
6yayt v] u vj. Torna v} = ¢ + vy, v] = " + vy. TloaTomy

=a.

v —vj=v+w-—v —w=v"-v.

*) B namelt KHATe TEOPHS OTHOCHTEJIBHOCTH He H3JNaraeTes.



316 Mexanuxo __[Ta. V)

Caoxuee 0GCTOHT AEMO C KHHETHYeCKo# dHepruedi *): He TOMBKO
CaMa KHHeTHYecKas SHeprus, HO AaXe M PasHOCTH KHWHETHUYECKHX
SHEPrHil pa3/IMYHH JJA pasAuuHbiX HaGawaareneit. Jns nabaronas
TeJs, CTOALIEro Ha ITyTAX,

m(;’f')z _m) _m"+w)  m +w)

(N 7 S
K -K 2 2 2

_ m(ﬂﬂ)z _ m(v’)2

5 5 +mugv” — mugy’ = K" — K’ + mup{v” - ¢/).

B sroit popmyne Ki u K| — xoneuHas w HavaJbHasd KHHeTHIeCKas
3Heprus, BLUHCJIeHHaa HaGaogatenem Ha nytax, a K” u K’ — coor-
BEeTCTBYIOLLaA KMHETHUeCKAH SHEPrufl, BHUMCJICHHAs HaGIIofaTeseM
B moesfe.

Pa6oTa cHAH ¥ MOWIHOCTD /1 Pa3JMIHHX HabJogaTesie TakoKe
PasAMuHBL, TAK KAK XOTS CHAZ OfHZ M Ta Xe, HO MPOHACHHHHA MyTh
H CKODOCTL PasiHyHH AJAs HabaofaTedd, CTOAILEro Ha NYTAX, H AAA
HabalofaTens, eAyllero B Moesje.

OfHaKo 3aKOH DaBeHCTB2 W3MeHeHMs KHHEeTHYeCKOH SHepruu
M paGOTH CHJLl BHMOAHSETCS AAa N060ro HaGAKIaTens, XOTA KaX-
Aafd M3 3THX BeJHMYHH B OTACALHOCTH HeOAWHAKOBA AJA PAa3HHX
Habnofareneii. (IIpaMepu, MoATEEpKAADIIHE 5TO OGCTOATEABCTEQ,
MMEIOTCA B YIPAXKHEHHAX.)

OrmeTM 3aMevaTelbHYIO HOPMYNY, KOTOPaA WMeeT MeCTo, ecH
TeNl0 ABHKETCSA NOJ AGHCTBHEM OAMOM TOJBKO AaHHON caau F(t):

! 2 2
A= fF(t)v(t)dt = %Ul - E;—" = ? (1 + vo)(v1 — vo) =
i

t

= 22 (myy — mug) = 21 [ F(s) at,

TakuM o6pazoM, B 3TOM cJyyae cKOpOCTb v{t) MOXHO BHIHECTH H3-
NOj MHTerpada, 3aMeHAs ee CPefHMM apHpMeTHYECKHM HauaLHOR
H KOHEYHOH CKOpOCTeli ABHXKeHHS.

BTOT BHBOJ CMpaBef/IMB TOJNLKO B TOM cAydae, ecAH v(t) ects
CKOPOCTb, MOJYUeHHasd TeJOM B pe3yAbTaTe AeHACTBHA JIMIUL OAHOH
cuan F(t). Ecau ke Ha Tesio ZelcTBYeT Heckoanko cui: Fi, Fj,

*) Huxecaeayomee B NePBOM HTEHHY MOXHO MPOMYCTHTD.
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k3, To pabora, NpoUsBeicHHAA BCEMH CHJIAMH, PaBHa IPOH3BEfeHHI0
CpeAHell CKOPOCTH Ha CYMMY HMIYJBCOB BCeX CHJL

t
A =MJ(F, + Py + Fy)dt =

2
to
n t + f + i
_ YTt " T+% v T
=22 J;Fldt+ : Jongt+ . Jopadt. (6.5)

OnHaxko pabora KaXnofi H3 cuaA (Hanpumep, Fp) B OTAENbHOCTH
L1

He paBHA COOTBETCTBYIOIIEMY c/araeMOMy @ JFg dt B popmy-

1)
ne (6.5), Tak xak cuna Fy, peficTya oTAeABHO, cooGlinNa OH Teay
CKOPOCTb, OTVIMYHYIO OT v(t) .

Yopamnenns

1. Hafitu dopmyny nas KMHeTHHeCKoH 3HepTHH Tena, ABHXyIUerocs
nof AeficTBHeM nocTofAHHOH cHAW F' (B HAauanbHHI MOMEHT BpPeMeHW cKo-
pocTh Gbla PaBHA HY/I0) B 3aBHCHMOCTH OT BDEMeHH, 8 TAKMEe B SaBHCH-
MOCTH OT NPOANEHHOro MyTH.

2. Teno nemxerca nog peficTeHeM cuaM F = feosed, npu £ =0
# = 0. Hafttu BHpaxkeHue Ana KHHeTHMecKol sHepruy Tena. Onpeaenutsb
MaKCHMYM KHHEeTHYECKOH# SHeprus,

3. Teno mpuxerca mo 3akonwy z({t) = Acos(wli+ o) (4, ©, a —
NoCToAHHLE uKcaa). OnpenesuTh CPENHION KHHETHYECKYIO SHEPrHIO mpH
YCJIOBHH, YTO { HEOTDAHMYEHHO pacTeT oT sHadennd ¢ = 0.

4, Mapux nagaer ¢ BucoTH H H3 cocroAnud noxosa. Ilokasats, uro
KHHeTHueCKad sHeprua mwapuka K = mg(H — h), rae h — BuicoTa mapHka
Hafl seMAell B TAHHHA MOMEHT BpeMeHW.

6. MMoean maccoit 500 T BHILEA CO CTAHUWY W, pofina 38 3 MaH 1,5 KN,
pasena cKopocTh 45 kM/u. OnpeneauTs: a) paGoTy H CPELHIOI0 MOLUIHOCTD
napoBo3a, NPEANOJAras, 4To TPeHHA 0 PelibChl HeT; 6} 9TH XKe BeNHUHHH,
o ¢ yuetoM Tpennd. Koaddunuent tpenus k = 0,004. (Cuna Tpenns pas-
Ha CHAE NPUTSMEHHA moe3Aa K 3eMse, T.e. ero pecy, yMHOXKeHHo# Ha k).

6. Ha Ttesio zeficteyior ase cuan: Fy = at u Fp = a6 — t). Umnysschl
3THX cHJ 3a BpeMs oT 0 zio © oaHHaxoBH. B MomeHT Bpemendu ¢ = ( Teno
HMeao ckopocth v = 0. Hafitua paboty kaxpol cuau 3a Bpems ot (b no 0
H CPaBHHTL ee ¢ MPOH3BeAGHWEM HMIYJbCa CHAW HA CPENHION CKOPOCTS.

*) Cu, HiKe 3agauy Ne 6.
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7. Uenopex, cTod HENONBMKHO Ha 3eéMAe, AeACTRYET HA JAHHYK Mac-
¢y m cunoft F' B Teuenne PpeMeHH ¢. B pesynpraTe 9TOr0 Macca, Haxopue-

Wwascs PaHpile B MOKOE, NPAOGPENA CKOPOCTL v = — M KHHETHUECKYio

2
SHeprum 3-";—‘, paBHyl0 paboTe, NPOUSBEAEHHOMN UenOBEKOM.

PaccMoTpeTp TAKOH e ONMWT, NMpoAeAaHHHR B Moesne, HPHXKYIieMcs
€O CKOPOCTHIO . Macca m HMena 0o onbTa CKOPOCTDL vy, 8 MOCAE OMKITA
tp + v;. Hafity naMeHenne xunerHyeckoft snepruy Maccu m. Kaxyio paSo-
Ty npouspen Yenobex? CUHTafl, YTO YeAOBEK TBEPAO OMMPAETCH O CTEHKH
BATOHA H CKOPOCTb ero ¥p He MeHsieTcs, HaliTH paGoTy CHAHL, NPOHSBENeH-
Ho# noesacM (NapoBo3OM) BO BpeMS ONBITA.

8. Ueaopek Maccs M, cTos HA WOHBKAX Ha AbAy (TpeHMeM o #ed
npeHelperaeM), aeficTByeT cuno#t F' Ha Maccy m B TeueHHe BpeMeHH f.

Kakylc KHHeTHUeCKYI0 9HeprHio mpHoOpereT Mmacca m? Kaxylo kmHe-
THYeCKYIo 3HeprHio npHobperer desoeek? UeMy paBHa noaHas paGoTa,
npoHsBefeHHaA cHAOH Haj Maccoli m # Hag uvenobekoM? Iloyemy oHa
Goabiwe, yeM B 3agave Ne 7?

9. Tor xe onuT, 4TC H B NpeaAHAyled 3afaye, MPOHSBOAMT HesO-
BeK, KOTOPHI B HAYAMBHWA MOMEHT KATHJCH €O CKOPOCTBLIC Up BMeCTe

¢ maccofi m. CKopocTe MaccH m nocje AelicTBHA CHJAH paBHA ¥p + g

Fi
CKOPOCTL UeJOBeKa Vg — —. Hafitn u3MeHeHHe KHMeTHUeCKOH 9SHepTHH
Macchl M H YesiOBeKa B pe3yabTare AelicTBusA cHAR. HafiTw paGory cual,
PABHYI0 H3MEHEHHIO CyMMapHOfi KMHeTHueckoll SHeprWM, H CpabBHHTL ee
¢ pe3ynbTaToOM OpeNHOyLIel saaauH.

§ 7. JIsumienne nom AeHCTBHEM CHABI,
3aBHUCAmEd TOIBKO 0T CHOPOCTH

Beakoe TeAo HCOHTHB2eT NPU ABHXXEHHM NPOTHBOAeHCTBUE CO
CTOPOHH TOH CpefiH, B KOTOpofi NMPOMCXOAMT ABHMKeHHe. Ecau co-
NPOTHRJIEHHe HeBeJHWKO, TO 384aCTYI0 ero MOXKHO He NPHHUMATb BO
BuHMaHre, OnHaKo B paAe CAyyaeB Tako# NMOAXOA HEYLOBAETBODHTeE-
AleH, C COTMPOTHBJIeHHeM CPeliEl IPUXOAHTCA CYHTATHCA. YCTAaHOBJIEHO,
YTQ eCJIH TeA0 ABHMKETCHA B XHAKCCTH RJH rase, CKOPOCTh ABHMEHHA
HeBeJMKAa H TeJ0 HMeeT Maanle pasMepH, TO CHJA COMPOTHUBAEHHA
MPONOPIHOHAJIbHA CKOPOCTH ABMMKEHHS:

F(t) = —kv(t). (7.1)

3neck KoopHUMEHT mnporopluoHaabHocTd k > 0, a 3HaK MHHYC
B (7.1) moKasmBaeT, UTO CHJAa CONMPOTHBAEHMA HanpaBieHa Npo-
THBOMO/NOXKHO CKODOCTH [BIXKeHHsA Tesa. Yucao Kk 3aBHCHT oT
CBOMACTB Cpefibl, OHO TPONOPLHOHAIbHO BASKOCTH cpeAn. KpoMe Toro,
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& 3aBHCHT oT GOpPMH H pasMepoB Tesa. Hanpumep, ana cayuad mapa
paauyca R dopMyna (7.1) npuHuMaeT Bug

F = —6zRnu(t) 9, (7.2)

rae m — BASKOCTb cpemn. Jaa soamyxa n = 1,8 1074, ana soau
n = 0,01 (opa 20 °C), [n] =r/(cm- c)*.

Paccmorpum sapady o TopMoxeHun Teda. Ilyerh HexoTopaa cH-
ha cooGlHNZ TeAy CKOPOCTh, & 3aTeM B MOMEHT BpeMeHH ¢ = ip
llepecrana JeHCcTBOBaTh. Tejlo NMpoAoMXKAaeT ABMraThCf,, H Ha Hero
JieficTBYeT TONBKO CHAZ COMPOTHBACHHS,

Hs sroporo aakona HrloToHa

dv

ma = ~kv.

Pasgeans oGe uyacTd Ha m K 0603HaUMUB % =« (o0 > 0), nonyuum

do _
= =
Pemenue sToro ypaexenus ecTh (cM. raasy III)

v(t) = yoe~ o), (7.3)

—ov.

3necs vy ecTh 3HaueHMe CKOPOCTM B MoMeHT t = f5. Tak Kak
o > 0, To npu ¢ > £y Noka3areab creneHH B (7.3) oTpHuaTesbHHI,
e~t—to} < | u, cremoBarensho, v(t) < tg, T.e. CKOPOCTb yGHBaeT
¢ TeueHueM BpeMeHH. Cpeza TOPMO3HT IBHXeHHE Tesa.

¥ ¢opu§ma (7.2) cnpasesanBa mpu P—? < 5, rre p — RIOTHOCTS Cpenn. HUmnra-

TeAb AETRC YOenuTea, 4To BeAHMHHA % GeapaaMepHa. J1a BENHYHHA HA3MBACTCH
uncaoM Pednoabaca.

**} BasKoCTh N MOMET SHTh OTpexeeHa cenyiounm ofpasom. [TycTk MUIKOCTE
(WIH ras) ZBHIKETCH B HANDABJEHHH OCH ¥, HO BEJHYHHA CKOPOCTH DasAHUHBIX
YACTHI Pa3VIHMHA, 38BHCHT OT KOODOHAATH . fICHO, 9TO TBEpIOe TE/IO He MoOrAo Gu
TaK NBHTaTLCA — QHO pa’3pyIiHJIOCE Ou. B HHAKOCTH HJIHW rase OpH 3TOM MeXOy
COCEMHAMHA CJOAMH BO3HHKAGT CHAA TPeHHS, KOTopas Gymer NpOMOPMHCHAJBHA
]PA3HOCTH CKOPOCTEA COCeNHHX CJI0eS, T, €. MPOH3BONHON o Kosdupunuent nponop-
IMOHAMBHOCTH B BHPAXEHHH ZAS CHAM, MpHXopsiuefics Ha 1 cy?® ropHsoTaNbHOR
1108epXHOCTH, H HA3LBAETCH BAIKOCTRIO:

1 (awn/ex) =n .
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HaiineM Bupaxenue pas nyTH, npofinensoro tejoMm. Hs (7.3)
MoJyuaeM

do _  —alt—to)
(ﬁ - vﬁe »

HAW
dx = vge "t g, (7.4)

IlycTs B HauaAbHE MOMEHT BpeMeHR (pH £ = fy) Tesio HAXORMAOCH
B Havuaje KoopauHart: £(fg) = 0. Hurerpupyn (7.4), noayuum

¢
z(t) = 1o I e~t—%) gy,
to

OTKYZAa
z(t) = % [1 — eeli=t)], (7.5)

MMonwaynce ¢opMyacit (7.5), MOXKHO NOAYUHTb BeCk MyTh, KOTO-
pHii npoiifeT TeAG Moclle MOMeHTa tg, T.e. MOCJe TOro, Kak CHJA
nepecrana AeHcTBOBaTh Ha TeJo. JlAg 9Toro samMeTuM, 4T0 Mpy oOueHb
Goapluux t Beanuuna e~ *(*—t) pecbMa Masa 1 €10 MOXEO NpeHeGpeys
N0 CpaBHeHHI® ¢ eanHMLeH. [losToMy Bech IyTh, KOTOpHIA mpoiner
TeNo, ecTh '-:5-.

PaccMoTpuM napenue Tena B mosayxe. HampaBuM ock £ BHH3
K 3eMe, Haya/0 KOOPAMHAT MOMECTMM Ha BHcoTe H oT seMau
(na semme x = H). IlycTs asuxeHuwe HaumHaercd npu £ =0 co
ckopocThio . Torma z(0) = 0, v(0) = vy. Teno Haxomurca moa
AeficTBMEM ABYX CHJA: CHMH TAXeCTH (0HAa CMOCOSCTBYET ABHIKEHMIO)
H CHAH COOPOTHBJICHHSI BO3AYXa (0H2 MPenATCTBYeT ABHIKEHHMIO).

Bropoii 3akon HbloToHa naer

m % — mg — kv. (7.6)

Pazgenus nce unens (7.6) Ha m, nonyunm ('rax KaK % = a)

E = g— oY, (7°7)

Cnpasa B (7.7) suHeceM o 3a CKOBKY:

® a(& - ). (7.8)
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k
YeraHoBUM pasMepHOCTE BeJHYHHE g Tak Kak a = 1‘_1;' a
[+

g

F
k= —5» TO & WMeeT pasMepHOCTE 1/c. PasMepHocTb = ecm

eM-cfc? = em/e, T.e. % HMeeT pa3MepPHOCThb CKOPOCTH *).
4

O6oanaunM g = U Ypapuenue (7.8) npurHMaeT Bun

dy

— = o) —v). 7.9
HonyctuM, uro vy < vy. Toraa npaeas udacth (7.9) B Havane

NABHIKEHHA TOJAOXKWTENbHR, SHAUMT, B JeBad 4acTh NOA0KHTENbHa,

v

it &

fladeHHe v K vy, TeM GAuXe — K HYAI0, TeM, CAeAOBATENbHO,

MeLneHHee pacTeT v. Ecam 6H B Heko-

ropui MOMEHT BpeMeHM f; 0Ka3aJoch ”(‘)T
o(t)) = vy, TO TOrmAa v OCTANOCH OM & =
(IVCTOAHHAIM, TAK KaK v = v) ABJseTcH

peirenHeM ypaeHenus (7.9) ¢ Hauanb-

tbiM yesiopueM v(t)) = v). AHaloruuHo

*CJH B Hauale ABHXEHHA ¥ > ¥y, TO U .
npuGAnXKaeTcs K v), HO B 3TOM cJay-

vae v ybuBaeT. IlosToMy uepes Heko- Puc. 147,
ropoe BpeMs MOcCJe Hayajla ABHIKeHHA

TeNO fafaeT NMPaKTHYECKH C ITOCTOAHHOA CKOPOCTBIO v| = £ esa-

HUCHMO OT TOrO, KaKYI0 CKOPOCTb OHO HMEJIO B Hayaje ngnenua.
pauk crOpocTH AN4 caydas vp = 0 HMeeT BHA, NMOKA3aHHHH Ha
puc. 147,

TMposeneHHue pacCyXneHuA NMOKAaSHBAIOT, YTO PAA CBOHCTB v(t)
MOXHO OGHapyXuth, AaMe He pemas ypapHerda (7.9). Tenf;gb

pewnM sT0 ypasHeHue. IToaoxkuM v; — v = z. Toraa 5=
i ypaBHerHe (7.9) nepenuurercs Tax:

o
&

> 0, nostoMy ckopocts u(t) pacter. [Ipu 3ToM ueM Gamxke

—..&.t..’
= —az,

*) CrenaHuuB amech TONCYET PasMEPHOCTH 5 &CTh NpoBepKa. PaaMepHocTs E

sipgea Hs GopMyan (7.8). TaKk KaK BHYHTATL MOMHO TOJIBEO BeJHYHHN OmHOH
PASMEPHOCTH, TO - AOJUKHA HMeTh PAsMEPHOCTL CKOPOCTH.
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npudem npu £ =0 HOLKHO 6HTE 2 = v) — vg. VIcKoMoe pelneHue ecTh
z(t) = (v1 — vp)e™*. Tepexona k dyHkuuu v(t), noayuaem
v —o(t) = (v — ‘vo)e"’*,

OTKYAA

Y olt) = v1 + (v — vr)e~%. (7.10)
Paccmarpusas ¢opmyny (7.10), HerpynHo chenath Te e BHIBOIEL,
KOTOPHE Mbl yXKe CHeJIAJH Ha NaJbliaxX, [AAfd Ha ypaBHeHHe (7.9).
Bo-nepsx, ecaun vy > vy, 10 v(f) > v1, 14K Kak (vp — v1)e™™ > 0.
Ecau xe vy < vy, 10 (w9 — v1)e"% < 0 u nostomy v(f) < v;. Bo-
BTOPHX, KaKOBO 68! HH GHJIO v, BCe PaBHO NMPH AOCTATOYHO GOJBIINX
¢ BesiMuMHa e~ Mana W mpakTHueckd v{t) = vj.

Hafines, noanaysce (7.10), BupaxeHHe MyTH B 3aBMCHMOCTH OT
BDEMEHH:

dz —

% =v1+ (w—v)e %
OTKyAa, NpunoMunas, yro z(0) =0,

z(t) =vit+ 2" (1 — ).

Ecau ckopocTb Tena BeqHKa KM Te10 GOMbITUX PasMEPOB, TO CHs
Jla CONpOTHBACHHS NMPONOPI{HOHANbHA KBajpary ckopoct. s omu-
TOB YCTAHOBJEHO, YTO B ITOM caydae ™

F=—-kSp 3;—2-,

rae S — naomagk cevyeHHs TeAa, p — IJIOTHOCTE cpeldnl. OT BA3KO-
CTH CpelHl IIPH STOM CHJa CONPOTHBJAEHHN MPAKTHYECKH He 3aBHCHT,
Kosppuuuenr & B sroit popMyse ecth GespasMeproe 4mMC/Io; €ro
BEJAHYHHA 3aBHCHT OT (POPMH Tesa (AA% X0PoIlo 06TeKaeMEIX TeJ Bes
JuiMEa k Moxer onyctatbea ao 0,03-0,05, nas naoxo oSrekaeMux

Ten senmunna k pocruraer 1,0-1,5). O6osuauasn -%E = 3, MOAYUHM
F(t) = —ev(t). (7.11)
flcHo, 4TO > MMeeT pasMepHOCTE I/CM.
Rup

*) S1a dopmyaa cnpapeznnBa npH uucie PefiHombaca e > 100. Cuuca dop-

My/IH, TIDHBECHHOA B TEKCTE, 3aK/IOYEETCA B TOM, NTO NpH ABMXEHHH GONBILON
Te/Id SHEPTHA, JATPEYHBACMEA B CBA3H C COMPOTHEACHHEM Cpeabl, pacXoiyercd He
HA TpeHWe ONHHX CJ/IOEB JKHAKOCTH OTHOCHT/JBHO APYTHX, 4 Ha KHHETHYECKYN
SHEPrHI0 KHAKOCTH, BHEYMACHHO! ABHraThbcs, ANS TOTO §TOSH PECCTYNHTECA
H nponycTutb Tes0. [onyuute oTcuona camn dopMyay AAa CHAH.
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PeluumM safaqy o TOPMOXKEHHH AJjisl CHAH compoTHeaeHHus (7.11).
CooTBeTCTRYOIeE YPaBHEHHE HMEET BHA

m% = _y?
dt — -
Pasgeaus ofe 4acTH Ha M U MOAOKUB % =B ( > 0), noayuum
v _ o9
@~ P

dv L t
Orciona z= —pdt. TlpouHTErpHPOBAB, NMOAYYHM ol = |

rae tg — CKOPOCTb TENA B MOMEHT BpeMeHH t = fy. "
[MosTomy —% + 1_115 = —B(t — tp), oTxyna
o
=——— 7.12
7 T pwle— ) @12)

Hs dopmynn p = % nosiy4aeM, 4To B HMeeT paaMepHOCTh 1/cM.
Hafinem dopmyay sas nytu. [oaesyscs (7.12), noayuaem

_ Uy
© = T o=
0TKYfA .
2(t) = z(t) + j ﬁ&t—h) dt. (7.13)
b

(CuMTad, YTO TeN0 HAYHHAET JBW)KeHHe H3 Hayana KOOPAHMHAT
|.£(to) = 0], noayuaem us (7.13)

2(t) = 5 In[1 + Buo(t - to)] (7.14)

Jlerko yGenurbes, uto (opMyne (7.14) cooTBeTCTBYeT SKCNOHEHIH-
anbHas 3aBHCHMOCTb CKOPOCTH OT NPOMAEHHOT0 MyTH: v = tge P%,
Ecax Tenmepb MH 3aXOTHM HallTH Bech NMyTh, KOTOpHH npoHger Te-
J0 nocsie TOro, Xax CHaa, CooOIMMBINAA €My CKOPOCTh, MepecTana
fleflcTBOBaTh, TO OGHADYXHM, 4TO STOT NyTh [(opmyna (7.14)] Tem
Goabme, 4eM Goabine BpeMs t*). Ha camom aesne 1o He Tak. Hedao
4 TOM, 4TO, KOTIA CKOPOCTh TeJia CTAHET Manaolt, cooTHomeHue (7.11)
nepecraner 6niTh BepHHM. Hazo mepexoautsb K dopmyne (7.1) u co-
OTBETCTBEHHO AAA mopcueTa nyTH K (7.5).

*) o dopmyxne (7.14) £ — 0o NpR ¢ — 0.
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PaccMoTpuM sazauy o najeHWH Tesia B BO3LyXe B CJAydae, KOe
TAa COMPOTHUBJ/IEHHe BO3AyXa NMPONOPLMOHAJILHO KBAKPATy CKOPOCTH,
CoBeplIeHHO aHAJNOTHYHO CJIY4&i0, KOTIA COTNPOTHBJEHHE MPONOPLIHe
OHAMBHO CKOPOCTH, NOJIYHaeM ypaBHEH:He

dy
Ypapuenue (7.15) nepenumeM B BHAe

® - (%’-:F).

HeTpyaHo YCTS8HOBHTB, 4T0 1/g/P WMeeT pasMEpHOCTb CKODOCTH;
oGosuaunm +/g/B = vy, g/p = v?. Torza

G =861 - ). (7.16)

Tounoe peimenue AaHO B 0TBeTaX K ynpaxHeHui0 1. PaccMoTpuM
ofue cBoicTBa pemeHHs. PaccyIeHUsMH, COBepIliecHHO AHAJOTHY-
HEIMH TeM, KOTOphie GulJH [IpoBefieHH AnA ypaBHeHus (7.9), mokaspl-
BaeM, 4TO B 3TOM CAyYae JOJKHA YCTAHOBHTHCSA CKOPOCTD ABHKEHHA
v =4/ g?ﬁ . Tlokaxkem, uTo yepes JOCTATOUHO GoJLIIOE BpeMA mocie
Ha4aja MafleHusl CIpaBeljiHBa opmyna

v —v = Ce™ 0t (7.17)

raie C — nocrofAHHas BeJMYMHa. YpaBHeHue (7.16) nepenmirem Tak:
d

% = 8(u1 +v)(o1 —v). (7.18)

Ipu Gospinux ¢ v = v}, nosromy B (7.18) aamenuM v; 4+ v Ha 2v.
Ecau 3aMeHHTh v Ha ¥| B PA3HOCTH v] — ¥, MOAYYHM %’ ={), oTKYna

v = const = vy. TaK Xax HAC WHTEpPeCYeT HMEHHO Majo¢ pasiHuwe
MeXay v H v)(3aK0H NPHGAHKEHHA ¥ X ¥(), TO npeHe6peraTh pasHo-
CTBIO ¥ — ¥ HeabadA. Hrax, na (7.18) moayuum

dv
5 = 2Bui(vi —v). (7.19)
dz dv
TlonoxuM v; — v = 2, Frimiard Ypasrense (7.19) npuHHMa-
eT BHJ, iz
Et— = —2B111z.
Ero pemenuie ecTb
P z=Ce Bt (7.20)

4TO copnazaer ¢ (7.17)
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3uauenne C B dopMyne (7.20) Hesb3si ompeReNsTb H3 Havalb-
noro ycaoeua v(0) = vy (1.e. 2(0) = v| — vp), NOTOMY uTO ypaBHe-
Hue (7.19) cnpaBefAHBO TONBKO IpH AOCTaTOYHO GoMbkX ¢ (BOIH3H
! = 0 3aMeHaTh v + v; Ha 2v| Heab3q),

3ameruM eme, uto dopmyna F(t) = —uv?(t) cnpasepaura aums
A cayyas, xoraa v > Q. Heficrautensso, ecnu v < 0, TO AOMK-
Ho 66T F(t) = 3v?(t), TaK Kak cHNa COMPOTHBJACHHA HaNMpaB/eHa
NPOTHBONOJOXKHO CKOPOCTH M, C/eA0BATeALHO, MONOKHTENbHA, CCAH
¢KOpocTb oTpupaTensHa, O6a cayuas (v > 0 u v < 0) oxsarwBaioTCA

MyJo#
opmya F(t) = —zv(t)|v(t)].

Ynpamuenua
1. HafitTh BHpaXkeHHEe CKOPOCTH B 3aBHCHMOCTH OT BPEMEHH H3 YpaB-

lleHHs % = B{v} — v®) npu HavaneHOM ycaoeuH v(0) = vg. U3 dopmy-
AN B U TOK23aTh, YTO NpPOHCXOAUT YCTAHOBJAEHHE CKOPOCTH, pasHoOi

_ /g — 2w —w)
H = = = —
" B MMokasatk, yto Ans dopmynu (7.20) C gl

2. B sagaue o magenuu TeJa (CHia COMPOTHBACHHS NMPOMOPLMOHAAbHA
CKOPOCTH) YUECTh, 4TO HA TEJIC AEACTBYET BHTANKHBAKOLWAA CHAA NO 3aKOHY
Apxumena.

3. Npumenne pesyabTarT Npeanaywiefi 3afaud K Wapy W Y4HTHBas,
uro Aas mapa k = 6nRn, rme B — pamuyc mapa, m — BA3KOCTb CPedbl,
110K234Th, 4TO YCTAHABAMBAETCS (NMPH GOABIWIKX ) CKOPOCTb MafeHHA wWwapa

I
0= ﬂ";‘—’l (smecb p — NAIOTHOCTb MaTepPHana, U3 KOTOPOTO CAeNaH

tn
wap, p’ — NAOTHOCTH Cpeas).

§ 8. JIsnxenne noa AelicTBHEM YNPYrod CHIL

PaccmoTpuM cayvail, Korma cw/a, GeMCTBYIOLIAS Ha Tefo, 3a-
BHCHT TOJIBKG 0T ero nofoxerus: F = F(z). Buile M noxpoGHO
paccMaTpuBan¥ paGoTy Takof CHAH M BHISCHUJM, YTO B 3TOM CJay-
Yae CHCTeMa HMeeT Ompele/eHHYI0 NMOTEHUMAAbHYIO BHepruio u(zx),
¢ KoTopoli cHAa CBR3aHA COOTHOIIEHHEM

F(z) = -242)

O6paruMcs K 3afade O ABHXKeHHM Tedia nof AelCTBHEM TaKoil CHJIH.
OcHoBHoe ypaBiieHHe HMeeT BHA
dv

m— = F(z). (8.1)
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Tax xax B ypaBHeHHe BXOAMT NPOHU3BOAHAS TIO BpeMeHH, a CHAA
3aJaHa KaK QyHKIHA XOOPAMHATH &, TO HEIOCPEACTBEHHO 3TO Ypape
HeHHe PelIHTh HeJbad. ECTECTBeHHO AAA pellleHHA 3aflaYH HCKAaTh
HHTepecylolllie Hac BeMHYHHH KaX (QYHKUMH KOOpAHHATH z. Byzem
HCKaTb, B YACTHOCTH, 38BHCHMOCTb CKOPOCTH OT KOOPIHHATH, T.e€,

v(z). TIpousBoAHYIO MO BpeMeHH %’ MH TOTJA MpeACTABHM KaK mpo-

M3BOAHYIO CAOKHOK (YHKUMH, TaK KAK CaMa KOODAMHATA 2 3aBHCHT

OT BPEMEHH:
pe dvfe(t)] _ dufz(t)] da(t)
& = dz dt
Ho % ecTh He YTO KHOe, KaK ckopocTh v(x). TakuM ofpasom, % =
=9 & OTX
- dx’ ym
m¥ e _ 9 (M)
dt dz  dz \ 2 /°
IMoncrasaas nocnepHee B ypapHenue aApuxkends (8.1), moayunm
d (m?
£ ()0 o2

HHrerpupyd, HaxoguM

|4 (5) = [ rye

HJH 2

mof m‘vo j’
F(z
-l = [ P)as
Ty
PusuyecKHi CMHC ITOr0 BHPAXKEHHA COBEPIICHHO ACEH; HIMEHeHUe
KHHETHYECKOi SHeprud paBHo pafoTe CHIH.
[pr nomomy MOTEHUHANBHOR 3Hepruy 3anumem (8.2) B BHAe

mv’ du
a(z)“%‘
d [mv?
& |7 @) =o.
Ecne mpouapogHad KAKOTO-HHOYAbL BHPAaXKEHHS TOMAECTBEHHO
paBHa HYJIO, TO CaMO STO BHpakeHHe ecTb NIOCTOSHHAS BeJUYHHA,
IlosTomy ?

—2—+u( z) = const (8.3)



§8] Hsuxcerue nod dedcmauen ynpyaoll cusw 327

BB rakom Bugie dopMysa (8.3) BHpaxaeT 3aKOH COXpPaHEHHs FHEPTHH:
NpH ABHKEHHH TeJla MO AeHCTBHEM CHJIH, 3aBHCAILEH TOABKO OT KO-
OPAMHATH, OCTAETCSA NIOCTOAHHON CYMMa KHHeTHYECKO! IHepruy Tesla

me?
5~ 1 ero NOTeHUHaNLHOH SHeprHH u(x). OTa cyMMa Ha3mBaeTcH

nonHoil sHepruedl Tesa. 34ecCh M B NpeNnAyINEM naparpade MH NpH-
#eJH STH AOBOJBHO AJHHHHE NpeoSpasoBaHHSA C HeAbld NOKA3aTh,
4TO 3aKOH COXpAHEHHS 3HEPruH (NPHUMEHUTENBHO K MEXaHHMKE) ecTh
cnegcTede 3axoHa Helotona. Takxe caencTsHeM saxkoHa HeloToHa
HBAAETCA TOT (aKT, UTO KHHETHUECKAs SHEPrHs TeAa eCTh UMEHHO

i
g 4 He Kakas-HUOYAL Apyrag QYHKIMS CKODOCTH Tesa.

Kak pemats gannie 3agady o Asumenun tena? Io anaueHuam
¢KOPOCTH %9 H KOODAHHATH! Te/la Zg B HaYaJLHAI MOMEHT BpeMeHH
HAaXOAHM TIOJHYI SHEPIHIC Tena E — BeAMUMHY, OCTAIOILIYIOCHA IIO-

CTOAHHOM Ha IPOTHMEHHH BCEro ABHXXeHHS %ﬁ + u(zg) = E. Tpu

noMouy opMyant (8.3), sHas F, HaX0AMM CKOPOCTh T&/J2 B 3ABHCH-

MOCTH OT &:
u(z) =1/ 2 (8- (). 8.9)

OcTaetcs HafiTn cBa3s mexay ¢ M ¢. Us (8.4) monyunm

-§=1/%[E—u(x)];
dz 7 dz

V2 E-u(o)] - tztwL/%lE—u(m)l'

TaxuM 06pasoM, Bpems ¢ BHPAKEHO KAK (PYHKIHA KOODAWHATH T:
t = t(z), (8.5)

npu4em QPYHKUMs 3Ta 3afaHa HHTerpajoM. Pemas ypasHenue (8.5)
OTHOCHTEJLHO Z, MOXKHO HafiTH z(t). Tak Kak v BHpakKaercs B 3a-
BUCHMOCTH OT Z MOCPEACTBOM KOPHS KBaIpaTHOTO, TO JaXe NpOCcToe
selpaXkeHHe #(Z) 4acTo NMPUBOANT K BECbMA CJOKHEM BHIPAXKEHMSIM
ang t(z).

Jasg Toro YTroOH MOAYy4MTh OOIlee MpeACTaBJAEHHe 0 XapakTe-
pe ABHXKEHWS, OYEHb NOJIE3HO HApPHCOBAaThL KpHBYI u(x). Ecau Ha
ITOM XKe TpapHXe HaHeCTH T'OPH3OHTAJBHYIO JHHHIO Ha BHcoTe E
(puc. 148), To moMy4HTCS BechbMA HAT/AAHAH KapTHHA. CKOpOCTH

OTCHOAA;
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MPONOPLMOHAJIBHA KOPHIO KBaipaTHOMY M3 pasHocTH E — u(z). Tak,
HAIPHMED, NPH £ = Z 4 CKOPOCTb NPOMOPLMOHANBHA KOPHIO XKBaipaT-
HOMY W3 IMHH oTpeska AB (puc. 148). Ilpasee Toukn C H JeBee
voukd D Haxomutes o6aacTs, rie E < u(z), T.e. 06aacTs, B KOTOpYIO
TeJMO NpH 33afaHHON MOJHON ero sHepriH F NpPOHHKHYTH He Mo-
XKeT — He XBaraeT sHeprud (popmasbHO KOpeHb H3 OTpHIATeNbHOR
Be/IMYMHH JAaeT /A CKOPOCTH MHHMoe 3HaueHue). B Toil ofsacTh,
rae E > u(z), kpanpaTHuil Ko-
I peHb AaA v(x) naeT ABa BO3MOXK-
u) HbIX 3HaYeHHS B COOTBETCTBHM

¢ ABYMS 3HAKAMH KODHS:

v=ay/ 2 [E—u(z)].

B HauaJbHHIE MOMEeHT KaK Be-
Prc. 148. JMNYHMHA, TK H 3HaK H vg ompe-

AeAAIOTCH HAUAJbHHIMH YCJOBH+

AMH. Jlanbme ZABHXKeHHe NPOMCXOZHT B HANPABJACHHH, 3aJaHHOM
3HAKOM HAYaJAbLHOH cKOpocTH vg. QuepHaHo, uTO NpH v # 0 3Hax
CKOPOCTH He MOXEeT BHe3anmHO M3MeHMTLCH. 14K, ec/iH B Haua/bHLIN
MOMEHT TeI0 HAXONHMTCS B TOUke £ =z % H 2 > 0, To Teso
Jofifier A0 KpafiHel AOMycTHMO#A TOUKM Tco. B sT0it Touke, rae cko-
pocTh Tesa ofpailaeTcss B HyAb, MpoH3oHAeT nepexon oT GopMyab

v=1/%[E-u(:c)] K dQopmyse v = —M%[E-—u(x)]. Tak kak

B 5T0H Touke v = (), TO HW3MeHeHHe 3HaKa coBepinaercs Ge3 cKauka
(paspuiBa) ckopocTH. AHaJIOTHYHAs XapTHHA Gyler B TOYKE Z = Tp.
TakuM ofpasoM, B cay4ae, H3o0pakeHHOM HA pHc. 148, KaHixeHue
Tesia OyfieT npeacTapaaTb coloil KoseGaHuA MeX LY ABYMA KpaliHHMH
MOJIOIKEHHSAMH To B Zp.

Paccmorpum apyroit mpumep. [loTennpanshan sHeprua Tena Aa-
etcn pynkupedt v = az (a > 0). Hailtu 3akoH ABHXKeHHMA Tesa.

TlycTh B Haua/MBHHA MOMEHT BpeMeHH fy T = Xp, v = tp. loraa

nosiHas 3Heprusa E = mT"g + axg. [Mosbaysncs (8.4), monyuaem

v($)=\/%(-"32”—3 +aa:o—ax) =\/m.

*) Touka x| Ha pHc. 148 He moKasaHa, OHa MOXET HAXOANTHCA B JIOGOM MecTe
MEeRIY Tp 4 To.
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rge y = % 3Has v(z), HAXONHM BpeMs:

T

dr
t= .
2 by o

B unterpane crenaeM sameny v§ + y(zg — @) = 22, 2zdz = —ydz.
[Toayunm

t=1p—

O1ciofa HaXOmUM T;

3 (8 —to) = =/} +1(z0 — 2) + 0,

nepeHocs vy BJAeBO, BO3BOINA B KBAIpaT H COKpailas Ha f, NOJYy4IHM
&= ~2 (¢t —1)” + vt — to) + %o.

Hafina %, y6exaaeMcsi, 4T0 3TO — PABHOSAMEN/ICHHOE SBHME-

du
HHe, DTOro H CAEIOBANO OXMAATh, TaK Kak F = —E = CHJla

NOCTOAHHA M OTPHIATe/IbHA, 3HAUMT, ABHIKEHHe DaBHO3AMEIJEHHOE,
B sToM npocrefitieM chryuae, Korna cHiia B AeACTBHTENBHOCTH OT &
He 3aBHCHUT, KOHEYHO, He 6blI0 HANOGHOCTH NMPHMEHATE TAKOH CJ/I0XK-
Hufi cnocod pacuyera.

B caepyioileM nprMepe pacCMOTPHM NOTEHOMAJNBHYI0 IHEPTHIO,
rpadpuk xoropo?t uMeeT BHA cTyneHbKM (puc. 149). Tako#t aasucu-
MOCTH %(Z) COOTBETCTBYeT rpaHK CHJIH, TIpUBEACHHHI Ha puc. 150

i
“1 FJL
—A
ol x,
o] —A— x
Xo X1

Prc. 149. Prc. 150.
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(trroﬁdu y6enuTbcd B 3TOM, YHTATENb AO/MEH BCIOMHHTb, 4To F =
17
= _E)’ CHJIa BeChbMa BeJMKAa H OTPHLATEJIbHA, T.€. HAmpas/eHa

B CTOPOHY yMeHblleHus z. Yem kpyue u(z) — Xpusas Ha puc. 149,
T.€. YeM Ha MeHbIIEM NPOTAXEHHH A = 2| — Ty MPOHCXOAUT MOABEM
u(z), TeM Goabuwe no abcoarTHON BenuyuHe cuna. Tam, rae u(z)
‘moctosHHa (CAeBa OT TOYKE Zg W CIpABa OT TOYKH X)), CHJE PaBHA
HYJIIO.

[ycTs Tesno Hawano APHKEHHe OT TOYKH g (pHc. 149) co cko-
pocteio tg. Ilycrs nonnaa sHeprus Tena pasHa E. Ilpu Kakux
3HayeHusix E TeJo MoxXer ronacth B Touky Z1? Tak kak u(zg) =0,

2
To E= '—n;;'l. C nmpyroit cropornl, E = %—'— + w1, TAe ¥] ~ CKOPOCTb

TeNa B TOYKe T, & 4| — NOTeHUWaJAbHAs SHEPTHA NpPH & = I,
IMosromy
mu}

— =E —u1. (8.6)

M3 dpopmyau (8.6) ammo, uTo ecau E < u, T0 T€/0 He MOZKeT
nmomacTh B TOUKY |, TAK KAK B 3TOM Ciyuae noxydaeM vf < 0,
a sToro GHTb He MoxeT. [JosTOMYy TesnO MOXET MOMacTh B TOYKY
x = X[, TONLKO ecd E 2 ug.

OnpenennM Ans 310ro cayydas paboTy CHAB F ITPH nepeMelleHHH
Tesla U3 TOUKH Xy B 21:

_mi _my _ me}
A=Z3 -3 -3 F

INone3aysce (8.6), Haxomum
A=FE—u;—-E=—y.

[lpy nanpHelimieM ABHXXEHHWH Tesla BNPaBO OT TOUKM ) cHna F
paGoTH He coBepmaer, Tak Kak F =0 mpu = > z1.

¥Ynpamnenus

2
1. IoTesunanbEan SHEPrUA AaHa GopMyOH 1 = MT (k > 0). Ioctpo-

HB rpadvK, MOKasaTh, 4TO COOTBETCTBYIOIISe ABHIKEHHe — KoaebaTeanHoe,
2, TloreHuuaabHan sHeprus AaHa dopmynolt

0, ecmm 250,
ulz)={2z, ecain 021
2, ecam r2 1.

B navanbHui#l MOMEHT BpeMeHHM Tejo Maccofi B 1T BHXOAHT M3 Hava-
Jla KOODAMHAT H [BIDKETCA BIIPAaBO CO CKOPOCTHIO vy (cM/c): a) wg =1,
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8) =19, B) v = 2,1. Jlaa Kakaoro ciaydad YKasaTh, CMOXKET JH
T€J0 HEOrPaHHYEHHO ABHMTATBCA BNpaBo. Ecnd He MOXeT, HallTH TOUKy
OCTAHOBKH.

3. u(z) = —2° + 42°. B HavanbHH} MOMEHT BDEMEHH TeN0 Maccod
B 2 I BHXOZMT U3 TOUKH Zg ¥ ABHKETCA CO CKOPOCTHIC % (cM/c), a) 25 =1,
=1, 6} 39 =—2, vg = 1, B) 29 = —2, vg = —1. B xaxxaoM cayuae nccre-
A0BaTh XapaKTep ABUNEHHA (TOUKM OCTAHOBKH, OGJNACTH, B KOTOpHE Telno
He MoXeT nonacts). B caydanx, KOrga ecTe TOUKH OCTAHOBKH, YK&3aTh,
X0TA Oul rpyGo, HX KOOPAMHATHL, 2

4, AuajorudHHe BONPOCH A u(r) = T2 ™= 2: a) 2o =0,

=2 0)19= %, g = é Bupasute Bpems ¢ B 32BHCHMOCTH OT ¥ uepes
HHTErpaJ.

§ 9. KoneGannsa

PaccMOTpHM Teso, Ha KOTOpPOe AefiCTRyeT Chia
F=—kz

Kak Mbl 3HaeM, Takoit cusie COOTBETCTBYeT MOTeHLHWAAbHAA IHeprus
kz2

U= —.

2

Ha4aso koopaHHAT ABAALTCA NOJOKEHHEM YCTOAYHBOrO paBHOBECHS.
KpuBaa norenumanbHoit smepruu (mapaGona) MMeeT BuA, TNOKAasaH-
Helff Ha puc, 148.

JIpuxkenue Tesaa nop AeHCTBHEM TAKOW CHJAB NpeAcTaBasAeT cobol
Kose6arMs BAeBO M BNPaBO OT NOJIOKEHWA paBHoBecHA. MoXHo
npeacraBHTh cefe IDapUK, KOTOPHM CKATHIBAETCA ¢ ONHOH BETKHM
napaGosH, HaOWpas cKopocTb, N0 HHEpPUHM 3abMpaeTcA Ha BTOPYIO
BETBb, CKATHBAETCH ¢ Hee H T. A, CoriacHo BropoMy 3akoHy Hploro-
Ha ypaBHeHHMe 3THX KoseGaHH/ HMeeT BHA

m% = —kz. (9.1)

Mu He GyaeM pemaTh €ro o6IMM, HO JOBOJLHO CAOXHBIM CHOCOGOM

npeAbAyInero naparpaga, 8 BMECTO 3TOI'0 ¢yTajaeM» BHM pellieHHd 1

COCPENOTOYHM BHHMAHHE HA HCC/IENOBAHMM CBOHCTB STOTO pelleHHs.
Wrak, npeanonoxum, 4ro

T = acosot. (9.2)

Taxoit Bua peireHns BuGPaH NMOTOMY, YTO KOCHHYC ABAAETCA ONHOK
H3 IpocTeAWINX NepHOANYECKHX (yHKIHA.
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HoncraBaM Bhpameune (9.2} B ocuoBHoe ypaBHeHHe (9.1);
TaK KaK

dz . &Pz
V= 5= —aw sin e, == —aw? cos of,
TO
—maw’ cos ot = —ka cos wt. (9.3)

Coornomenne (9.3) GyzeT clpaBemIHBO NPH JMI0GOM £, eCIM ma® =
= k. [losroMy ¢yHkuma (9.2) aeficTBHTENbHO YAOBACTBOPAET YpaBs+

HEHHIO, ecqIH muw? = k, OTKYHEA ® = % Torna

z= acos(t\/g ) (9.4)

OrmeTuM, YTO KBaJpaTHbHIA KOpeHb B BBIPAXKCHHH ® HE NPHBOAHT
K ABYM pelIeHHsM, T4K KaK cos wt = cos (—et).

Haiinem mepuon koneGanuil, T. . BpeMs, yepes KOTOpoe Teso BO3-
BpalllaeTc B HCXOAHOE NOJOKEHHE ¢ MCXOOHOA ckopocThio, PyHK-
IHA cos¢ BO3BpaIIaercA K HA4aJbHOMY 3HaueHHIO, KOrka yroda ¢
AenaeT MOJHHA 06OPOT, T. €. MEHAETCA Ha 2x. 3HAaUHT, B BHIpaXKeHHU
acos ol BeAHYHHA oi 32 ODHH MepHofl T TakKe AO/NXKHA MEHATHCA
Ha 2x. [Toatomy T HaxXoAuM H3 YCJIOBHA

o{t +T) = ot + 2x.

Orciona
m

2
ol = 2n, T—E-—2ﬂ: e (9.5)

1
Benuunra v = 7 HAeT uHCao KosieGaHUA B eOMHHUY BpeMeHH

M HasHBAaeTCH 4acToToM KoneGanuii. Pasmeprocts ee 1/¢ (cloBamn;
ofparHas cexyHfia). EqHHHI2 yacTOTH — OAHO KoJleGaHHe B CeKYHAY
HMeeT ClielHaAbHOEe HA3BAHHE 2€py B YeCTh HeMenkoro ¢usuka len-

puxa lepua. Ha dopmyan (9.5) suaHo, uro v = %. OnHako Bo Beex

topuyaax yao6Hee HMeTh BeJo HMEHHO ¢ ©, a He ¢ v, HHaYe NOBCIORY

noABATCA KoaddunuenTH 2% 1 4n’ BesnunHa @ = -1—,-“ HasHBaeTCA
KpYrosoit uacroTodi *),

*) UTo6H MOHATH NPOMCXOMASHME STOFO HASBAHMSA, PACCMOTPHM OTPEIcK AAH-
HOR @, Bpamalomuiica NPOTHR 4acoBOR cTpenkd. CXOACTBO MeXAY BpallleHHeM
H KoseGaHHeM JieTKO OGHAPYXUTh: BPAIMIAIOIAACA CTPeKa Hocle KaXAoro obopora
BO3RpalaeTcs B HCXOAHOE NOJOXKEHHe TOUHO Tak Je, Kak Kojelmoilleecd Teao no
HCTeUeHHH OJIHOTO MepHoiia BOSBPaMiaeTcs B cBOe HCXoAHoe moncxerue. [Ipu stoM
KOOPAMHATA % KOHUA Bpamaiomefics CTPeNKM MeHAeTCA M0 32KOHY % = cosaf,
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KoHcranty a u3 ypasHenns (9.1) onpeaesdTh Helb3s, MOTOMY
HTO ypaBHeHHe YROBJETBOpRETCH NpH Ao6oM a [B obeux yacrax (9.3)
{2 MOXXHO COKPATHTh).

CkopocTb TeNla v = i —awmsin ot. Us cootHomenus cos? ot +

+ sin’ ot = 1 caenyer, uro npu cos of = +1 Gyger sinwt = 0. Caego-
BaTeJIEHO, B Teé MOMEHTH BpEeMeHH, KOrjla OTKJAOHeHHe TeJsia B TY WM
APYTyl0 CTOPOHY HOCTHraer cBoell HanGoasllell BeNMYHHH (T = a
WJIH T = —a), CKopocTh ¥ paBHa Hymo. IlpeactaBum ceGe, yTo npu
t < 0 Teso NMOMEINEHO B TOYKY T == ¢ H YACPIKHBAJOCH B 3TOH TOYKe
B IOKOe NPH MOMOILH APYTroi NoCTOpoHHeH CHMN (HanpuMep, KaKHM-
HHOyZb KplouKoM) o MoMeHTa § = 0, KOrZa KpIOUOK OTHYCKAeT TeJo.
B ator MomeHT TesIo GbiJio B Nokoe H Noa aAelcTereM cHAN F = -k
HavaAuch Kosle6aHus. B 3ToM ciiyuae 3aBHCHMOCTb KOODAMHATH Tesa
T oT BpeMeHH t naerca opmynoi T = gcoswt. Tak Kak aGconioTHas
Be/IHYHHA COS Wl He NMPEBOCXOANT 1, TO a ecTh HauGobllee 3HaUeHHe
BeJUYHHH T, T.e. HaHOOJbILEe OTKJAOHEHHe TeJla OT MOMOKEHHUS
paBHopecHs. UHcslo a HasbBaeTcsa aMIMTYHoH koneGaHutt, Takum
ofpasoM, aMIIMTYEa KoJeGaHHH paBHA HAYAJALHOMY OTKJIOHEHHIO
Tesla, €CIH B MOMEHT Hauafla KoieGaHUA Te/io MOKOHJOCh *)

OTtMeTHM MNONYTHO, 4TO, BooGue, ecsid A(2) = Lcoswt (uaw
A(t) = Lsinwt), To L ecTb HauGonblllee 3HayeHue BeauduHn A(l),
OHO Ha3HIBAeTCHA aMILIHTYNOH BeawuwnHn A(t).

OrMeTuM elje, 4TO YacroTa KofleGaHHM © He 3ABHCHT OT HX
AMIVIATYOH Q.

Dyets = 21(t) ecTh pemenne ypapHenus (9.1), 1. e. cnpasenau-

B8O paBeHCTBO m% = —kz,. PaccMotpum dyuxuuio zo = Cz(t),

rie C — nocroAHHMadg BeAHuHMHA. Honc'raaana B ypaBHeHHe (9.1)
d2z2

3HaueHHe Xy M R noAyuHM mO’ F = —kCz(t), uau, coxpa-

was Ha C, L2,

mgE = ko

€C/K CTPe/iKa BpamtaeTcd © yricsofi CKOpOCTbIO @, B cayuae spamenwn, ecau T
ecTh TepHof oAHoro o6opoTa, TO v = T SCTH ukCa0 060poTOR B eMHHIY BPeMeHH,

o = 2xv CTh YLIOBAN CKOPOCTD BpallleHWd, BHpaXeHHad B pan/c. Tax kak paguan
ecTh BelHyMHA GeapasMepHad, TO o HMeer pasmepHocets 1/c, B ceAsm ¢ Takum
HPOCTHM CMHIC/IOM ¢ HpH ABHMEHHHA N0 KPYTY BeJHIHHA o B 3a1a9aX 0 KoneSaHuax
noAyqua HAssaHHe Kpyrosol wacToTH.,

*) Mu OOpeRefMNH AMIAHTYAY KAaK nodosusy NOTHOTO pasMaxa koleSanwi,
Ha nytu or xpafinefi nesofi Toux, & = —q, Ao xpafineli npasofl TOUKH, T = +a,
Teno NPOXONMT paccTosHMe 26, paBHoe ydsoennol aMILANTYAE.
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Wrak, ecni x = z(t) yaosaersopser ypasHeHuo (9.1), To M zo(t) =
= Cz)(t) TaKKe yAOBNETBOPALT STOMY YPABHEHHIO,
Jlerko yGeanthes, uto ypasHexue (9.1) Mmeer M Apyroe pelreHHs

&(sinat) _

z(t) = bsinwt. JleficTBHTEALHO, —o? sin wt. [Toacrapass

3HaueHHe T W ero Bropoit npouspoaHo# B (9.1) H cokpamas Ha sin wt,

k
NONYYHM © = E , T.e. TO JKe caMoe 3HaYeHie, YTO H paHbIIE *).

z(t) = bsin (t\/g ) (9.6)

Tak e Kak H B NpeanaymeM ciayqae, b us ypasHenus (9.1}
onpeaeauts HeAn3n, OHO onpemeliseTcA W3 HaYaJbHHX YCHOBHH,
[Tycrs B HavanbHEA MOMeHT t = 0 Tes0 HaxoguaAoch B TouKe z = 0
H MONYYMAO ONPeReNeHHYI0 HAYalbHYI0 CKODOCTb g B pesyJsibraTe
KpPaTKOBpeMeHHOro AeHCTBHA KaKo#-TO BHelliHe# CHNH, HampuMep,
yaapa. Torza Tak kaxk v{t) = bwcoset, To npu t =0

vp = bo, 0.7

oTkyna b= %. ChenopaTeibHO, AMIKMTYAA B 3TOM ClIydae onpeje-

JSIETCA HAYAJILHON CKOPOCTHIO.

CoorHomerne (9.7) naer npakTHuecKH yroOHHA criocod uaMepe-
HHA HMIYAbCa CHAH M CKOPOCTH, HIHPOKO MPHMEHAEMEH B MeXaHHKe
noj HassaHWeM 6aJNHCTHUECKOrC MAsTHHKA: €CJH Telo NMOABEIleHO
B BHAEe MAATHHKA WK YOEPXKHBAaeTcsl B NOJOXKEHHH pPAaBHOBECHA
NPYKHHAMH H 4acTOTA €ro KoleGaHHii H3BeCTHA, TO HA4AJILHYIO CKO-
POCTb NOCe yAapa MOXKHO ONpPENeNUTh N0 AMIAUTYAe KoJdeGaHHM,
BHI3BAHHHX YAAPOM.

[TokaxeM, uto npuGauxenHo popmyay (9.7) MOXKHO MOAYUHTH
B3 06IMX 3NIeMEHTapHHX coolpaxkeHHit. PasMepHOCTL AMINIHTYAN —
€M, Pa3sMePHOCTL CKOPOCTH — CM/C, a pPasMEpHOCTh BPeMeHH — C.
[ToaToMy u3 coolpaxeHHA pa3MepHOCTH AMILIHTYAA AOJAXKHa OblTh
BEJAMUHHON TAKOro XKe NOPAEKA, KaK NPOoUsBeReHUe HavalbHOil cKo-
POCTH Ha HeKOTOPYIO A0MIO MepHoRA. Tak KaK ABHAKeHHe OT MOMEHTa
yAapa 10 MAKCHMAJAbHOI'0 OTKAOHEHHs MPOAOJKAETCH YeTBepTh Ie-
PHOZA M v < v, [IOTOMY 4TO ABHIKEHMe 3aMeljieHHoe, To b < wT/4.

[Toatomy

*)3mecs TAKME @ = —1/% He JAaeT HOBOTO pelleHHd, TaKk KaK

bsin(-A‘ / %t) = -bsin(1 f % t); BHEK MHHYC ¥ KOPHA, BHpPaKAIOWErc ®, COOTBeT-
CTBYET TOMY e BHAY QYHKIOHH, 9TO H paHblIe, RPH IPYroM SHAYEHHM KOHCTAHTH b,
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Eenu 6u nBuxeHHe GHJIO ¢ MOCTOAHHHM 3aMefiJIEHHEM, TO CPeXHAA
CKOPOCTb paBHAJNAcCh OH MOJIOBUHE HAYaAbHOH M, CACZOBAaTEAbHO,
b 9T/8. B peficreutenpHocTH, Kak ciepyer H3 bopmya (9.7)
H (9.5),

T e 2 628"

BaxHo To, uro GAarogaps He3saBHCHMOCTH MepHOZa koNebaHuil or
AMIIUTYIN NOCAENHAA MPAMO MPONOPLHOHAAbHA HAUaNbHOH CKO-
POCTH.

Mu npoBepuny, uto nABe pasanyHee (yHKuuH (9.4) u (9.6)

YIOBJIETBOPAIOT YPaBHEHHIO M % = —kz. [IycTb MH XOTHM peliUTh

3afa4y O ABHXEHWH Tela ¢ 33JaHHHIM HAYaJbHHIM NOJOXKEHHEM
W AaHHOMA HayaMbHOM cKopocThio: MpH £t =0 z = xp, v = vy (MpHUeM
3HAUEHHS Tg H vy — MIOOHE, KAXK/A0e H3 HUX MOXKET He PaBHATHCA
wymio). Takyw sagauy HasoBem ofmeii. Jlo cHx nop B oTAUuMe OT
obillefl 3a0a4H MKW PACCMATPHBAJH JHIIL YacTHHE 3aza4dH. B omHod
M3 HUX Opo NpH £t =0 v =0, T =20, a B Apyrod — npu ¢ =0
v=ug, =0,

HonyeTum, 4To MH B3SJH pelltelHe z = acosmt. [Tonaraa t =0,

dz
NoyuHM Tp = a; 3Haudt, T = xocoswi. Ho Torma v = i

= —gpwsin®?, Tak yro mpu t =0 v =0, a He vy. [losromy npu
NOMOLIH PEIeHHA X = ¢ cO8 W MK He MOXEM pellluTh oblel 3agaqy,
a MOXKeM PEeUIHTb AHIb 3ajavy ¢ HyAeBoH CKOPOCTHIO.

Ionpo6yeM B3aTh pelieHHe T = bsinwt. B 3atoM cayvae v =
=5 = bocoswi, npu t = 0 noayuaeM vy = bw, b = %, OTKYZA
= %sinmt. OgHako npa t = 0 2 = 0, a He xg. CaegoBaresbHO, U
IPH MOMOLIM 3TOTO peleHHs MK He MOXEM pellliTh ofIylo sajauy.

Jlerko y6eauThbes, uTo cyMMa

T = acoswt + bsin wt (9.8)

TaKXKe fABJNAETCA pemeHHeM ypaBHeHMs (9.1) npH mofmx ¢ u b
[uMTaTenb caM NMPOBEPUT HTO, HAXOAA BTOPYIO MPOUSBOZHYIO OT CYM-
Ml (9.8) 1 noacrasasa ee B (9.1)]. Takum oGpazom, MH pacnosaraem
pelieHHeM ¢ JABYMA TPOH3BOJbHHMH NOCTOAHHBIMH: & = acosat +
+ bsin wt. CooTBeTCTBYIOWAA CKOPOCTh ¥ = —a cos wé + bsin wi.
IMpu nomoww (9.8) MoKHO pemuTh 06MLYI0 32424y O JBHKCHHH
Te/la ¢ NPOH3BONLHHIM NOJNMKEHHEM H MPOH3BOMLHOA CKOPOCTHIO
B HayaJAbHHI MoMeHT: npu t =0 z = x5, v = vy, [loabaysch
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HauaJAbHLIMM JaHHHIMM, HaXomum u3 (9.8) g = zp, b= [To-

TOMY

e_ls

T =zgcoswl + %sinmt.

Hs Bcero aToro caenyet, uto pemeHus r = acosat, T = bsinat
AQI0T BO3MOXHOCTh PelMTh He o6iIyl0 3afiady O NBHKEHHH, a JHILbL
YacTHHE 3aflayd €O CHeUHaAbHHMH HaualbHHIMH ycaoBusmu. [lo-
STOMY 3TH pellleHHMs HaSHBAalOTCA YacTHHIMH. Pellienne ke T =
= acoswi + bsin o nospoaseT pemuTh 06IYI0 3a1a49y O JBHKEHHH,
sagavy ¢ 2OGHMH HavanbHEIMH yeaosuaMH. [Tostomy sTo pemenne
HasHBaeTCA OOIIMM DellieHHeM.

O6iee pelreHHe ¢ ABYMA IPOM3BOAbHEIMH NOCTOSHHHMH MOXHO
NOJAYYHTh H H3 Hpyrux cooOpaseHuii. B ypabHeHun (9.1) BMecro
He3aBHCHMOi NepeMeHHOR © BBefleM HOBYIO0 HE3aBHCHMYID NepeMeH-

Hylo T no $popmyae

t=t+¢, (9.9)
dz _dzxdt dx
rae ¥ — nocrosanHas. Toraa Ed_g S5 = g 'K Kak us (9.9)
BHJTHO, YTO %= 1. AnanoruuHo Etzi = % ¥pasHenne (9.1) npn-
HHMaeT BHJ
m ﬁ = —kx
e .
Ham H3secTHO ero pemienue = = Ccoswr, rie C — NOCTOAH.
Hag, @ = % Boasppamasce K NepeMeHHOH %, NMoAyuMM T =
= Ccosa(t +t') = C cos (ot + ot’). Monoxum wt’ = «, Torza
z = C cos (et + a). (9.10)

HUcnoavsyn popmyay cos (o + B) = cose.cosp — sinosin B, cpas-
HHM pemienns (9.10) u (9.8):

C cos{wt + o} = C cosacoswt — Csinasinwt = acoswt + bsinwt.

CaenoBarenbHo, uToOH ofa pemieHHA OMHCHBAAH OHO H TO XKe
ABUIKEHHe, HY)XHO YAOBAETBOPUTDL YCJOBUAM

a=Ccosa, b= -Csinea.

[Mockonbky a M b Merko BLIpaXAOTCA Yepes HauaJbHOE MOJO-
KeHHe W HaYaJbHYI0 CKOPOCTb, NIONE3HO YMEThb pellaTh 0oGpaTHYIO
sagavy: HaxoauTs C u o, 3Had a H b. [Ina sToro cocraBMM BHpa-

XeHHA
a2 + b = C?cos?a + C%sina = C2,
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OTKYAA

= v/a? + b2, (9.11)
b sna

b
-2 = pr =tga, a= arctg(—E).

Ecau pemenue sanucaso B popme (9.10), To sicHO, 4TO AMIIAHTY-
na koneGauuil papHa C. CrefoBaresibHO, ecly pellieHHe HMeeT BHA
(9.8), To amnautyna pasha Va2 +b2. [lycte npu t =0 z = xy,

%=1y, TOTAA @ =Ty, b= %, NOSTOMY aMIJHTYAA kosieGaHH# pas-

Yopawnenna

1. Teno xoneGnercs No 3aKOHY % = —g, Haiitn 3asucumocts x(t)

M ONpPeAeNHTs NepHod, KoJeSaHHi AAd CAeAYOMMX cyyaes: a) npH ¢t =10
=0, v=2cM/c; ) pr t =0 =1, v=0;B)mpuit=0 z=1,
= 2)cu/c. B cnyuae B) samucats pemresive Kak B Buae (9.8), Tak u B BHAe
(9.10).

§ 10. neprus xoneGanmnil. 3aTyxalomue KoneGanus

3anuweM ofiyee petlteHHe ypasHexHA (9.1) B Buge

z=Ccos(ot + a). (9.10)
[loTeHunansHas SHePrus Tena B xaxmuﬁ MOMEHT DaBHa
u(z(t)) = @ cos®(wt + ),
2 KMHeTHYeCKas SHeprus
K@) = "‘"2 =3 [~Casin (at + o)) = ﬁ sin? (et + o).

‘-Iacm'i;a Ko.neﬁaunﬁ, KaK MH yXKe 3HaeM, onpegeaserc ¢opmysoit
W = o INoncrapnsn o B BHpaXeHHe KHHETHYECKOH SHEPrHH, 1o-

JyuuM
K(t) = * sin?(at + a).

Takum of6pazoM, MHOXKHTEAL NEpel TPHIOHOMETPHUECKOH (YHK-
UHeH B BHpaXeHHH NOTEHIHAJLHON SHeprHH H B BhIpaXKeHHH

KHHETHYECKON 3SHeprud opHHakoB, CamH QyHKUMH cos®(wt + o)
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u sin®(wt + o) OueHb MOXOXKH OZHA HA APYTYIO, ONHA MOXKET GhTh
R
nonydyeHa W3 APYrofl cMemieHMem No OCH BpeMeHM Ha At = %

(puc. 151). Kaxxnan us Beawuns « ¥ K Koaebierca oT MakCHMalb-

y=sin®(wt+a)

Puc. 151.

HOT'O 3HAYEHUs JO HYJs, NPHYEM, KOTHA OfHa Be.nmmna MaKcH-
Ma.nbna Apyras pasHa Hymo. OTMeTuM, uto byHKuuH cos®(ot + )
u sin?(of 4+ o) OMHCHBAOT KoNieGaHWA BOKPYT CPeAHEro 3Havue-
HHS1, PABHOTO MOJIOBHHE MAKCHMAaNLHOTO. JT0 06CTOATENLCTBO NETKO
YCMOTpeTh Kak H3 pHc. 151, Tak U U3 H3BeCTHHX (opMya:

0082B=%(1+0082ﬁ)=%+%0082]3,

—lcos2]3.

. 1
31n2|3=§(1—0082|3)= 3

Ba| —

1
3aeck AcHO, YTO BeJHYHHA Ecos2p Koslebnercs, CTaHOBACHL TO MO-

1
JNOXKHUTEAbHOM, T0 OTPHLATENBHON, a 3 pencTasser co6o#t cpenHee
3HayeHHe.

Cymma moTeHnMaiabHOM M KHHeTHUYeCKOM SHEPTHH, T.e. MOJIHAA
3HEPrHA CHUCTEMH

E=K+u= Egz—[cos2(mt+a)+sin2(mt+a)]=—

[IOCTOAHHA, KaK H C/IeI0Bal0 0XKHAATh.
OrMeTHM, 4TO ecaH OH MH 3afaiHCh ABHMEHHEM C 4acToToh,

He yuoBaeTBOpAOMEH dopuyle @ = %, TO NPH TAKOM JBUNKe-

HHH CyMMa NOTEHUHANbHON W KHUHeTHYecKo# dHepruu He Onjia Gl
NOCTOSIHHA, MaKCHMaAbHasi KHHETHYecKas SHePrua He paBHAJMACH
6n MakcHMaJbHOM NMOTEHNMAAbHOM SHepruH. TO He YAHBHTEJBLHO,

k
TaK Kak KoneDaHHUK ¢ YacTOTOH, OTAMYAKOLIEHCH OT ® = ot He

YAOBJIETBOPAIOT OCHOBHOMY YPABHEHMI0 NBHXKEHUSH; C/SAOBAaTENBHO,
AAA TOro uToOH TakHe KojJe(aHHs OCYILECTBJANHCH, HeOGXOAHMO,
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"To6H, Kpome cuAn F = —kz *), Ha Teso AeliCTBOBAJH ellle KaKHe-TO
ApyrTHe, BHEINHHe CHJH; 32 CUeT PaGoThi BHEHMIHHX CHJA MOJHAasA

mv?  kz?
YHEPTHS (-2— + -2—) yXe He COXpaHseTcH.
OfpateMcA K Bonpocy O 3aTyXaHumH KoaeGaumii. [lycts, Kpo-
Me CHAH NPYyXHHH F = —kx, Ha Teno jeficTBYeT CHla TpeHM.

[lpenmonoRUM, UTO CHAA TPEHHA CPABHHTeJIbHG MaJia, TAK 4TO Ha
HPOTAKEHHH ONHOTC MepHona KoneGaHui pabora CHAL TPeHHA Mala
N0 CPABHEHHIO ¢ 3Hepruefl koneGaHui, Torza NpUGAHKEHHO MOXKHO
CYHTaTh, UTO KOJMeGaHHR MPOHCXONAT TAK Xe, Kak H B OTCYTCTBHE

CHJIBL TPEHHSA:
z(t) = C cos (ot + o).
kC?
Jueprua Konebauufi pasHa - [lpH HANHYHH CHAL TPEHHA SHEP-

rus koyleSaHHM ¢ TeueHHeM BPeMeHH yMeHblaerced. CleaopaTebHO,
TpeHWe MpUBeAeT K ToMy, uTo Kosbduument C mpu cos (ot + a)
Gyger He MOCTOAHHON, 2 MeJieHHO yOhBaomeil BeaHuHHON. 3aKoH
yObiBaHHs C oNpemesMTCA YCJAOBHEM, YTO YMeHblleHHe SHepPruH
paBHO paboTe CHAL TPeHHA.

OrHoca 06e BeJMYHHH K eUHHIIEe BpeMeHH, NOAYYHM

KC?
dE__d!T}_ a . _
- = —t=kC—=Fuv=W, (10.1)

rie F| — cuna TpeHHS, v — CKOpOCTb Tela, W| — MOILHOCTb CHJIH
Tpenus. CkopocTh v, TaK Xe Kak H cuia Fy, B npouecce koneGauuii
nepHonHIeckH MeHdercs. [Ipouseenenue Fyjv Bce BpeMs ocTaercsd
oTpHuaTeNLHLIM. B HHTepecyolleM Hac chyyae MAJlOTo TPeHHH, T. e.
MeIJIEHHOTO 3aTyXaHHs KoAeOaHHHA, MOXKEM CUMTAThb, YTO H3MEHeHHe
amnauryan C(t) 3a BpeMs HeCKONBKHX KoJeGaHuii mano,

[Ton, npousseneHreM Fiv HaN0 NOHHMATh CpefHee 3HAYCHHE BTO-
ro npousBemenus sa nepuod. Popmyaa (10.1) cnpaseanusa ToABKO
NS POMEXYTKOB BPEMEHH, NPEBHINAIOMINX NepHol KoaeOaHHil.

PaccMoTpuM B KayecTBe PUMepa CHAY TPEHHSA, MPONOPLMOHANb-
HYIO CKOPOCTH ABHXKSHHS TeJa:

Fi=—hv, Fiuv=-h?
Moncraske v = —Cwsin (ot + o), noayynM
Fiv = —hC2%e? sin2((ot + o).

*) 3roft cune coOTRETCTBYT MOTeHUMAN u(T) = -ib;—z
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3ameTHM, YTO cpeiHee 3HAYCHHE sin2(mt + a) 32 MepHOx paBHO -21-

(eM. ynpaxuerus K §4 rnasu IIl, a Takxke dopmyan Ha c. 338).
IMonrayscs (10.1), noayyaeM oKOHYATENLHO:

dC 1
kCE=‘-h02C02"2';

orne i _ _ha

& 2%

k

Benomnnas, uro of = —» TIOMy 4N fonee NPoCTOE BHIPaXKEHHE

dac h

== o C.
Pelenye 9T0ro ypasHeHHs €CThb

C = Che~B/@m)t, (10.2)

3pecs Cy onpegennercs H3 HayafbHHX YCNOBHI. YmHOKAA obe ya-
et (10.2) Ha cos (@t + @) # noab3yscs (9.10), noayuaem

2(t) = Coe~ W/ @Mt s (et + @), (10.3)

rie o = 4 f% . dto — npubnKKeHHan GopMysa, NONYIEHHas B Npes-

IO/IOXKEHHH, YTO CHJA TPEHHA HEBENHKA M MPOMOPLHOHAJbHA CKO-
pocTH.

B cayuae, Korga cu/la TPeHHA MpPONOPLHOHANLHA CKOPOCTH, 3a-
Raya uMeeT TouHoe pemenue. Ha teno feficTBylOT B STOM Cayuae

e cunul: —kx n h % B cuay eroporo sakosa HelotoHa

&’z dz
mgi- = —kﬂ:—h-d?. (10.4)
Pemenue z(f) GymeM HckaTh B TaKOM JKe BHEe, KaK OHO OHIO
NOJYUeHO ANA MaJoH CHAH TpeHHA:
z(t) = Coe™" cos (0t + o). (10.5)
Torna:

% = —yCpe™" cos (ot + o) — Comye™ sin (ot + o),
% = y*Coe™" cos (wit + &) + YCowi e~ sin (ant + o) +

+ Cowrye " sin (@1t + &) — Comte ™ cos (w1t + o).
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[loncraBnaa BhpaxeHwe AJA Z, %, % B (10.4) ¥ coxpamas Ha

Coe™™, noayuum
my° cos (@t + o) + myey sin (@1t + o) +
+ myw; sin (ot 4+ o) — ma? cos (mt+a)=

= —kcos (0t + &) + hycos (@t + o} + hoy sin (ot + o),
Wi

(my? — me?) cos (@t + o) + 2myw, sin (ot + @) =
= —(k — hy) cos (w1t + @) + hoy sin (@ + «). (10.6)

PaseHcrso (10.6) GygeT sHnoaHeHo npu AGoM ¢, ecan

— et = —
2mye; = +ho.
W3 Broporo ypasnenus (10.7), cokpaTHB Ha @), TOAYYNAM
h
T=+5 - (10.8)
Torma ua nepsore ypasHeHus
2=k _ B (10.9)
l -_— m 4m2o .
ChenoBaTeibHo,
2(8) = Coe~ M@t cog [ X _ L (10.10)
0 m aZlte) .

B clydyae, Koria TpeHHe Mano, T. €. YHCIO h mano no CPaBHEHHIO
2

¢ k, MOXKHO TIOZI KODHEM TpeHeGpedb Y/eHOM ﬁ; N0 CPaBHEHHIO

¢ % IMpu srom dopmyaa (10.10) mepexoaur B (10.3). Caenona-

TeJALHO, B MPHO/HIKEHHOM PACCMOTPEHHH MH BepHO TOJAYYHIM 3aKOH
YMEHBUICHHS aMIAHTYAR, HO HE 3aMETHJH MaJoro H3MEHEHHs da-
CTOTH KoJeGaHHA, BH3BAHHOTO CHJION TPeHHS.

Ecau TpeHue BesKo, TO MogKopeHHOE BhIpa)ieHHe MOXeT CTaTh
OTPHUATENBHHM, GOPMYJH TEpPRIOT CMHICA. JTO 03HAUAET, YTO NpH
CUNILHOM TPEHHH ABHXKeHHe yXKe He UMeeT KoJe6aTeabHOro XapakTe-
pa. B aToM cayuae pellleHue HaRO HCKaTh B Buge £ = Ce™" Toacra-
BHB B YpaBHEeHHA, TIOJYYHM ABa 3HaveHus y. CymMMa ABYX pellleHHi,
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COOTBETCTBYIOLIMX STHM ¥, AacT HaM ofllee pelieHHe, [O3BOJHT
PEIMTE 3aJa4y C JIOGHMH HavaJbHBIMH AaHHbMMH. TloapoGHo stor
CJydyait pacCMOTPEH B CBASH C SJIEKTPUYECKHMH KoteGanuamu B § 10
rnass VL.

Ynpammenns

1. HaiiTh 3akoH 3aTyXaHHA KoneGasmuii mpu cujie TpeHHs, Npomop-
OHOHaALHOA KB3aAPaTy CKOPOCTH (TaKoe TpeHMe XapakTepHO AIs OHCT-
poro ABHMKEHHR TeAa B KHUAKOCTH ¢ Manof BAsKocThbio). Ilokasats, uto
IO MCTedeHHH GOJBLIOr0 NpOMEeXYTKA Bpemend ammanryma C(t) = 1/bt,
rae b — nocrosnHoe YHcAo, He 3aBHcswee of Cp — 3HAYEHNA AMNJAHTYAN
B HAUAJbLHHE MOMEHT BpeMeHH.

2, Hafitn 3akoH 3aTyXapHf KojeGaHMA AJA CHAK TpeHMdA, He 3aBH-
camel OT cKOPoCTH (TAKaA cHAA TPeHHA XapaKTepHa BAd TPeHHA CYXHX
TBepAKX NoBepxHocTefl ofHa o Apyryn). OnpeseanTs BpeMs, N0 HCTEYEHHH
KOTOpOro KosieGaHUA NpeKpaTATES.

3. Noayuute ypapHeHne Manux KolefaHHi MadTHHKA, T.e. MaTepH-
aabHOA TOMKH, NOABelleHHOA Ha HMTH JAHHH [. MajnmMu koseSaHHAMH
MHE OyAeM HA3LBATh OTKIOHeHHA Ha HeOOMBHION YroJ, HHade TOBOPA,
TaKHe KoJieGAHHA, NPH KOTOPHX OTKJAOHEHHe [0 FOPHIOHTANH T Majo No
cpaBreHnio ¢ {. Halitn nepuol KoneSanmii.

¥ xa3anue. Bocnonb3oBaTbesa TeM, 4TO CYMMA KuHeTHYecKod H mo-
TeHINAAbHOH 3HEpTHH ecTh BeJHYHHA NOCTOAHHAA.

§ 11, BunyxaeHHule KojgefaHHy B pe30HAHC

PaccMoTpuM Teslo, Ha Koropoe nefcTByer ynpyraa cuia F =
= —kx. MW ycraHOBWIH, uTO moA AeHcTBHEM STOH CHJAH TeJaO
KosieieTcs ¢ onpeAejJeHHOH 4acTOTOR © = Vk?m, TaK Ha3nBae-
Moit yacToTolt cBOGOAHBIX KoMeGaHHRA, UM coOCTBeHHOH uacTOTON.
B pancHefimem GyaeM o603Hayath COOCTBEHHYIO HacTOTY Yepes ay,
TaK 4T @y = +/k/m.

[lyethk Ha Tesio AeficTBYeT, KpoMe YNpyro#l CHJH, €Ie H NepH-
ofivdecKasi BHEIUHAR cWJa ¢ wacrorolt w. Torna okaskBaercs, yTO
aMIIHTYAA KosieOaHudl, BH3IBaHHbBIX BHEIDHEH CHJIOA, BeCbMa CHJILHO
SABHCHT OT TOr0, HACKOABKO 4YacTOTA BHEmHeHd cunu o Giuska
K 4acToTe cBOGONHHX KoJse6aHuifi. ITO fIBJIeHHE HOCUT HasBaHHE
pesoHaHCa M HUMeeT oueHb 00JbIIOe NpaKTHYECKoe 3HaveHHe, Ho-
JeHHEe 3TO OTHOCHTCR K JIIOOBIM CHCTEMaM, B KOTODHX BO3MOXHBHI
Kojie6aHus. B mexaHHuyecKux cHcTeMax (CTaHRAX, MOTOpax) TaKHe
KoJleOaHHS MOrYT NPHBOJHTH K ONAacHeIM AedopManyussm u paspy-
UISHHIO,
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Huorpa pesonaHc co3HaTeNbHO HCMOAL3YIOT A TOr0, YTOOH
MaZoR CHJIOM BEI3BATb KoJicGanus paGouero HHCTPyMeHTa ¢ G0MbIIoH
aMnanTyaod.

B asieKTpyMecKMX CHCTEMAaX pe30HaHC AaeT BO3MOXKHOCTb IPH
AeHCTBHH HECKOJNBKHX MEPHONHYECKHX CHJ ¢ pas3noll yacToTo#d (Ha-
IIpHMEpP, HECKONBKHX MepefaloHX PAAHOCTAHIUMA) AOGHTHRCH TOrO,
4yToOH KoaeGaHMA B HaleH cHCTeMe 3aBHCEJHM TOABKO OT ofHOM H3
NnepHOAHYECKHX CHJI -~ TOH, YacToTa KOTOpOiH 6JiH3Ka K COGCTReHHOM
13CTOTE CHCTeMH. BJaaronaps sToMy MOXXHO HACTPAHBAThL PAXHONDH-
eMHHK Ha OmpefiejeHHYI) CTaHIHIO,

CocTaBuM ypaBHeHHe KoaeGanuit

d’z

ma-z-=—-kz h +fcoso)t (11.1)

B 3ToM ypaBHenuy fcos @t eCTh BHEIIHAN CHAA.
Tonenum o6e uactu (11.1) Ha m U 06o3HAYMM Temepb % = o}

B COOTBETCTBHH C TeM, YTO ¢ TaKo#l HacTOTOH MPOHCXOMET COG-

Tneﬂnue KoneGanun Tesna (B OTCYTCTBHE TPEHHS); OTHOMIEHHE
)

— ofosHaunM 2y [eM. mpemmaywmi naparpad, dopmyas (10.8)
u (10 9)). Moay4aem
% = —wpz — 27 p += L

EcTecTBeHHO OXHAATB, UTO TOA neﬁcmneu CHJIH € YACTOTOH ®©
Teno Oyfier coBepwate KoneGanusa ¢ Toft e dactotofi. IlosTomy
HIEM pellieHue B BUAE

z =acosat + bsinwt. (11.2)

[ToxcTaBiss BHpaXKeHHA AAR T ¥ €ro NPOU3BOAHLIX B yDaBHEHHE
(11.1}, noayunm

~aw? cos ot — bo’ sin ot = —awg cos ot — b} sin ot +

coswt.

+ 2yawsin af — 2ybwcos ot + %cosm‘..

Has Toro 4yToOH 5TO paBeHCTBO GLLJIO BEPHO NpPH JIOGHX £, NOMKHE
ObiTh paBHH MeXAY co60i B OTAE/IBHOCTH WieHH ¢ cosef U sinof.
[lpupaBHHBas 9TH 4ieHH, NOAyYaeM:

oaf = ~auf ~ 21bo + L, (11.3)
—be? = —bmg+2vau). -
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Hs proporo yparHenus (11.3) nHaxoaum:

_ 2w
b= g a.
IMonctasngas sTo B nepBoe ypasHenue (11.3), Haxoaum
_f___d-d
Y e e (114
Torna
b= 2o (11.5)

T m @ — )t 2m)

Tepexons Kk Buay z = C cos (wt + ) ¥ BcnoMUHAs, YTO

C=+va?+#, (9.11)

noJyuseM aMnautyay C kone6aHul, BLI3BaHHBIX BHeIIHell cumofi:
c=1 1 . (11.6)
(of — 0?)2 + (2y0)?

Orcioaa Buano, yto C TeM Goabire, yeM Gavxe @ K oy, Kpupas
saBucuMocTd C 0T o NpH AaHHOM o) u3o6paxeHa Ha pHc. 152 npu

AByX aHayenusx v. Ilpunaro == 1, mg = 1. UeM MeHbID® TpeHUe,

Ch
10
S
LY/
"
14 & .
00,102 1 o
Puec. 152.

TeM pesue BHPAXKEH MOABLEM aMIIMTYAR KoneOaHuil npy paBeHCTBE
YacTOTH BHelHe# CHAB H cOGCTBEHHOR 4acTOTH.

Herpyauo y6Gemuthes, uto cymma pemenusn (10.5) yparhe-
Hus (10.4) u obmero peinenus (11.2) ypasuenus (11.1)

£ = acosat + bsinat + Coe™ cos (mpt + ar), (11..7)

rae ¢ 4 b paiores dopmynamu (11.4) u (11.5), Takxke sBamerca
pemenneM ypasHeHus (11.1). [Ipy nomMoum STOro perueHHS MOXHO
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PeLIHTE 3a4a4y ¢ JIOSHMH HauaJAbHHMH AaHHHMH, BHOHpas COOTBET-
crBenH0 Co H o. Hdeficteurentno, nycte npu t =0 = g, v = 1.
Toraa, noassydacek (11.7), naxonyum:

zo=a+ Cpcosc, } (11.8)

vy = b — Cy(ycos o + o1 sina).

M3 sToff cHcreMH ypapHEHHH MOXHO onpefesutk Cp H o
(cM. ympaxHenns). Takum oGpasom, (11.7) ects ofmee peteHue
3afnayd O KoseGaHHAX TeJa NOA AeHACTBHEM YOPYTOH CHAB W INle-
PHOZHYECKOH BHelmHeli cHAH. DT0 06llee pellleHHe NOATBEPXKAAET
cAlelaHHOe B Hauaje naparpadia mpeAnoJioKeHWe O TOM, 4TO NpH
IIATEALHOM BO3AeHCTBHH BHEIIHEH CHJAN € YacTOTOW ® Tejo Gyzer
KoJebaTbca ¢ TOH e 4gacToTold m. B caMoM pnese, xakoBe GH HH
6uaN HauallbHble YCJOBHSA, OHH BAYAIOT TOJbKO Ha 3HaueHHa Cj
H o, T.e. TONBKO Ha mnocaefHee cjaraemoe pemenus (11.7).
OnHaxo ¢ TeueHHeM BpEMEHH STO CAaraeMoe, UMelOMEee YacToTy Gy,
CTAHOBUTCA CKOJb YTOAHO GJIH3KHM K HYJIO 34 CUeT MHOXKHTeJA €

H UM MOXHO mpeHeGpeus npu Goaemux i. OcTapmHecA claraeMbie
ONHCHBAIOT KoJeGaHUA ¢ 4acTOTOH «, KOTOpbie He 3aTyXawT
¢ TeueHUeM BpeMeHH, MOTOMY YTO OHM NOANEPKHBAKTCA AclcTBHEM
BHeLIHe# CHJIbI.

YnpaxHennus

1. Onpepeants Cp u o U3 chcTemi (11.8).
2. Baaropaps HaAMUMIO TPeHHA MAKCHManLHas aMmauTyda C nonyua-
eTcA NpH @l .y, HECKONBKO OTK/IOHAIOLIEMCS OT cuﬁ

Halttu oTksonenne ol . /a¢ or 1 B 3apHcHMOCTH OT v.
Yxazanue HcenenobaTs Ha MHHHMYM NOAKOpeHHOe BhIpAXeHHE B
(11.5), o6osHauns w° = z.

§ 12, O TouHbBIX H NPHGAHKEHHLIX pelleHHIX
dusHuecKux sagau

B npeapinymem naparpade Ham MOCYACTIHBHAOCH CPDABHHTEJNBLHO
MPOCTO HAHTH TOYHOE pellieHye 3afiauy O KoJAeGanHAX Teha noA aed-
CTBYEM NePUOAHYECKOH BHeNIHeR CUH NPH Ha/[YYHH BO3BPAMAIOmEN

dx
cuan (—kz} ¥ cunH TpeHus -hﬁf . Pacnonaras sTHM TOYHEIM
peiieHyeM, MOXKHO JAerko HallTH Pai BaKHHX npelefbHBX CIyyaes.
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1) YactoTa BHemHeA CHAN  BEChbMa Mala N0 CPABHEHUIO ¢ «y,

rae (I‘.% = % IMpene6peran B ¢hopmyne (11.6) @ no cpaBHeHHIO ¢ @y,
noJyuaem C = ﬁ = %

2) UacToTa BHeIIHeil CHAN @ BecbMa BeJHKA Y 3HAYUTEJBHO

f 1 4
Gonbie «g. Torna C = =~ ———— . Ho Y%0? < TpPeHHe He
BIOE (B9 yit = Y o* (Tp ;

OYeHb BEJIHKO); TpeHeGperas wieHoM 4y’e?, moayuaem C = —

3) Cuna tpenun mana. [IpeHeGperas 4AeHOM, COfEPXKAILHM ¥,
no/y4aeM f 1
C==——1.
m [0 — o]
Mg GepeM aGCOMIOTHYIO BeJNVMHMHY, TaK KaK pacCMATPHBaeM I0J0-
KHUTENsHOE SHAYeHHe KOpHs B dopmyae (11.6).

4) flpnenue TOYHOTO Pe30HAHCA: YACTOTA BHelIHedl CHJH B TOU-
HOCTH paBHAa cOGCTBEHHOHN 4YacToTe, T.e. @ = wy. 10rAa

(12.1)

f1r_f_ 7 (12.2)

CoBOXYNHOCTE 9THX Npefe/bHHX C/y4aeB, B CYLIHOCTH, COCTaB-
nser Gonbme 90% comepkaHus BCEX NONYYEHHBIX DEe3YNLTATOB.
IMonyuus oO6muit peaysbTar, Bcerga HeoOXONHMO €ro YNpoCTHTh,
paccMaTpuBas pasaudHHE NpeAcdbHBE Clydad, KaK MK 5T0 clenaniu
puiinie. [IpocTHie HOPMYNH, OTHOCAIMMECH K NpefebHHM CAydasM,
Jierue 3amOMYHAIOTCA ¥ Yallle UCTOMb3YIOTCA HA NpaxTHke. JIHib
H3pefiKka NPHXOAMTCR npuberaTs K obimum Qopmyaam. 3Had mnpe-
AeJibHHE cJydad, MH 3HaeM XOTSl H He Bce, HO 7oumu Bce, 4TO
cofiepxutces B Gosee cnokHOH TouHON QopMyre.

Boanukaet Bonpoc, Hesib3d JH GHJIO 9TH NpeAeibHble (HOPMYJH
NOJYUHTE MPSIMO, TPOM3BOAR YNPOLIEHHe B CAMOM ypaBHeHHHW. Pe-
MAaTh TOYHO CJOXKHOE ypaBHEHHE H MOTOM YNpOWIaTh pellieHue Tak
e HepaayMHO, KaK MpH MOMOMY CAOKHBX MALIMH aKKypaTHO yma-
KOBHBATH BMECTe M 3aBOPauMBaTh B M3AIIHYI0 06eDPTKY HECKOJBKO
NpefMETOB, 4 NOTOM PYKAMM PBaTh STY 06epTKy H NOJBL30BATHCA
9THMY NPENMETAMH B OTHE/LHOCTH.

IIpsiMoe monyueHHe NpelebHHX (NPUOAHKEHHbIX) BhIpaXKeHHM
0coGeHHO BAXKHO elle NOTOMY, YTO TOYHOE pelleHue oYeHb YYBCTBH-
TeNbHO K MANeHIIHM H3IMEeHEHHIM MOCTAHOBKH 3agaud. JoctaTouHo
HEMHOTO YC/IOXKHWTb 3ajady, H TOUHOe DelleHHe yXe He YHaeTch
Hafitd. [IpubnHKeHHoe peitieHHe 6osiee rpy6o, HO 1 Gosiee ycToHuH-
BO OTHOCHTE/IbHO M3MEHEHHSN 3aJa4H.
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OcofleHHO BaXHB AAs YJalllerocs T CAydaW, KOTAa NpeACTas-
JAETCA BO3SMOMCHHIM TOJIYHHTH H CPaBHHTH MeKAy coboit o6a pelne-
HHA — TOUHOe ¥ npubnvkeHHoe. IMeHHO Ha TaKHX CAYYasasX MOXKHO
npHOOpECTH ONMHT NPaBHJbHONO BhGOpa NPHG/MMEHHA U YBepeH-
HOCTH B pe3y/bTaTax.

BepHeMca K mepBoMy cayualo: 4acToTa BHeIIHeR CH/bI MaJja.
OueBypiHO, ME MMeEM AeJio C MeJieHHWM ABikeHueM. [lostomy
B HCXOJHOM YpaBHEHHHU

&z

mc—&2—=—kz h +fcosn)t (11.1)

&z
ONMYCTHM YJIEHH, CBA3AHHHE C ABYXKEHHEM M —5 yr h-— TMonyanm

0=—kz+ fcosat,

OTKYyZA
fmmt:Coosmt, c=1.

k k
Taxum o6pasoM, NIPH MaJioH YacTOTe B KAXKAKWH MOMEHT NMPHAOXKEeH-
Hasl BHELHAf cuJjia ypaBHOBelllMBaeTcs cusofi ynpyrocty. fcHo, gro
9TOT PE3YJIBTAT ABJACTCA BeCbMa OOIMM: OH OTHOCHUTCA K JOGOMY
ABHXKEHHIO ¢ Mano# yacToTol. Tako# npenesibHuIA cayyall HaswiBaeT-
cfl cTaTUyecKuM, B dacTHoCTH, cHAA yIpyrocTu MoxeT GbTh Moo
¢yHkumell KoopanHaTh [F(z)], BHemHss cuia MoxeT GHTE JoGoll

tdyHkunedt BpeMenn [F(t)]. YpaBHeHHe KoeGauuil NPHHUMAET BHJ,
& =7t F(t). (12.3)

T
m—3 = F(z) - s
Toutioe pelneHHe sToro ypaBHEHHH MOMKHO NMOJIYYHTL He BCerAa, HO
npuGnKeHHH mopxoa coxpausercd. leficTBuTenpHo, npeHebperan
B CJiydae MelIeHHOr0 [JBY)KEHHH 4/ieHAMY cO CKOPOCTHIO H ycKope-
HHeM, moaydaem us (12.3)

Fx)+ (@) =0.

Otcioaa HaxofuM z(t) — NPUGAMKEHHYIO 3aBUCHMOCTb MEXKEY T H t.
Moacrasass ato x(t) B TouHoe ypapHenue (12.3), MoxHO HaliTy, Ka-

xr =

KOTO MOPAAKA OIHOKY MBl JOMYCTHAHM, npeHeGperas YieHaMH m Tdt;
Hh da
R

O6patumMcsas KO BTOPOMY NpelebHOMY Caydawy — odeHo 6oJb-
woit yacToThl ®. [IpH Goabluof yacToTe BpeMa AcficTBHR BHellHed
CHNH, & CNCACBATEJBHO, ¥ HMNYIBLS CHJIBL 32 KOXAHK nmoaynepuon
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(noka cuna neficTByeT B ONHOM HANMPABJAEHHH) MaJH, NMOTOMY 4TO
Mala AMHTeAbHOCTh MOJiynepHoAa. 3HAYHT, MPH AAHHOM aMILIHTYAS
cuAn f, 4eM Gosbile @, TeM MeHbIE CKOPOCTb, KOTOPYI0 MOXKeT
HabpaTh TeAO, W TeM MeHbime nepememenHe Teda. IlpeneGperasn

B YPaBHEHHM ujeHaM¥ kKT H h@, NOJYYHM YPaBHCHHE ABHKEHHA

CBOGOHOrO Tena, Ha KOTopoe He AeHCTBYIOT HHKaKue CHJBl, KpOMe

BHEIOHeH CHJH:
&’z
m

a
Bynem uckaTh pemenvie ypapHeHus (12.4) B sunme
x =Ccosmt.

= fcosat. (12.4)

Toraa 2
Et% = —Ca’ cos wt.

INoncrapnas B (12.4), nonyuaeM
—Cma’® coset = f cosat,

OTKYAa

ITostomy

r=--L_cosat. (12.5)
mo

B cranpaprHom Bume z = Ccos(mt + o) pemenue (12.5) moxuo
SanMcarh Tak, YTo6s C' GHJA0 MOJOKUTENBHBIM,

f

cos(ai + ).
3 ( %)

Ipu atom ynpyras chsia ecth

—kx:%cosmt:%

T =

feoswt.

Cuja TpeHus:

h de _ At sin wt.
d mo

IlpH cpaBHEHWH CHJ, MEPHOAMYECKH 3aBHCAMIHX OT BpeMeHH,
HY)XHO CPABHHBATb He MIHOBEHHBIE HX 3HAYEHUA, a4 AMIUIMTYAH.
OTHoilleHye BHEIHeH cWJIH K YIpyroi cuje (OTHOIIEHNe aMIANTYA)

paBHoO &

aqf o
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210 OTHOWleHHe TeM GoJblie, ueM Goablle . AHAJOrHYHO ¥ OT-
HomeHHe BHEMHEH CHJIH K cHle TpeHHA HEOrpEHHYEHHO pacTeT
¢ poctoM o. [TosToMy mpy GOABIIHX @ BHELIHAS CHJA 3HAUHMTENbHO
NPEBOCXOIMT KAK YIPYTYI0 CHAY, TAK H CHJAY TPeHHH. DTUM TNOATBEP-
KAZETCA BOSMOXKHOCTE MNpHOAHMEHHOr0 PAacCMOTpeHHA ABYKEHUSA
fnox AeficTBHEM OAHON TOMBKO BHELIHed CHJb ¥).

Tpetufi npegejabHHA ciyuaid -~ npeHeOperKeHUe TPEHHEM -— Jier-
KO MOMY4YaeTCcAd HeNOCPeACTBEHHO;

m &z
p7e)
Pewenne ypaenenns (12.6) niewm B epe x = C cos (wt + a). [Toa-

= —kz + f coswt = —magz + f coswl. (12.6)

T
CTaB/idd B ypabHeHHe BHpaXXeH!d AJd & H —, NOJAYyuaeM:

d?
a=0, m(o)% —m2)Coosmt = fcoswt,
OTKYyna f
C= —n—n.
m(ug — o*)

PaccmoTpuM ueTBepTHI Caydait — uacToTa BHEMIHeHd CH/IL B TOY-
HOCTH paBHa co6cTBeHHOH uacToTe KosebaHuh, @ = wg.
Bynem uckate pewenue ypaBHeHus (11.1) B Buae

z = Ccos (wgt + o).

Torna 2
mﬁ = —mCao cos (wgt + o).
Benomunas, uto @f = k/m, nonyuaem
m% = —kC cos (0gt + o) = —kz.

lopacrasass B (11.1) BHpaXeEHs AAS T ¥ €r0 MPOH3BOAHLIX, MOJY-

YHM
hCupsin (agt + a) + fcosagt = 0.

Mocnearee paBeHCTBO GyAeT COpABEN/MBO MpH JIioGOM ¢, ecH
* o= J

o=—c, =,
2 heg

*) CymecTBenHo, UTO PacCMOTpeHHad BHIUE CHAA TPEHHs TeM GAike K HYAIO,
yeM GaHXe CKOpocTh K HyMo. TIDH cyxoM TpeHHW (CH2 TPEHHS He J8BUCHT OT
CKOPOCTH) BHEINIHAS CHJIA MeHbINAS, YeM CHNA TPeHWs, He BHIOBET KOJMeGaHWH HH
NpH Kaxo# vyacToTe.
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Pemenve, cienopatenbHo, eCTh

- %cos(mot ~3). (12.7)

Amnautyna kosneGauuit npu pesonance C = f/(hay).

Hsobpasum Ha geprexxe saBHCHMOCTE C 0T ®, flaBaeMylo npuGJiH-
xeHHbMY dopMytamu (12.1) u (12.2) (puc. 153). Dapmysaa (12.1)
AgeT fABe BeTBH, yXoasuve B GeCKOHEYHOCT: mMpY ® = ayg; ¢op-
Myaa (12.2) paer npH @ = wg KoHeuHoe 3HaueHue C' = A, Ilo-

cTpouB Kpuebie (12.1) u nocrasue
G TOUKYy A, COOTBETCTRYIOIYO (hopMy-
ne (12.2), yxe HeTpymHO OT pYKH
NPOBECTH IVTAIKYX KPHBYIO (IyHKTHp
Ha puc. 118), Kotopas BRaau oT pe-
30HaHCa COBMafaeT ¢ KpubniMH (12.1)
H HMeeT MakCHMyM A B TOuke wy.

Aumuryay C 1 HauaJbHy®O da-
3y o B ChAyyae pesoHaHca (deTBep-
0 U ® Tl ciydail) MOXKHO ONpPeNeNUuThb NpH

Puc. 153. NOMOLIY 3HepPreTHYECKUX coobpae-

HHH, LeHHOCTb KOTOPHX 3aKJlO4Yaer-

€5 B TOM, YTO OHH MO3BOJASIOT MPHOIMIKEHHO DEIIHTh TaKXKe H HeKo-
TOpHlE 33aflaYH, He UMelON[He TOYHOTO PelleHHs.

MowHocTh, passuBaeMas BHemHed cuiiofl fcoswl npH zBuXe-
HHY, 3afiaHHOM Bhipaxenuem z = C cos (ot + a), ecThb

Was = feosat & = —fCucos atsin (at +a).

Onpeaenym cpefHIOK MOIIHOCTH BHEIIHEA CHJAH $a Gonbpod (Tog-
Hee TOBOPA, 32 GeCKOHEUHHH) MPOMEXYTOK BpeMeHH

W = —fCwcos wisin (of + a).

3amerumM, uTO
cos et sin (ot + o} = %sin?mtcosa+coszmtsina,

TO3TOMY

cosmtin (et +a) = %sin2mtooau+cos2cot8inu= %sinu.

CrhenoBatensHo,
w. = _ICo
BH = ) sino,

o W = % cos((o: + g) (12.8)
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Tenepe onpeaenuM CPeHHION MOLIHOCTH CUAH TpeHHd. Tak Kak
Fp = —hv, To0 —
W,p = —hv?, (12.9)

C’w’
2

Ho

— 2
2= (2) =P cot(wt +9) =
[TosTomy (12.9) maer
2
W = —h c m*

Tax xax paGora BHemIHEA CHABI H.ne'r Ha TpeofiosieHNe TpeHus,
TO CPeAHUE MOMHOCTH BHeMIHeHA CHJIH M CHJIBL TPeHHSA AOIKHH GHTBH
paBHH 10 aGCOMIOTHOH Be/NHUHHE:

(Wpl = [Whal, (12.10)
I s R
o f|008(u. +3)| = ke,
oTKyna

O’—-—Icos(u+ )| (12.11)

MakcuManbHan BO3MOXKHAA aMOAUTYAA (ABheHHe Pe3OHAHCa) No-
nyqaercn, Kak Buaso u3 (12.11), npu cos|o + E) =1, 1.e. npu

2
o= —§ Ipu sToM @ =g 41 C = —f-— CheaopaTesbHO, pellieHHe
B CJIydae De3OHaHCa eCTh
=1 - E)
e (0t 5.

Mu onare nonyunsu dopmysy (12.7).
Bepuemca k dopmyne (12.8). M3 Hee BUAHO, ur0o NpH peso-
HaHce Wy uMeeT HaHGoJblliee 3HAaYeHWE, TAK KAK MPH pesOHaHCe

cos(u+ %) = 1. IoatoMy B cAydae pe3oHaHca BHELIHAS CUJA pas-

BHBA€T HAHGOMBINYIO CPENHIOI MOUIHOCTD H, CAENOBATENLHO, NPOU3-
BOIUT HauGonabiylo pabory,

IMpuBenenHue 3HepreTHueckue coolGpaX<eHHs NO3BOJIAIOT ONpe-
NeMHTh aMIIMTYAY TpH pesoHaHce W B chyuae Godee CHOKHOA
3aBMCHMOCTH CHJAH TPeHHS OoT cKopocTd. IlycTh cHzia TpeHHMA faHa

opMynoh
bopuy Frp = —hojy|* L. (12.12)
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Mpu v > 0 (12.12) paer Fp = —hv™, npu v < O noayuum Frp = hlv["
Nostomy (12.12) opu moGoM 3HAKE CKOPOCTH v JiaeT CHJIY Tpe-
HHfl, HANPaBJAEHHYI0 NPOTHBOMOJNOKHO ckopocTH. CpepHssi Moul-
HOCTB BHEIIIHEH CHJIH No-npexXHeMy Aaetcs Hopmyanoit (12.8). Ompe-
nenuM Wr,. MrHoBenHoe sHauerne Wyp = Frpv = —ho?jo|"); 1ar
kaK 1? = |v?|, T0 Wy, = —hlv|™!; noncrasass ciopa sHauenue v,
HaXOAHM

+1
Wy = —hC""'lmo""'1|sin(mgt +a) |n . (12.13)
Noassyscs (12.13), nonyuaem
W'rp = _hon+10)3+1A,
rze mosoxkeno A = |sin (wgt + o)+ *). Yenosre (12.10) aaer
Hgmtig = 1 %
hC" oy A= 3 fC(mloos(oc+ )l

2
Orciona 7
_n fud
o= Yol )]
MakcuManbHaa aMIJIMTYAA, AOCTHraeMas OpH pesoHaHce, paBHa
=1 f
=w V3 (12.14)

YacTHHM caydaem ¢opmynu (12.14) npu n = 1 (cHaa TpeHHa npo-
NOPLHOHAABHA CKOPOCTH) SIBASIETCA HaifieHHas paHblme QopMyna

.
C=

§ 13. PeakTHBHOC ABHIKEHHE
H ¢opmyaa K. . Ilnoaxosckoro

IMpu BHXeHHH B $e3BOSLYIDHOM NPOCTPAHCTBE eLHHCTBEHHEI
cOoco6 ympaBsieHHA NOJNeTOM (M3MeHeHHA CKOPOCTH H HanpaBJIeHHA)
3aK/Il04aeTcs B OTOPACHBAHKH YaCTH MacChi CaMOro JETALIEro T4,
T.e. B IPUMEHEHHH PEaKTHBHOTO NPHHLHINA ABHXKEHHS.

Pycckuit yuenniit K. 3. LlHoaxkoBckuil nepBHil MOMHOCTRIO 0CO-
3Ha/l 3HaueHHEe pPEaKTHBHOTO NPUHLKIIA H HCCJAEHOBa] OCHOBHHE

*) IippeneM ANA COPABKY SHAYeHHA A JNA HeCKONLKHX n: n — 0, A — -

x
=0.64;n=l,A=0.5;n=2,A=%=0,42;n=3,44=%=0.375.
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J8KOHOMEPHOCTH peaKTHBHOIc ABuxeHHs. OT Hero, 4yepes ero yde-
NHKOB H NOCJIEioBaTe/lell, COBeTCKHX YUeHBIX K KOHCTPYKTOPOB, HAeT
T4 HAYYHasd TPafMLHA, BOIVICIIEHHEM KOTOPOH SBHAHCH COBETCKHE
WCKYCCTBEHHHE CIYTHHKH 3€MJIH, HCKYCCTBEHHHE NJAHETH H KOC-
MHuecKHe KopaG/H ¢ KOCMOHABTaMU Ha OOpTY.

BuiBesieM 0CHOBHOE ypaBHeHHe MPAMOJAHHEHHOTO IBHXKEHHS pa-
ketl. TonsHBO pakeTsl — Gymb TO MOPOX HJH CMECh TOpIOYEro
{cnupra, GeHauHa) ¥ OKHCAKTENA (KHACAOPOAA, a30THOH KHCJIOTH) —
06AagaeT onpeeNeHHHM 3anacoM () XHMHYeCKOH SHEPTHH Ha eIH-
iy Macchl (@ mopagka 1000 kkaa/kr ans GesIHMHOTO MOpoxa
1 2500 KKaal/KT 1A GeHsuHa ¢ KucJopogom *). TIpr cropanuH sta
XHMHYECKas SHEPTHsA NpPEBPallaeTCA B TEMJIOBYIO SHEPTHIO NPOAYK-
TOB ropeHHA. 3aTeM NPOAYKTH FOpPeHHA BHTEKAKT Yepes COMo; TpH
YTOM TeIIoBas SHEPrUA UX MpeBpalllaeTcsl B KHHETHUECKYIO SHEPTHIO
ABHMEHHA,

Korna peaxTHBHHIl JABHTaTe/b 3aKpenfeH Ha HCOHTAaTeAbHOM
¢TeHAE, NPOAYKTH TOPEHHA BHTEKAOT C ONpefefeHHOH CKOpo-
¢Tbi0 tg. TIpH 3TOM KHHeTHYecKas SHEPTHS HX Ha eIUHHIY MaccH
¢OCTABJISIET ONPEAE/IeHHYI0 A0/NI0 XHMHYECKOH SHEpPruM TONAKBA:

%% = o), (13.1)

rae & — GespasMepHoe qHCN0 — Kos(OHINEHT nofesHoro AeAcTBUA
IIpOLIECCOB TOPEHHA M HCTeueHHS Tasob**). B maabuefimeM Gymem
CYUTaThb CKOPOCTb HCTEYECHHS 1y H3BECTHOH, 3allaHHOM BeJHYHHOH.
{)ua cocTaBasieT okodo 2 kM/c AAA Nopoxa H okoso 3 KM/c aad
WHAKOrO TomKBa. Jlerko y6eAuThCA, 9TO STHM BEJHYHHAM COOTBET-
cTBYIOT 3HavenHs o = 0,5 (x.n. A. nopsiaka 50 %).

Jlo ropetius TonauBO NoKougock. IlycTh cropesa H BHTEKAa H3
conAa Macca dm Tomauba. [Ipa 5ToM oHa npHoGpeaa HMIYILC g dim.
QueBuaHo, Y10 UMOYALC cBIH dI, ¢ KoTopoll pakera peifct Ha
¥TY MAaccy, paBeH HMOyJbCy, npuoSpeTeHHOMY Maccofl dm ***):

dl = Fdt = updm.

llo sakoHY paBeHCTBa Ae#icTBHSA H MPOTHBOAEHCTBUS AMMOYALC CHJIH,
¢ Koropolt Macca dm NPOEYKTOB TopeHHs HeHCTBYeT Ha pakery,

" Tennoropuas crocobHocTE GeHsnHa oxoao 10000 kkaa/Kr, oAHAKO AAA CHKH-
1nHus 1 kr Gensuna (CHy) ayxno uapacxonoBath eme 3,4 Kr kucaopona. B paxere,
meTAmed B GesBosAyMIHOM NPOCTPAHCTBE, KUCAOPOA HARO Be3TH € cofoli H sHepruw
1WA CTHOCHTE K CYMME MACCH TOILTMBA H OKHCAHTENSA.

**} B topuyne (13.1) HyxHO §Q BHPASHTL B MEXQHHYECKHX eQHHHUAX (spr/Tr),
yoraa o noayunTea B cm/c, [ipn sTom 1 kxan/kr = 1 kan/r = 4,18 - 107 spr/r.

***} OGoanavenne dJ ¢PA3AHO C TeM, 4TO PaCCMATPHBAETCH MANAA Macca dm.
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paBeH ToR xe BejuuuHe ¢ oOpaTHHM 3HaKoM. Ilycts, HampuMep,
CKOPOCTb HCTEUEHHAl g HalpaBjeHa B CTOPOHY yOmBaHHA . Toraa

Ug OTPHUATENLHO, ug = —|ug|. JNa HMAyAbca CHAH, AeiicTByloue#
Ha paKeTy, HMeeM:
dly = Fpdt = —updm = |ug| dm. (13.2)
Beanuuna
dr
e =

€CTb MMOY/ABC CHJIH, NPHXOAAIWNEHCA HAa eAMHHIY MAacCH, TaK Ha-
aHBaeMHA eNMHHYHLI HMOyALC. DTa BeJHUMHA DaBHAa CKOPOCTH
HCTeueHHA [a30B U3 MOKoALIefics PAKeTHI.

TIposepum paamephocTh B dpopMyne (13.3). Cuna F umeer pas-
MepHOCTh T - cM/c® (fuH), uMnynbe cuan I — 3To npousBefieHue
CHJH Ha BpeMf, MO3TOMY €ro pasMepHocThb T - cM/c. PasMepHoctb
-:—i ecTh T'- cM/(c-r) = cM/c — 3To pasmepHocTh ckopocTH. Ias
NOPOXOBHX Tasos ug = 2+ 10° = 2 kM/c, AAs XuAKOTO TOMJMEA
up = 3 KM/c.

Cuna, peficTBylowas Ha pakety, no dopmynae (13.2) ects

dm
Fp= o) T

OHa nNponopuUHOHaAbHA KOJHYECTBY 2308, BHITEKAIOMEMY B eHHHLY
BPEMEHH.

O6paTHMcs TEneph K BHBOLY (POPMYJH /15l CKOPOCTH HBHUIKEHHS
pakerl. Ec/lu pakera caMa QBHKETCH C KAKOA-TO CKOPOCTRIO U, TO
CKOPOCTb MCTEUYEHHS T'a30B OTVIHYHA OT Ug H PaBHa u + up = u — |ug|
(HanoMHKM, YTO B NOKOALIEHCH pakeTe CKOPOCTh HCTEYEHHA rasoB
paBHsAach —|ug|). OueBHAHO, YTC TaKHE BEAHUMHH, KaK PA3HOCMb
cKOpocTell TOopoXa [0 TOPeHHS H BHITEKINHX MNOPOXOBEX asoB M
ClAQ, ¢ KOTOPOH Ha paKeTy AefCTBYIOT MOPOXOBHE a3k, HE 3aBHCAT
OT TOrO, ABKXKETCS MJH MOKOHTCH PAKETa.

(O603HAYHM HayaJbHYI0 MAaccy PakeTH BMecre ¢ nopoxoM M.
Maccy BHTEKIDHX MOPOXOBHX Ta3oB 06o3HauuM m. BennuuHa m
ectb QyHKUHS BpemeHH, m = m(f). O6osHayeHHe M HAXONMTCR
B COOTBETCTBHH C TEM, YTO MAIYIO BHTEKIIYIO MacCy MH 06G03HaYasIH
dm, KONHYECTBO NOPOXOBHX [a30B, BHTEKAIOLICE B SHHHLY BpeMe-

dm
HH, —-. Macca pakeTsl ¢ IOPOXOM B MOMEHT { paBHa

M = M(£) = My — m(3). (13.4)
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YpaBHeHHe ABHeHHsA (BTopoil 3akoH HuloToHa):

du dm
M—-—F-—I“OIE-

dt
ATo ypaBHeHHe MOXHO 3alHCATh TaK:
Mdu = Jug| dm,

WM, noabaydcs (13.4),
du _
(Mg —m)— = |uq|. (13.5)

Bo3MOXHOCTb COKpaTHTh df QHSHYECKH O3HayaeT, uTo (MpH OTCYT-
CTBHH APYTHX CHJ, AeHCTBYIOILIHX HAa paKeTy) CKOPOCTh PaKeThl
33aBHCUT TO/IKC OT KOJHUYECTBA BHTEKIIHX MOPOXOBbIX I'a3oB {npH
¢HKcHpoBaHHOH BesH4HHe tg). K MOMeHTY, KOrIa K3 comia BhITEK-
A0 JNaHHOE KOJAMYeCcTBO MOPOXOBHX ra30B fn, pakeTa npuoGpeTaer
onpefeNieHHYI0 CKOPOCTb %, HE3aBHCHMO OT TOTO, 33 Kakoe BpeMs
NPOH3OULI0 BHTeKaHKe JAHHOTO KOJAMYeCTBa MOPOXOBHX rasos.

Herpynso pemuts ypaBrenue (13.5). B HauaabHu# MOMeEHT, npH
m =0, u = 0. [losTroMy nonyyaem

T dm
= |"0|Jm=—|ﬂ0|ln(Mo—m):‘=
0

My
Mo—m

M,

= |uol[—In (Mp — m) + In Mp| = Jug| In = luolln 37.
Wrax
’ M,

u = [u|In 37 (13.6)

ra ¢opMyna pnepehie 6blaa noayueHa K.D. [[HONKOBCKHM H HOCHT
ero HMs.

Ecau Hac HHTepecyeT KOHEUHAs CKOPOCTb tx K MOMEHTY OKOHYa-
HKfl TOPeHHA BCero TOMJAKBA, TO Hafo B (popmyay (13.6) noacraBuTh
pMecTo M BeauunHy My — KOHEYHYK Maccy pakeTH IocJ/ié Cropa-
HusA Beero TonanBa: My = My — my, rie m; — NoAHasd Macca BCero

ronnuea. [Tomyqum M
t = [u| In 3. (13.7)
IIpu noMotim sTof GopMyH Jerko pemaercs v ofpaTHas 3afaya;

KaKod HYXHO B3fiThb HadaJlbHYI0 MAacCy paKeTH [Jifi TOro, uTolH
JaHHOH KoHeyHo#l Macce My DpuiaTe onpefefeHHYI0 CKOPOCTDb tiy:
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OTKYHA
My = Mye*/Iwl, (13.8)

Jas toro yro6e TeAo0 BpaWlaNoch BOKPYT 3eMJH B BHAE CIYTHH-
Ka, HyXHo, 4To0bl €ro LeHTPoOeXHasi CHJIA YyPaBHOBEIIMBAJA CHAY
npuraxenna 3eMan. CooTBeTCTBYIOIIAR CKOPOCTh u] HashlBaercs
nepeofi KocMHuecko#f ckopocThio. [l ee ompefie/ieHHA MoAyHaeM

up
M - Mg, (13.9)

rie R — paguyc opSuTH, OH npuOIA3HTEALHO PaBeH PAKYCY 3eMIH
rg, MosTOMY B Npasoit yactd (13.9) B kayecTBe CHAH NMPHTAXEHHUA
B3ATa CHJA TAMECTH Ha noBepxHocTH Jeman. Ma dopmyan (13.9)

HAXOLHM
u) = +/gR = ,/gro =~ 8 xm/c.

JAf CnyTHHMKA, JETALer0 Ha PAacCTOAHHH T OT LEHTpa 3eMJIH,
3HAYHTEJABHO OTIHYAOLWEMCH OT 7o, HAflo YYeCThb, YTO ¢ H3MCHEHHEM
BHICOTH MEHAETCA BEJAWYKHA YCKOPEHKS CHJB TAMECTH, paBHAS g HA
nosepxHOCTH 3eMan. HeficTpuTesibHO, N0 3aKoHY TAroTeHHs Heoto-
Ha TeJIo, OTCTOAIEE HAa PAcCTORHKH T OT LEHTPa 3eMJH, IPHTATHBA-

ercst Kk 3emae ¢ casoll F = % ~——, rlle m — macca teda, M — macca

3eman. C Apyroit cTOPOHH, 0 BTopoMy sakory Helotona F = ma,
Tle @ — YCKOPeHHe CHJH TAMXECTH Ha DacCTOSHHH T OT LEHTpa

3eman. CpapHHBas 1Ba BHpaxeHus s F, Haxopum ¢ = % Ecau
T

r =79, T0 @ = g, NOITOMY g = %, OTKyHa ® = %{_’3. OxoH4aTeJabLHO
o

o2
noJy4aeM @ = g;%. B atoM cayuae paBeHCTBO HEHTPOSEKHONA CHIAbI
H CHJBl TAXECTH AgeT

: 2
M= Mg,

OTKYZa CKOPOCTb CITYTHHKA Ha oplHTe

o

T

Uem Goablue paccTosHHE r, TEM MeHbile CKOPOCTb %, HeoGxo-
AuMas AAA Toro, 9TOOH CNYTHHK BPAWIAJICR HA COOTBETCTBYMoMUleH
opbute. OnHako 3TO BOBCe He 03HAYaeT YTO Jierye SamycTHTB CHYT-
HHK Ha OPOGHTY C BechbMa GOJLIDKM 7, YeM Ha OpOHTY C 7, GJAH3KHM
K To: Bellb LAA BHBOMA CNYTHHKA Ha OpPOHTY ¢ GOJBIIHM 7 Hamo

U=
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3aTpaTHTh OGOJBIOYI0 SHEpPrHIO Ha MNpeofOJieHHe CHJH THXKECTH Ha
NYTH OT 3eMHOH NMOBEPXHOCTH A0 OPOMTHL.

PaccMoTpuM Tenephb cAeAyIOIYIO N0 TPYAHOCTH OCYIIECTBJCHHA
safiayy. Jna Toro 4toSH Teso MOIMO YATH H3 obdacTH HeficTBHA
3eMHOTO TNPHTAKEHHA, HYXHO, UTOGH €ro HauajJbHas KHHETKYecKas
gHeprua G2 6odbllle PasHOCTH MOTeHLUMAALHOH SHeprud yAajeH-
HOTO Tella H TeJa Ha MOBEPXHOCTH 3eM/H. OTy BeJIHYHHY MH HaIlJH
B §2 [popuyaa (2.5)]. IIpu sroM mpeanoaaraercs, uTo CropaHue
TONJMBa U HPHOGpPETEHKE CKOPOCTH NMPOKCXOOAT GHCTPO HA y4acTKe
MYTH, MAJIOM MO CPaBHEHHIO ¢ DANHYCOM 3eMaH, TaK YTo H3MeHeHHeM
MOTeHIHANbHOH SHePrHH HaA 3TOM YHACTKE NYTH MOXHO npere6peys.
DT0 3HAYHT, YTO BO BPeMs TOPEHHS TOIVIMBE PeAKTHBHAA CHJIA BeChb-
Ma Be/liKa, H NeACTBHEM CHJIH TSKECTH B 9TO BPEMS Takxke MOXHO
npeHeSpeub. Mokaszano, yTo GHCTPO CXKHrAaTh TONJHBO BHITOOHEE
(veHbie morpeGyercA TOMMMBA), HEXKEJNH PACTATHUBATL MPOLECC To-
peHdfi Ha Bpemf, Heo6XofHMOe HJIfi NPOXOXKIEHHS NYTH NOPAAKA
pamuyca 3emun *).

Hauanenasa ckopocTb, KOTOPYI0 AOJ/IKHO HMETb Telio OJs TOTO,
4ToOH YHTH H3 OOJIACTK 3e€MHOr0 OPHTAXEHHA, HasHBaeTcsl BTOPOH
KocMH4eckol cKopocThio. Hafinem ee. Ilo ¢popmyne (2.5) svavanbHan
3Heprus, Heo6XoAMMas IJfi AOCTHXEHHA PACCTOAHHMA © OT LEHTpa
3eMJH TeJioM, MePBOHAYANBHO HAXOAKBIIHMCA Ha MoBepXHOCTH (rp),

T
paBHa Ko = mg?o (r — rp). B HameM ciyuae r 3HAUHTENBHO Gosblie

o, IOSTOMY T — g = r, 4T0 Haer Ky = mgro. IlpupaBusem stoit
BE/IHYHHE KHHETHYECKYI0 SHEprui0 paKeTH:

uz
My _22 = Mggro;

oTClofa
us = 4/2gre =~ 11,2 xM/c.

HakoHeln, Haya/IbHa# CKOPOCTh, KOTOpO# NOMKHO 06J1afaTh Teqo
AJAS TOTO, YTOOH YATH H3 moas taroTeHHA CoJHIa, T.e. 32 npeaeasl
Co/HeYyHOW NAAHETHOH CHCTEMbl, Ha3HBaeTCA TpeThell KoCMHUYEcKoH
CKOpocTBIO U3. Hafinem ee, nosbayack TeM, uTo CKOpPOCTb vy Bpallle-
HHs 3eMsn BokpyT CoJHIIA H3BeCTHA, 2 HMeHHo, v = 30 KM/c.

*) Jlums Ha TOM YYaCTKe NYTH, IZe eilie BeJHKH NAOTHOCTh aTMoChepH H Conpo-
THBJEHHE BOSNYXA, HEBEIrOAHO ABHTATLCH ¢ Gobnol ckopocThio. QZBARD ToALMHA
atMocdep Maza Io CPaBHeHHIO ¢ papuycoM Jemmn (cM. raasy VII), H Mu ee
YUHTHBATL He Oynem.
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Io sakony TaroTeHns Hbl0TOHa A2 NPHTAXKEHUA Tesla MaccH m

M~am
K Coanny ectb F = —k , The M — macca Coanna N, r =

paccTosHue ot nenTpa CosHua o Tea, k — nocToAHHHEA Ko3(du-
HEHT. HOTeHuHaJIhHaH 3HEPrua TeJa, yoaJleHHOro Ha pacCTofAHHe P
oT nentpa CoaHua, paBHa
kM,
2 m

u(r) = —— (13.10)

Ilpu sTOM 3a Hyab NPHHATO 3HaueHHe MOTEHLHAJLHOR IHEPTHH HA
GeckoHeuHocTH (cM. § 2).

BennuuHy noTeHLUKaJbHO# SHepruM Tesa, HaXOLSIWErocs Ha pa-
JHyce 3eMHOA OpOMTH, JIETKO BHPa3HThb yepe3 CKOPOCTb JBHMKEHHS
3eMad no opbute, B caMoM fese, Ha opOuTe 3eMAH CHJAA MpPHTAXe-
Hust 3eman K CofHIY ypaBHOBEIIHBaeTCA LEHTPoGexXHoH CHAOMN:

M -,,_2 _ MQM '

L rl

THie ¥] — CKOPOCTb Bpaienns 3eMan Bokpyr ColHua, a 7| — Paguyc
3eMHol opSaTH 150 Man. kM = 1,5 - 10'3 cm. Orcrona

kMg = viry,
H dopmyna (13.10) npuaBMaer BEA
u(r) = ~vim.

Jaa Toro 4ToGH Teso, HaXoAuBlLIEeCA Ha PaCCTOSHHH 7| OT
CogHna, ymae us noas tAroteHHa ConHUa, HYXHO, YTOOH Ha 9TOM
PACCTOSHHH CyMMa ero KHHeTHYECKOH H MOTEHUHAJbHOA SHEprHH
6HJa HeOTPKUATEeAbHA. DTO NPHBOAKUT K YCAOBHIO

2 2
MK%'I"“("]):MK%_MKU%?O-

3Zecb vo — HMCKOMAs CKOpPOCTh, HeoOXoAuMad [ yXOja H3
COJTHEYHOH CHCTEMH, ¥; — H3BEeCTHAfl CKOPOCTb ABHXCHHS 3eMJIH.

C TaxkuM NoJIOXEHHEM Mbl yXKe BCTPeqa/IHCh NMPH PacCMOTPeHHH
ABHXKEHHA TeJa B moJie TATOTeHHA 3eMJH: CKOPOCTH, HeoGxopumol
INA yXofa TeAa H3 MOJA 3€MHOIO TATOTEHHA, COOTBETCTBYeT KHHE-
THYeCKasl SHeprHs, BIBoe 5oJiblIas, YeM KHHeTHIeCcKas SHeprus, co-
OTBETCTBYIOWLAA CKOPOCTH, HeobxoauMol A5 BpallleHua Teja B BUMe
CIyTHHKA.

*) 3nauxoM () acTpoHoMbl oGosnauanT Connue. UncaeHno Mg =2 10% 1.



§13) Peaxmusnoe daumenue u gopmyaa K. 3. Lfuosxoeckozo 359

Hs nocnenHero COOTHOLIEHHS HAXOMHM MHHHMAJBLHYIO He0GX0-
RAHMYIO CKOPOCTE
vo = 1 V2 = 42 xu/c.

Hrax, aaa Toro uTobu yiiTH H3 cOJIHEUHOH CHCTEMbI, HEOOXOLHMO Ha
op6ute 3eMAH HMeTh Ha7aflbHYIO cKopocTh (OoTHocHTeabHo Co/HLa)
42 xm/c. [lpn 5TOM OKa3HBAETCH, UTO TEJO CO CKOPOCThEY Gojbine
42 xM/c yHmeT H3 CoJHEUHOH CHCTEMH He3asucumo OT TOTO, Kyda
HanpaBJicHa 3Ta CKOpPOCTh — NpAMo no papuycy or Coanua [[] wiu
no KacareALHo#H Kk opGure 3eman [2],
|3], unu paxe B cropony Connua [4]
(Ho Bce e NOX HEKOTOPHM YIJIOM,
4TOOH He NoNacTh Ha NOBEPXHOCTD
Connua). O HanpaBJieHHA HaYaNbHOH
CKOPOCTH 3aBHCHT TONIBKO opMa Tpa-
ektopu (puc. 154), uudpH B ckobkax
COOTBETCTBYIOT HOMEpaM TpPaeKTOpHH
Ha puc. 154,

flcHo, uyTO nMA 3amlycka pakeThl
¢ 3eMJIH HauGodee BHTOHA TPaeKTO-
pua [2]: cama 3emas JABHXeTcA CO Puc. 154.
ckopocThio 30 KM/c, MOSTOMY AJA 1O~
AY4eHHA CKOpPOCTH 42 KM/C B 3TOM e HanpaplleHHH AOCTATOH-
HO, YTOGHl OTHOCHTEJBLHO 3eMJIH paKkeTa JABHTraJach CO CKOPOCTBIO
vy = 12 kM/c. DTy ckopocTh ¥4 paKera AOMKHA MMeTh Toce TOTo,
KaK OHA BHAZET W3 NOJIA TATOTEHHA 3eMJH, T. €. YAAJNHTCR OT 3eMJH
Ha paccTosiiHe, GO/bILIOE N0 CPaBHEHHIO C PAZHYCOM 3eMJH, HO
Majoe 110 CPaBHEHHIO C PaJKycoM 3eMHOH OpOHTH.

Kakylo e [0As sTOr0 Ha0 MMeTb Ha4yaJbHYI0O CKOPOCTb Ha
noBepxHoctd 3eMau? MMenHo 3Ta cKopocTh H HasHBaercsl Tperbeit
KocMHYecKo#t ckopocThio u3. Onpenenum ee U3 COOTHOMEHHA

2

=M;gro+MK%. (13.11)

&

My 5
3aech NepBHi YJiEH CIIpaBa €CTh SHEPIUs, HEOGXOAHMaN AMA pecao-
NeHHA NPUTAXEeHUA 3eMJIH, BTOpoif u/ieH — 3TO SHEPTHM, KOTOpas
OOJDKHA OCTATbCA TMoc/e 3Toro, YToGh pakeTa umena (B cyMMe co
CKOPOCTBIO ABHXEHHA 3eMJIM) CKOPOCTh v, HeoGX0AHMYIO IS yXoAa
u3 conHeyHoit cucteMu. Popmyna (13.11) naer

2 2
wy=2gro+vy =uj+vp,
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OTKYAa

uz = \Jup? + v52 = V11,22 + 122 =~ 16,4 xw/c.

3aMeTuM, 4To s Toro, uToSH npubAusMThes k ConHIy HAK
oonacTth, HampuMep, Ha Mepkypuit unu Benepy, BTopofi KocMEue-
CKOfl CKOpOoCTH HefocTaToyHO, HeACTBHTENLHO, mpH HaAH4YHH 3TOH
CKOPOCTH PaKeTa OTHEJHTCH OT 3eMAH H GYIeT ABUraThcA 0o opGUTe
€O CKOPOCThIO, paBHOM cKopocTi 3eMuH, T.e. 30 kM/c.

XoTd NOTeHUHa/bHAS SHEPrWA H YMeHbIDaeTcsl MpH NpHGJIKHKe-
Hui Kk CoJHIy, HO pakeTa He MoeT npHGauaHThes K CoaHiy, TaK
KaK 3TOMY MelllaeT LeHTpoOeXHad CHMa ee ABHXEHHS Mo OpOuTe,
JLasi Toro 4to6GH NPOHHKHYTH B IMyGb COJHEUHOH CHCTeMH, Heol-
XOIMMO YMEHbINHTb CKOPOCTb pakeTh oTHockTebHO CoNHLa, a 370
TaK e TPYAHO, KaK M YBeJHYuThb ee. B yacTHoCTH, 0/ nonafaHHA
B CoJIHII@ HYXXHO paKeTy OCTZHOBHTB, T, ., HYXKHO, 9T00B OHAa HMed
ckopocTk 30 KM/c oTHOCHTeNbHO 3eMAu (mocje BHIXOZa H3 TOAR
TAXecTH). A 5TOrc HyXHZ Ha NOBEPXHOCTH 3eMAH HadyalbHaf

CKOpPOCTh
ug = v/302+ 11,22 =32 km/c.

MNonacte B Conllle TpyAHee, yeM yiATH oT Hero! Bonee BHroanme
BapKaHTHl MOXXHO N0JYTHTh, HCOOJb3ys H3MEHEHHE CKOPOCTH PaKeThl
noll BAuAHMeM HpyruX maaner, Ha sTtoM Bomopoce MH ocTaHaB/M-
BaTbcd He OyleM.

Haiigem BeauuuHH OTHOLICHHA %, OpH KOTOPHX JOCTHTAIOT+

K
cf CKOPOCTH Uy, up, uz. s mopoxa |ug) = 2Kmﬂéc. Toabaysck
dopmyacit (13.8), noayuaem: masm u; = SxmM/c — = e = 54;

M,
oA us = 11,2 km/c Mo _ 56 = 270; s us = 16,4 kM/c
Kg

=0 — 82 = 3641. B cayuae XujKoro TomaHBa |ug| = 3 KM/C.

M M,
AHaJIOTHUHEE TOACYETH AADT. —o = 14,5, —% = 42, My = 245,
Ml[ Mx’ st
Hs nomcyeroB BHAHO, YTC BeJHYHHA 34'2 CH/IBHO 3aBHCHT OT CKO-
H
pocTH HcTedeHHA ras3oB (ug). JAa Toro yTOGH OUEHHWTR TPYRHOCTH
3aJauH MO 3amyCKy PaKeTH, CJelyeT HMeTb B BHAY, uTo My BKAK.
uaeT B cefa Maccy 6axoB JAd TONJIMBA H T.0.
HadizeMm x.n. 1. pakeTH Kak ueqoro. OnpeeiuM 3Ty BeJAHUHHY

KaK OTHOINGHHE KHHETHYECKOHR SHEPTHH paKeTH ICoL/e CropaHuf
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2
TonauBa My 32"- K XHMHIECKOH! SHEprdH CropeBllerce TOmINBa m@) =

= (Mp — M)Q. Kospdunpment nonesuoro geficteus

__ Mag
= 2006 - My
2

Moacrasue B (13.12) BHpaxende maa ux U3 (13.7) H BHpasuB ug
w3 (13.1), oKoH4aTeABEHO DOMYyYHM

n=uq M (ln —ﬂ-@)2.
Mo— M, \ " M,
K. n A. OKashBaeTCHA NPOH3BeNeHHEM <BHYTPEHHEro K.0. I.» ¢, Xa-
PAKTEPH3YIOWETO MOJHOTY CTOPAHAS TOMAMBA M npeobpasoBaHHA
TennoBoi SHeprHd B KHHeTHHECKYI0 3HeprHio rasoB, H BTOpOro
MHOXHTENA, 3ABHCHALIEro TOJNLBKC OT BHGOpa COOTHOLUISHHA MeXay
Maccoll Topiouero m M Maccofi mosesHoro rpysa My. O6osnaunm

$=z. Torna My = My +m = Mg(1 + 2) u K. 0. A

(13.12)

My, My+my?_ 1
-r|=a;‘-:-(ln——%) =a;[ln(l+z)]2.

Ha nepBHii Baragy mMoxeT N0Kasarbesd, YTO K, M. A. OUEHb BeJIHK
1
MpH MajHX 2z 3a cyeT Apo6H P B neficTBHTENLHOCTH NPH MAJHX Z
umeer mecto In(1 + z) = z, nostomy

nﬁa%zz=az.

K. n. p. nponopunosaneH z H, ciedoBaTeJbHO, OH MaJ OPH MaJoM 2.
[pu Manom z paxera ABHXXETCA MENJICHHO, NOYTH BCK JHEPTHIO
YHOCAT rash. IIpH oueHb GOJIBIUMX 2 K.0.J. CHOBa HajaeT M3-3a
yMeHBIIEHHS NoAesHoR Maccs *). TaK Kak oKOHYaTeJBHAS CKOPOCTH
paKeTH TAKXKE 3dBHCHT TOJBKO OT 2, TO MOXKHO CKa3arb, 4TO K. O. 4.
pakeTh onpefiensierca TpeGyeMoi ckopocrhio. Ilpu manoif ckopocTH
K.IL 0. PAKeTH MaJ, OC3TOMY HEBLI'OZHO NMPUMEHEeHHe paKeT B #B-
TOMOGHJIAIX U B APYTuX CAy4asX CpPaBHUTE/NBHO MeNJEHHOro JBHXKe-
HuA. [IpH GoabIofA CKOPOCTH SHEPreTHYSCKKHA K. I A, pakeTH CHOBa
YMEHBIIAETCA, HO MpUMeHeHHe PaKeT TeM He MeHee ONpaBJaHO, TAK
K4K MH He pachmoJjiaraeM JApPyTHMH CHoCo0aMH YCKOpEHHS Teq 1o
GosbIBX CKOpOCTed.

*) Npu Goabiwon z Beawauna [In(1 + 2)]° pacrer meanennee, uem z. Heficreu-
TeAbHO, cOo3Hayan y = ln{l + z), noayuum z = e¥ —~ 1, a dyskuna e¥ pacrer
SuicTpee Jwboft crenenn ¥ (ew. ra. I).
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Ynpaxaesus
1. HaiiTe 3Hauenue z, gawiiee MaKCUMYM KoabdHUHERTY moae3Horo
peftiereun n. Hallty pesmunHy 31010 MakcHMyMa.
2, Haifru pazdyc op6HTH, Ha RoTcpof BpeMf o6pAalIeHHA CIYTHHKA

paBHo 24 u. CIyTHHK, 3anymeHHHH Ha Takyl OpGHTY B IIOCKOCTH 5KBa-
TOpa, BUCHT Haf, OZHoH TOMROH 3eMHON MOBEPXHOCTH.

§ 14. Tpaekropna cHapana

PaceMoTpHM safady © moaere cHapsaga, BHGPOMEHHOrO H3 opy-
AHA ¢ HAYaNbHOM CKOPOCTBIO Vo. [IpuMeM TOUKY BHJeTa CHapsana H3
CTBOJIA 32 HAYaJIO0 KOOPAHHAT, OChb Y HANPABHM BEPTHKANLHO BBEPX.
JLns IpOCTOTH CHAY COMpPOTHBAeHHH BO3AyXa He GyneM NPHHWUMAaTh
BO BHHMaHHe, y4YeT 3TOH CHJIH 3HAYHTeJbHO YCAOXKHAET 3ajaqy.

Mo sropomy sakony HeiotToHa

dv
m i F.
OTOT 3aKOH MH NMPHMEHAJH paHbllle TOABKG AJIA NPAMOMHHEHHOro
pBuxeHus. OmHaKoO B 3aiade ¢ TPAaeKTOPHH HaNpaBjeHHe ¥ MeHseTCA
C TeYeHHEM BpeMeHH (CKOPOCTb BCErNia HampapJieHa Mo KacaTeabHOH
K TPaeKTOpHU moJeTa cHapsina). IlosToMy mocTynmuM cJenyIOmHM
o6pazoM. Cunty F pasioXKHM Ha COCTARISKIIHE B HanparJeHHH
OCHM T H B HaNpaBJIeEHH OCH ¥. DTH cocTapAfgioWEe 0003HAYUM COOT-
BeTCTBeHHO 4epes F; u Fy. To e camoe nponenaem co CKOpOCTbIO V.

Bcerakoe aBHXKeHHE B IVIOCKOCTH %, Y MOXHO pacCMaTPHBaTh
KaK pe3yJibTaT CJIOKEHHS ABYX ABHXKeHHI: 0f[HOTO, NMPOUCXOAALIEro
BAOJIb OCH T MOA AeficTBHEM CHAR Fp CO CKOPOCTBIO ¥, H APYTOro
BIOJL OCH ¥ NOA, AeHCTBHEM CHAH Fj, co cKopocThio vy. IIpuMenup
K KaXAoMy M3 9THX ABH)KeHHH B oTAeNbHOCTH BTOpO# 3akoH Heio-
TOHA, TIOJNYYHM:

mde _

== — i

df (14.1)
m?tl =F, .

Mu nonyuunu Apa ypaBeeHHs (14.1), ofHako B KaXAOM H3 STHX
YypPaBHeHHH CHJIa H CKOPOCTb HANpasJeHH BAOJb ORHOK mnpsaMofi
(pmOAL OCH T B TIepPBOM YPaBHEHHM ¥ BAOJbL OCH ¥ BO BTOPOM),
O6osHauHM uepe3 ¢ YroJ CTBONA OPYHHSl C T'OPH3OHTAJbHBIM
HANpaRJIeHKEM; ¢ Ha3HBaOT yraoM Gpocarus. Tak Kak MH paccMar-
puBaeM npocTelimufi cnyuafl, korra B npollecce nojeTa Ha CHapAfdl
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fefiCTBYET TOMBKO CHAIA TAXKECTH, HaTpaBJieHHas K 3eMae, 10 Fp =0,
F, = —mg. TlosToMy ypapHenua (14.1) B sToM ciy4ae HMeIOT BHI

m @E - 0,
at (14.2)
m® = _mg.
dt
INocrapum HayanbHble YCAOBHS a5 QYHKUHA ve(t) H vy(t). B Mo-
MEHT BHIJIETA CHAapsAa H3 opyaus t = 0:

vz(0) = vy cos g,
vy(0) = wsing.
[lepBoe H3 ypasHenn# (14.2) naer d;: 0, orkynma cieayer, 4TO Uy
NOCTOAHHA, a [I03TOMY
0x(t) = v2(0) = vgcoso. (14.3)
Bropoe ypaBuexue (14.2) paer % —g, OTKyHa, KETerpHpya ot 0
Jo t, HAXOUM
vy(t) — v(0) = —gt,
HJIH
uy(t) = —gt + wsing. (14.4)

Jlia onpenenenus nepememennit T ¥ § BAOAbL KOOPAHHATHHIX
ocel BOCNO/Ab3yeMCH O4eBXIHHMH COOTHOMIEHHAMMK

dr v
g ™ U
a (14.5)
dy
&=
[Tonbayscs Gopmynamu (14.3) # (14.4), nonyuyaem us (14.5):

&= _ tp COS @

& - Y

dy (14.6)

i —gt + ywsing.

B HawanpHmii MOMeHT BpeMeHH cHapsaj Obil B Hayalle KOODAHHAT,
NOITOMY
nput=0 2=0, y=0 (14.7)
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Hurerpupysa ypapuenus (14.6) or 0 a0 ¢ H noaL3yach Ha4aJAbHBIMH
yenosuamu (14.7), Haxogum:

x =ylcosey, }

ot (14.8)

y=ygtsing — 5

©opmyan (14.8) Aa0T BOIMOXKHOCTL OTNPEACAHTD NOJGKEHHe CHAPA-
Aa B JIOG0H MOMEHT BpeMeHH f.

Beps paasiuunbie 3HaveHus £, MOxeM Hafitu no dopmysnam (14.8)
TIOJIOMEHUE CHApAA2 B PAs/IHYHLe MOMEHTH BPeMEHH M NOCTPOHTh
rpapuk moseta cHapafia (TpaekTopwio cHapsfa). Takum 06pa3oM,
ypaBEeHHS (14.8) na10T KPHBYI0 Ha NJIOCKOCTH &, Y. 3afaHie KPHBOMR
NPH NOMOMY ABYX YPaBHEHHIE:

T= f 1 (t)'

y = fa(t)
— Ha3HBAETCH NapaMeTPHYECKHM 3aZaHHEM KPHBOH. 3zech Bpema t
ABJIAETCA MapaMeTPOM.

H3 ypabrenuii (14.8) HeTpyAHO HCKMOUHTDL 1 ¥ TONYYHTL YDAB-
HeHHe TPaeKTOPDHH B OGLIYHOM BHZE, B BHiEe 3aBHCHMOCTH § OT I.

efleTBUTEALHO, nepBoe ypasuenne (14.8) naer t = — , ocae
i pBOE YPp (14.8) na wooe

STOrG U3 BTOpOro ypaBHeHHd (14.8) Haxonum
— _ g
y=zxtgo 32—2 oot (14.9)

N3 (14.9) suaum, 4YT0 ¥ e€CTh MHOTOUAEH BTOPOR CTeNeHH OT T,
rpapHK Takoro MHoroujseHa — mnapaGona. [lostomy TpaexTopus
cHapana (ecqM He YUWTHBaThb CONPOTHBJEHHE BO3AyX2) €CTh Mna-
pabona. Ha puc, 150 uso6paxkena tpaekropus (14.9) ana cayuas

vp = 80 M/c*), ¢ =45°
Ji

100
30

0] 50100 200 300 400 500 600 *
Pue. 156.

*} Tlpu HeGoanuioft HauanbHOH CKOPOCTA pONL COTPOTHRNEHHA BOSAYXa Hefis
CTBUTE/IbHO HeBeHKa. ONHAKO ecld B3ATh HAYAJBHYI0 CKOpOCTE vy = 800 m/fc,
TO AR cHapana kajmbpoM (muamerpom) 305 mm mpu yrae GpocaHus ¢ = 55°
COMPOTHBJIEHME BOSAYXA YMeHbIaeT JanbHocTh ¢ 61 no 22,2 um.
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Hz (14.9) BuaHO, YTO [IPH OOHOM K TOM e v GOpPMa TPaeKTOpHH
33BHCHT OT yIV2 Gpocanus ¢. Hafinem Hau6oabmy1o BHCOTY nopbeMa
CHapsda ¥ AaJbHOCTb CTPeAbOH NPH NAHHOM ¢ ¥ vg. Ilas onpene-

NeHHs HauGoabllefl BHCOTH NMOABEMA COCTaBXM ypaBHeHHe Ey =0.
[onyyaem

tgo—2z— gz =0,
v5 cos”
0TKYZa
o — Jeinpcose _ wfsinle
g 2g

Ilpu 3TOM 3HaYeHHH T BHCOTA ¥ UMEeT MAKCHMYM ((PH3HYECKH SICHO,
4TO STC HMEHHO MaKCHMYM; BNDOYeM, 3TOT (aKT JIerko NMpOBepHThb

no %) IMoacraenan wakinendoe z b (14.9), nonyqaem
_ vjsin’e
Ynar = =g

Ilns onpegefeHHs A2JbHOCTH NOJeTA HOCTATOUHO ONPEAEJHTh TO
sHayenue ¥, npH KoTopoM ¥ = 0 (cm. puc. 155),

g

PO e
OrGpacriBass He HHTepecyOliee Hac petlleRHe ¥ = 0, HaxomuM
Tmax = ‘%";‘2“’ (14.10)

JlaNbHOCTE CTPENbOH 3aBHCHT OT HayaAbHOH CKOPOCTH H OT yIIa
6pocaHus.

Mpu kakoM xe yrite 6pocanus (Ha4aJbHASA CKOPOCTD ¥y HE MeH:-
€TCH) AallbHOCTD CTPeJIbOH HanGosbilag? fcHo, 4To sTo GyaeT Toraa,
Koraa sin2¢ = 1, T.e. npu ¢ = 45°

OnpegenuM BpeMsi, B Te4eHHe KOTODOTO cnapadg NOfHAMaeT st

Y

BBepX. JlNd 3TOro AOCTATOMHO PeIlHTb YpaBHeHHe o 0, notTomy

4TO B TOT MOMEHT I, KOraa i AOCTHTAeT CBOEro HaHOOJBIOEro 3HAa4e-
HHH, CHApAn MNepecraeT NORZHEMATHCA ¥ HAYHHACT NazaTh. Yeaosue

R% = 0 naet vgsing — gt = 0, oTkyRa

¢ = WEne (14.11)
g
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[Toanoe BpeMs nojeTa iy ONpeeSHM, KCXOAA H3 TOTO, YTO MOJET
NpeKpallaeTcd B TOT MOMEHT, KO[HA & = Tmax. 110Jb3yAch (14.8)
# (14.10), vaxomum

”Dtnoosq’ = @%s
OTKYZa _
£ = L;‘“". (14.12)

Cpasnupas (14.12) u (14.11), BHaxM, 4TO NOJIHOE NMOAETHOE BpeMs ty
B 2 pa3a Goablie BpeMeHH nofgbema. Bpema noabeMa cHapsfa paBHO
BpeMeHH €ro NajeHHs.

OTMeTHM B 3aKJI0YEHHE, YTO peasibHHE TPAeKTOPHH CHAPAJOB
He ABJAIOTCA B TOYHOCTH NapabosiaMH, OHH HECKOJIbKO HCKAaMKeHH,
TaK Kak B AefiCTBHTEJNbHOCTH CHApAJi HCMLITHIBAET COMPOTHBJEHHE
Bosayxa. [IpH aToM JaabHOCTD CTPEAbOM, BHCOTA NOAbEMa CHApAAa,
NOJIETHOE BpPeMA H T.Il. 3aBHCAT OT Beca CHApHAa, ero (opMH K
TLIOTHOCTH BO3AYyXa,

¥YnpaxHenns

1. Crapaz BuuIeTaeT 43 OpyAMA co ckopocTbio 80 M/c. Onpepeants
AaNbHOCTh CTPeAbGH H MAKCHMAJLEYID BHICOTY MOALEMa CHAPAAA, ecH
yron Gpocanus ¢ = 30°; 45°%; 60°.

2. Onpenenutt HAHGONBIIYIO BHCOTY, Ha KOTOPOH CHapAA ¢ HaYaJbHOM
ckopocThio vp = 80 M/c MOXeT MOpasuTh LeAb, PACTIICKEHHYIO Ha pac-
crofnur 500 M oT MecTOHAXGXKACHHA OpYAHA.

§ 15. Macca, meHTp THXKECTH
¥ MOMEHT HHepPLHH CTepXHA

PaccMoTpuM ToHKHE cTepkeHb. HanpasuM oC¢b & BOOJbL CTepX-
HA, 0603HZYKM p Maccy, MPUXOAAINYIOCH Ha efMHMLY AJHHH CTepX-
HA. TakuM 06Gpa3om, Ha oTpesKe dr MeXAy T H £ + dT pacnoncxena

Macca
dm = pde.

CrepxeHb MOXET GHTb CAENaH M3 MaTepHaa, TMIOTHOCTL KOTOPOro
32BUCHT OT Z, HAK MOXeT HMETb TiepeMeHHOe 10 J/KHe, T. e. 3aBHCA-
wee oT Z, cedeHne. [Toaromy p ABAsgeTca GyHKIMEH KOOPAHHATH .
Beamxuuna p ecTs nmpoussefieHHe 0ObeMHOH INIOTHOCTH MaTepHana
d(r/em’) u cevenua crepius § (cM?):

p(r/fem) = Sd.
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BenuuuHy p clepyeT H23BaTh MJIOTHOCTBIO HA eAMHHMLY AJUHH. On-
HAKO TaK KaK HacTOSIMas MOTHOCTD d (06beMHan) HHTAE Aajblle He
BXOIHT, TO COKpaIlleHHO G6yZeM Ha3hBaTh p IJIOTHOCTBIO, TOJNIHHY
CTEDXKHA CYWTAEM MajaoH H H306pakaeM €ro npocTo JHHueH —
oTpesKoM ocH z. Macca cTepXHs, OueBHIHO, PapHA

b
m = [ pla)dz, (15.1)
a
rie @ H b — KOOPAHHATH KOHIIOB CTEPXKHS.

IlycTh cTepieHb 3aKpenjieH Ha OCH Z; OChb Z paclojoXeHa [o-
PH3OHTAJIbHO, OCh } HANpPaBJeHA BEPTHKAJILHO BBEPX, CHJA THMECTH
AeHCTBYeT HA CTepPXeHb, KaK MNOKA3AHO CTPeJKOH, CTpeMAch Ony-
CTUTb CTepXeHb (puc. 156).

y

k10

[E4

h"

Pue. 156.

[TpencrasuM cebe, 4TO 0Cb T — 3TO KOpoMucao ecos, Ha pucyn-
Ke cXeMaTHYecKHM MOKa3aHa NpH3Ma, Ha KOTOpYI0 B Hauaje KOOpDAH-
HaT onmHpaeTcs oCb &. TakuM 06pasoM, 0Ch & MOMET MOBOPAYHBATHCH
BOKPYT OCH, NEplHeHAHKYJNAPHOH K niockocTH ueprexa. Haiiaewm,
KaKofi Ipya L, pacmonoKeHHHHA C/leBa HA PacCTOSHHK 1, HyXeH mid
TOT¢, YTOGH YPaBHOBECHTh HAXOAALIMACH CIIPaBa CTepXKeHb,

Io 3akoHam privara sneMeHT Macew dm, maxopswHica Ha pac-
CTOSHHM® 2 CNPaBa OT OCH, YPaBHOBEIIHBAETCA SAEMEHTOM MAacchl dj.,
Haxoasaieiica clieBa, eCJH MacCH OTHOCATCA 0OPaTHO IPOMOPLMO-
HalbEC pacCTOSAHHAM, T.€. €CaH

g _z
dm " R
HJH
Rdy = zdm. (15.2)

SnemeHT MaccH dm paBeH, Kak GHJO BHACHEHO paHbile, pdz.
Jlas Toro uTO6H YPABHOBECHTR BeCh CTepKeHb, HYXHA Macca j,
YAI0BJIETBOPAIOLIAA PaBEHCTEY

Ry = | zp(z) dz. (15.3)

B b,
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3TO paBeHCTBO MOJMYYEHO HHTErpupPOBaHHEM JeBOfi M Npasoit ua-
creit (15.2). ITpu 5T0M Ha npaBoit CTOPOHE OCK Pa3sIHYHHE SJIEMEHTH
MaccH dm HaXOASTCA H& PA3HOM PACCTOSHHH Z OT ONMOPH, NOITOMY
BeJIHYHHA 2 BOIJIA NOA 3HaK HHTerpana, CseBa Ha OCH BCe 3JeMeHThl
MaccH dy (YpaBHOBEIIHBAIONNE PA3NHYHKE SJeMeHTH dm CTepXHs)
co6paHHl Ha ONHOM H TOM Xe paccToaHHH R oT onopki. R ecTb
MOCTOSIHHASA BEJIUYKHA, U [IOITOMY

deu = R[du= Ru.

Kak sugHo u3 cpasHenus (15.3) # (15.1), uurerpan, or koToporo
3aBHCHT Macca ), YPaBHOBEIDHBalOIias CTepXKeHb, OTIHYACTCA OT
MHTerpalla, BHPAXKAOMEro Maccy

¥y CTepXHH.

0 TO . [TocTaBBM BONPOC: €CM BCKO Mac-
]' — CY CTEPXKHSI COCPEIOTOMHTb B OJHOH

TOYKe, TO HA KAKOM PacCTORHKH T¢

JIOMKHA GHTh 3Ta TOYKa OT onopsi (oT

Puc. 157. Hayaja KOOPAMHAT), 4TolL ypaBHOBe-

IIMBaTh TY K€ Maccy J Ha paccTofi-

HHH R, Koropyio ypaBHoBewuBaeT crepkeHb (puc. 157)? Hafinem

b
Bp=zcom= ja:pdz, (15.4)
OTKyAa .
) b Jmpdz
To = Ef&:pdx= “b . (15.5)
a JPdI

BennunHa T €CTh KOOPAHHATA LIEHTPA THAXKECTH, HJH, KaK €ro
HHaYe Ha3HWBAalOT, UEHTpa Macc cTepkHA. O4YeHb BaXHO, HTO TOY-
Ka Zo ecTb JeliCTBHTENBHO BMOJHE ONpeefieHHas TOYKA CTEPIKHS:
€CJIH BeChb CTepXeHb KaK Liesoe NMEPeMecTHTh BAOJE OCH , HAlpH-
Mep, BIpaBo Ha paccrosHue ! (puc. 158), To npH aToM H x¢ yBenH-
YUTCA Ha TY Xe BeJAHYHHY [, TaK 4TO TOYKA ¢ KOOPAMHATOH T = T¢
IJI9 NAHHOTO CTepXKHA BCerfa HaXOAMTCH Ha BMOJHE ONpejefeHHEIX
PacCTOAHHMAX OT KOHLOB cTepXHH. JlokameM 310.

PaccMOTpHM cTepXeHb, CMellleHHHH Ha paccTOsHHe ! BmpaBo
N0 CPABHEHHIO ¢ MePBOHAYANbHEIM noAcxenueM (puc. 158, 6). Besu-
YHHH, OTHOCALIHECH K HOBOMY (CMEIIEeHHOMY) NOJOXEeHHIo, GymeM
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0603HayaTh TeMH e GYKBaMH, YTO H COOTBETCTBYIOILHE BeJHYHHH,
OTHOCHIIMECS] K MePBOHAUANDHOMY IOJIOKEHHIO, HO C HHRekcoM 1.
[Ip# aToM:

ay=a+l, =b+l, pi(z)=p{z-1).

Cnexyer oco6o o6paTHTh BHHMAHHE HAa 3HAK ¢MHHYC» B NocJaenHedt
tpopmyae, HMeficrBuTennno, H3 pHe. 158 BHmHO, UTO KaXnmoMy 3Ha-

Py a

Pt 6

q a;=%a+?3 zxq bmb+l "

Pnc. 158.

YeHWIO0 2 B HOBOM MoJioXeHH# crepxHa (puc. 158, 6) cooTBeTCcTBYET
TaKas XKe BeJUYWHA MIOTHOCTH, KaK 3HAYEHHIO £ — [ B IepBOHaYa/b-
HOM noJsioxkeHH# crepxHa {puc. 158, a). [To dopmyxne (15.5):

b b

j:cp(a:)d:c Jﬂ:m(-'l!?)dﬂ'J
To=%—— To=F—. (15.6)

[p(z) d= [ pi(z)dz

B wuHTerpanax, BXOAAIMX B ¢GOpMyIy IIA To, CoeNaeM 3aMeHy
nepeMenHuX no gopMyne z =2 — [, uaH & = z 4+ 1, oTkyna dz = dz.
Torza py(x) = p(z — 1) = p(2). [IpH z = @ = a + ! nonyuum z = a;
nppx=>5b =b+1! no.nytmu z = b. [lostomy

o@yde= o=

a

ATo 03Hayaer, YTO Macca CTePXKHA He 3ABUCKT OT TOrO, B KaKOM
MOJIOXKEHHH HAXONHTCH CTepiKeHb,
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OG6paTHMCH K HHTETrpajly, CTOSLEMY B YHC/HTEJe:

by b b b
J zp1(z) dz = J (z+ Dp(z)dz = jzp(z) dz + lj p(z) dz.

3ameruM, uto u3 gopMynn (15.4)

b b
sz(z) dz = Jmp(a:) dz = zom.
G a
[TosTomy )
1

! zp1(z) dz = zom + Im.

8y
Teneps HaxomuM, noabaysick (15.6):

zom+1lm
$01=%=30+‘-

DtoT pesyanTar GHU OYEBHIeH 3apaHee, OJHAKO NMpofeNaHHHe (op-
MaJbHEE Npeo6pasoBaHus ABAMIOTCH MONE3HHMH YNIPAXHEHHAMH Ha
3aMeHy NepeMeHHHX B ONpeeJEeHHOM HHTErpaJe,

Haun6onee yno6Ho BHOHDATh CHCTEMY KOOPAMHAT C HAYANOM KO-
OpPAMHAT, NOMEILEHHHM B LEHTpe TAxKecTH cTepxkHsa (puc. 159). Be-
JIHYKHBI B 3TOR CHCTEMe KOOPAMHAT OTMeTHM uHfekcoM 0. SlcHo, uto

by
Im(x)dx =m.
ag

Koopannara ueHTpa TAXECTH T¢, B TAKOH CHCTEME KOODAHHAT PaBHA
HYAI0, IO3TOMY N

J apo(z) dz = 0. (15.7)
ag

[Tokarkem, 4yTo npH J060M MOJIOXKEHHH CTEPXKHA €ro MOTEHLH-
aJbHA# IHEPrHA B NOJI€ THAXECTH PaBHA MOTEHUXANbHOH 3SHEpPruM
Bcelf ero Macchl, COCPefOTONEHHON B IEHTpe THAXKECTH CTEPXKHA.
PaccmoTpHM nonoxeHHe CTepXHfA, MoKasaHHoe HA puc. 160. [Toren-
LEaNbHAS PHEPLHA SJEMEHTA CTepXKHs ¢ MaccoRt dm paBHa gzdm,
roe z — BHICOTA, g — YycKopeHHe cuJb TaxecrH. [loTenuuannHasn
SHEPrHA & BCEro CTePXXHA HAXOAMTCA HHTerpHpoBanHeM. B Kaue-
CTBe NepeMeHHOA HHTErpHPOBaHHA BHOEpeM IHKEY, OTCHHTHBaEMYK
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BAOJb CTEPXXHAl OT €ro LeHTpa TAXecTH. B aToM cayyae Benudyuuy
MJOTHOCTH B TOUKE T OG03Ha4YaeM 4epes pp(z). Bupasum BhicoTy 2

Z4

IS FIILIILLSLIIS

A
a 0 by 0

Puc. 159, Pac. 160.

yepe3 z. Kak Bupso u3 puc. 160, z(z) = z¢ + zco8a, rae z ecTb
BHICOTA LIEHTPA TAKECTH cTepXKHs. ITomydum

by by
%= J gzpo(z)dx = gI (z¢ + z cosa)po(x) dz =
% a

b by
= gZ¢ J PO(::) dz + geoose I :l:po(a:) de = 2zcm,
& ap

TaK Kak BTOpoft MHTerpal paseH HyJio mo dopmyne (15.7). Hrak,
MOTEHIHAJIbHAS HEPIHA SABHCHT TONLKO OT MACCH CTePIKHS H BH-
COTH ero LEHTpa THAKECTH.

PaceMOTpHM Teneph TaK HA3HBaeMHH MOMEHT HHEPUHH, 3JT0
NOHATHE MNOABAAETCH NpP¥ PACCMOTPEHHH BpamIaTebHOTO ABHXKe-
Hus crepxHd, [lycts crepXkeHs Bpa-
llaeTcs BOKPYT OCH, epHeHAnKYAsAp-
HOM K IJIOCKOCTH uepTeXa H INpo-
xonsme# yepes Ha4ajoO KOOPAHHAT.
IIpx Takom BpallieH®H Kaxpas TOY-
Ka CTePXHS ONTHCHIBAET OKPYKHOCTD,
paaMyc KoTopoii paBeH afcuucce
JaHHOH TOYKH % B HadaapHOM (ro-
PH30HTAJABLHOM) NOJI0XKEHHH CTePXKHA Puc. 161,

(puic. 161). OGo3HayHM ® YIJOBYIO
CKOpOCTb BpallleHu#, BHpaXkeHHYI0 B pap/c. DTO 3Ha4YHT, HYTO 3a
Bpems df ochb & NoBopauHBaeTcs Ha yron do = odt. {auHa ayrd,




372 Mexanura [Ta. VI

KOTOPYIO NPOXOAMT NPOH3BOABHO BhiGpaHHas TOUKa ¢ abcuuccoll z,
paBHa
dl = zd¢ = zadt;

CAeIOBaTeJAbHO, JMHeHa# CKOPOCTh HBHXEHUS KaXAOd TOYKH
OKpPYXHOCTH paBHa a
v(z) = - = wz.
(2)=2
HafizeM KHHETHYECKYIO SHEPIHIO BPAINATENLHOIO ABHIKCHUS BCe-
ro CTEPXKHA. DNEMEHT MaCCH dm, HAXOAAWIHIACA Ha PACCTOAHHH T OT
Hauyaja KoopAuHaT (B oTpeske dz OT T A0 T + di), MMeeT KHHeTHYe-
CKYI0 3HEpPrHI0
2 m2:c _o’z?

v

ChenoBaresibHO, KHHETHYECKAA SHEPIUs BCETO CTEPXKHA paBHA
0)
E=% J:rzp(a:) dz.

Hnrerpan B nocsenueii ¢popmyne HOCHT HasBaHHe MOMEHTA HHep-
IIHH CTEePIKHA OTHOCHTEABHO OCH, MPOXOAAMIEH Yyepes Hadalo, H 060~
sHauaercq I:

b
= szp(x) dz.
-
TakumM o6pasom,
To?
E= ER

KnHeTtHyeckas 9Heprus BpamleHUs BHpaXkaeTcs yepes MOMEHT HHep-
UMW H YIVIOBYI0 CKOPOCTh COBEpPINEHHO TaK e, KaK KMHeTHue-
CKasi SHEPTHA NOCTYNATEAbHOTO HBHXKEHHA BHpajKaeTcA uepes Maccy

H JUHEHHYIO CKOPOCTD: )

my
E=—.
2
O6patumca K BeuucaerHio I. Jas cTepHA, UEHTP THKECTH KO-
TOPOro HAXOOUTCHA B HayaJje KOODAMHAT, MOMEHT HHEpIHM IIPHHHMAeT
sHauenue fo:

I= T z2pg(z) dz. (15.8)

L
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3amerumM, uro BenuunHa Iy MonoXKHTENbHASA, TaK KaK NONOXKHTENbHA
nofnHTerpassbHas pyukuus s (15.8).

OnpenennM ‘MOMEHT MHEPLMH CTepXHS A/ CJydas, KOTAa ero
LEHTp ‘TAXKECTH HaXOAUTCH HA paccTOAHHH ! clipaBa OT Havyaja Koop-
AMHAT, TaK 4T0 Tc, = I. B sToM cayuae:

a=a+l, b=b+1l, p()=polz—1),
I= T z*p(z) dz.
Tonoxum z =z — 1, rtorma x “= z+1, dz = dz. Ilpu n3MeneHuH =
OT @ fio b BeAUYHHA z H3MEHAETCH OT ag Ao by. [TosTomy
I= T (z+ 1)2pp(2) dz =

a
by

by By
=2 j po(z) dz +2 j 2po(2) dz + j 2po(2)dz. (15.9)
aQ ag aQ

3ametnm, uto | pp(z}dz = m, a Bropoi muTerpan cnpaea B (15.9)

& —F

paseH Hyao no ¢opmyae (15.7), Hakomen, TpeTult HHTerpan ects Iy
cornacHo (15.8). TakuMm ofpasom, Qopmyna (15.9) npuuumaer Bupg

I=mi?+ 1. (15.10)

Besuuuna mi2 ecTs, OYEBHAHO, MOMEHT MHEPLWH TOYEYHOH MACCH,
HaXofiseficd Ha paccTosiHUM [ OT ocH BpallieHns (0T Hauana KOOpaH-
Har). TakaM 06pasoM, MOMEHT HHEPUHN CTEPXHA OTHOCHTENBHO Bpa-
IIeHHs BOKDPYTr MNpPOM3BOJBHON oOCH,
TepaeHEUKYAAPHOE K CTepXKHIO, pa-
BEH CYMME MOMEHT2 HHEPIIHH CTEPXK-
HH OTHOCHTEJIBHO BpalleHMA BOKpYT
LEHTPA TAXKECTH H MOMEHT2 MHEepLIMH
MacChl, paBHOH Macce CTepXHs, Ha-
XoAduie#cs Ha PacCTOSHHH OT OCH, 0
PaBHOM PacCTOSHHUIO UEHTPA TAIKECTH Puc. 162.
CTePXKHs 0T OCH,

HarasgHo MoXHo npepcraBuTh cefe crepxeHb, 3aKpemneHHHH
B LEHTpe THXKECTH HA wWapHUpe, Torfa BpalleHHe OCH MOXET He
COMpPOBOXAATLCH BpaUIEHHWEM CaMOT0 CTEpXKHS, BOBMOXHO IBHMKe-
HHe, MOC/TEXOBATENBHHE CT2AMM KOTOPOI0 MOKasaHH Ha puc. 162,
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Kunerrueckas SHeprus Takoro ABMXKenus pasHa E' = (1/2)mvi,,
TAE ¥¢, — CKODPOCTb IIeHTpa TmxecTH cTepxHA. Ho vg, = of, Tak

q'roE'=%ml2.

JIBHXeHHe, KOTOpOE MBI paccMaTpHBany pabine (puc. 161), or-
AHYaeTcH oT puc. 162 TeM, 4To TaM caM CTepieHb TAKXE BpallaeTcs
C YMVIOBOH CKOPOCTBIO @ BOKPYr cBoero Hentpa Taiectd. [loato-
MYy KHHeTH4ecKa® Heprus BpailleHHs puc. 161 okasbiBaerca paBHOH

CyMMe 3HEeprMH BpallieHHs no TRy pHc. 162 H SHEpruu BpamleHHA
2

o
BOKPYT LIeHTpa TSKEecTH, paBHOM [ 5

U3 BuiBona GopMysIEI BHAHO, YTO TAKOE NMPOCTOE CAOXKEHHe SHep-
THH NIpH CJI0XKEHHH JBYX ZBH)KEHWH NOJAyuaeTCs TOJbKO TOrAd, Koraa
paccMaTPHBAETCA IBHMEHHE MEHTPa THXECTH; TOMLKO B 9TOM clIydae
NoayuaeTcs paBeHCTRO HYMO HHTerpana (15.7).

Ynpaxuenus

1. HafiTH MOMEHT HHepUHH OTHOCHTEJBHO LEHTPA TAMECTH CTEPXKHA
AauHE [ ¢ pABHOMEPHO pacrpefiefieHHOH Maccoil.

2. CrepxeHp COCTAaBJeH W3 IBYX KYCKOB: NMepBHfl KycoK AJHHH I
HMeeT NOCTOAHHYIO TJIOTHOCTE: py, BTOPOH KYCOK AAHHH lp HMMeeT Takme
MOCTOAHHYIO, HO APYIYIO MIOTHOCTE pg. HaiiTh no/oxeHne neHTpa TAKECTH
CTePIKHA.

3. HailTn nonoXeHUe LEHTPA TAMECTH U BEJHYHHY MOMEHTA HHEPLHH
OTHOCHTEJLHO IIEHTPa TAMECTH LAA CTEPIKHA, HMEKILero GopMmy TOHKOrO
TpeyroibHAKa IAHHH L. Bueipasuts ux uepes aauny L M Maccy crepx-
HA ™.

¥rasauue Ecan HanpaBuTh 0Ch £ M0 MeAHaHe, a Havalo KOOp-
IMHAT BHOpATh B BepliMHe TPEYroJBHMKA, TO p(Z) = az, Te ¢ — nocTo-
siHHAA,

§ 16. Kone6anng noaBemeHHOr0 CTePKHSA

PaccMOTpUM CTepXKeHb, NOABEINGHHHH B Touke A (puc. 163).
IMycrb meHTp TAKECTH HaXONDHTCH HIDKE TOUKHM TogBeca, MpHueM
paccTofHHE MEXKAY TOUKON NoABeca H LEHTPOM TAKECTH paBHO [
Taxkolt cTepkeHb npepcrapaser coboi MaATHUK. OnpeneauM nepHox
ero koneGaHHMH.

Ecau MasiTHHK OTKIOHEH OT NOJNIOXKEHHWA paBHOBeCHS Ha Majwil
YTOJ @, TO €r0 MOTeHIUaNbHasA SHEPTrHa paBHa

u=—mglcose.
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PaanoxxumM cos¢ B pam U Bnpméy MaJIOCTH ¢ OI'DAHHYHMCH NepPBHIMH
[

R [oatomy

ABYMA 4YJIEeHAMH. COS{ = 1-

Takum o6pasoM, yBejHUeHUe NMOTEHNIWANbHOH 9Heprud mpH OTKIO-
HEHHH MasTHHKA Ha Yroil ¢ OT MOJOXeHWs paBHoBecus (¢ = 0)

¢
ects Au = mgl 5

KuneTHuecKas SHeprHsA BPALICHHA CTEPXKHA BO-
KPYT OCH paBHa \\
A

porgori(a)

Cornacro popmyse (15.10) I = mi2 + I, nosromy

1, .2 do\2
E == (_) 1
3 (mi* + I) 3t
rae Io — MOMEHT HHepL[HH MAaATHHKA OTHOCUTEJNLHO Puc. 163.
I.leH’l‘pa TAXKECTH.
ﬂpe.[lﬂono}KHM, qT0 CTep}KeHb COBepI.I.IaeT I‘apMOHH!{eCKHe KoJae-
Ganus, T.¢. ¢ = acoswt. [To 3aKOHYy cOXpaHeHHs SHEPTHH Attymay =

= Emax. TaK Kak

% = —amsin wt,
TO N 9
Enax = 5 (Ml + Io)a%a?,  Atmax =mgl S,
OTKYAa s
%— = 3 (mi® + Lp)a’?,
4YTO JaeT
0= _mel _
m2+ 1’
nepuon KoneSaHUi
y
=—

B uacTHOCTH, eclH BCA Macca CTEPXHA COCpeNOTOYeHA B €ro LieH-
Tpe TAXecTH, To g = 0. B sroM cayuae Mu mosyuaeM oOHUHBE
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dopMyabl A YacTOTH H NepHOAA KoJe$aHHH Tak Ha3kBaeMOro
MaTeMaTHYeCKOro MafTHHKA:

o)=‘/§, T=21|:\/I.
l g

H3 nonyueHHbX ¢opmya caeayer, uTo yeM Gosblie Ig, T7eM MeHblie
HacToTa Kose6aHui, COOTBETCTBEHHO TeM GoJbllle NepHON.

B chyuae, ecan Iy # 0, uMeerca onpefesieHHOe NONOXEHHe TOY-
KH TOABEca, MpPH KOTOPOM 4acToTa KosebaHW#i MakcHmaabHa. Tak
KaK NOJIOXeHWe TOUKH MOofBeca XapakTepuayeTcd BeJHYHHOH I, 10
AJifl OTHICKAHHA HHTEPECYIOLIEro Hac MOJIOXKEHHs PEIlHM ypaBHEHHe

dw
E-O.S'ronae'r
mg(mi® + Ip) — mgl - 2mi =0,

I
lmu=\/g.

Ias ;:repxma aauHH L ¢ paBHOMepHO pacnpefefeHHo#t Macco#t

L
L ~oaL.
vi2 ~

OTKYZa MoJyuaeM

Ip= mi—‘g- (cm. ympaxnenns K § 15), noatoMy lmax =

Ynpaxnaenns

1. MaATHUK MMeeT BHI TOHKOH TpeyronsHol NMOAGCKH H3 JIMCTOBOTO
marepuana (kecTh, kapTon) {puc. 164). Onpenesuts nepuon KoneSaHuh,

Puc. 164.

ec/IH MasTHUK TOfBeIneH: a) 3a OCTpHii KoHell A, 6) 3a cepeAuHy OCHOBa-
HuA B. B ofioux cayqanx ofpemejiHTs, KaK HAZO CMEeCTHTL TOUKY IojBeca,
4TOGH NOAYYHTh MHHMMANLHEI NepHOA KodeGaHuil,




Fnasa VII

TEILJIOBOE JABHXKEHHE MOJIEKVYJI
H PACNIPEJAEJIEHHE IIJIOTHOCTH BO3AYXA
B ATMOC®EPE

§ 1. ¥cnosue pasrOoBecHd B aTMoctepe

PaccMoTpUM BONpoC O 3aKOHE pacIpefeseHMsl MAOTHOCTH BO3-
AyXxa B armocdepe mo BhiCOTe. XOpOIUO HSBECTHO, 4TO Ha OGosbuloi
BHCOTE BO3ZYX MeHee IIOTeH, AaBJeHMe BOSAYXa MeHbIie, ueM Ha
ypoBHe Mopa. [IpuunHa 3aBHCUMOCTH AaBAEHHSA OT BH-

COTH OYeRHAHA; BHACAMM MBLICNEHHO UMANHAPHYECKHH  (( )
ofbem (BHcoTa Ah, nnomanbs ocHoBaHHA S, ofGbem
SAh). Bosayx, Haxomsawmiica B 3ToM oGbeMe (cpez-

HAS OJIOTHOCTH P, Macca m = pARS), npurarapaercs _,L,
K 3eMAe, T.e. HCTIHITHBAET CHAY TATOTEHMs, Hampas-
NeHHYI0 BHHS U paBHyl0 mg = pAhSg. Onunako srtor T
o0beM He majaer, a HaXomuTcea B mokoe Gaaromaps

TOMY, YTO Ha Hero CHM3y Ha BhicoTe h neficTByer h
nasnenve p(h), Gonbliee, ueM HaBieHHe CBEDXy Ha

seicote h + Ah, paroe p(h + Ah) (puc. 165). Cu- -

Na KaBJIeHHS Ha HUXKHEE OCHOBAHHE LUMAMHADA paBHa (.
Sp(h); 310 HaBieHUe YPaBHOBEIIHBAeT CYMMY CHJIbI

FABJICHMH Ha BepXHee OCHOBaHHE M CUJE! TAXKECTH: Pac. 165.

Sp(h) = Sp(h + Ah) + pAASg. (1.1)
dopmyny (1.1) MoXXHO sanucaTh Tak:
p(h) — p(h + Ah) = pAhg. (1.2)

Bynem cuwmrarte, uto Ah BeceMa mMano. Toraa HeT HafloGHOCTH ro-
BOPHTL O CpeZHeli IJIOTHOCTH P, Tak Kaxk BHCOTH h H h + Ah
BeCcbMa GU3KH H p BecbMa Mano orauuaercd ot p(h). [lostomy (1.2)
NPHHUMAET BUA

dp _
= = & (1.3)

Mb nonyuunn puddepeHUHANbHOE YpaBHeHHe AS 3aBHCHMOCTH
p{h). [Ipu sToM B ypaBHeHHe BOLIAA MAOTHOCTb BO3AYXa p.
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Beawuunnt p n p cBA3aHu MeXEy coGoli sakoHoM Bofinga—Ma-
puHorTa. MH Oyaem mpexnosarath, YTO Temmepatypa atMoctepm
OZMHAKOB2 Ha BceX BhicoTaX. Ha caMoM fienie TeMneparypa Bosnyxa
3aBHCUT OT NPHTOKA Temya ot CoRHUA H OTBOAA TENJA B OCHOBHOM
3a CUET M3JAYUEHHH TelJia B MHPOBOE MPOCTPaHCTBO BO3AYXOM HIM,
TOYHEee, BOAAHBIMY NMApaMH K YIACKUCJOTOH, COfepKAlMMKUCH B BO3~
Ayxe. HeGonbmas vacTb Jyueli CONHEUHOTO CMEKTPA MOIIOMAETCA
BePXHMMM, OU€Hb paspe)keHHWMH CJOSAMH BO3ZyXa. Bojbuias yacTb
SHEPTUH COJHEYHOro CBeTa AOXOAHT A0 MOBEPXHOCTH 3eMJH, MO0~
uaeTcs Mo4Boil, a ye OT MOYBH Harpebaercd Bosayx. IlosTomy
B JIe#CTBRTENbHOCTH B arMocdepe moJydaercs AOBOABHO CJOXKHOe
pacnpexeneHye TeMNEPaTYpH; Ha YPOBHE 3€MAHM TeMNepaTtypa, Kak
Mbl XOpOLIO 3HaeM, KojeGerca npuMepHo oT —40° zo +40 °C B 3a-
BHCHMOCTH OT reorpadHuecKOro MONOXKEHWS M BpéMeH roja, Ha
BHCOTe okoJlo 15 kM Temneparypa MHHHManbHa — okoao —80 °C —
H TpHMEPHO OZMHAKOBA 3UMOH M JETOM Ha BCEM 3€MHOM IUape; Ha
GOJbUIMX BHICOTAX TEMMepaTypa BO3pacTaer, mocrurag +60 °C —
+75 °C Ha Bricote 50-60 kM.

Hsmepenusd, npogesaHHBle NPH NOMOIIH HCKYCCTBEHHEIX CIYTHH-
KOB 3eMJid, MOKasHBaiOT, 4To Ha BHcore 300-1000 kM nAoTHOCTH
BO3AyXa XOTH H Maja, HO BCe XKe 3HauuTesbHO 6oJbIne, ueM Npex-
nojarajock paHbwe, Kak MH YBHZHM HiKe, 60Jbllafg MJIOTHOCTH
BO3AYXA YKashlBa€T Ha TO, YTO B 3THX BHICOKHMX CJOSIX TeMIepaTrypa
BO3/lyXa BecbMa Bhicoka. K ToMy ke sHauuTenbHas 4acTb MOAEKYJ]
KUCJOpOJa ¥ a30Ta paclajaeTcd Ha 9TO# BHCOTe HA ATOMH, WOHHI
¥ 3J€KTPOHHL.

Ecau OH He GLiJI0 NMPHTOKA TemNa H3BHE H OTBOJA TEIJA, T.e.
€C/IM paccMaTpUBaTh TEN/IOMSOJHPOBAaHHMIA CTOA6 BO3AYyXa, TO C Te-
YyeHHEM BpEMEHH TeMIepaTypa BO BCeM CToji0e ZOAXHa Ouaa Oul
BHIpPOBHATLCA. HHXke Ml GyfieM paccMaTpHBaTh MMEHHO TaKo# Hje-
aJIKSHPOBaHHKI Ccay4aii NOJIHOTO PABHOBECHSA, TEIIOBOTO M MEXaHH-
qecKkoro. TemsoBoe paBHOBECHE 3aKJAIOHAETCA B TOM, YTO TeMmepa-
TYpa Beafie OAWHAKOBa, C/JeZOBATEeNbHO, HET NOTOKOB Tensa (ecau
66l B pasAuYHLIX TOYKaX BOSAYLIHOTO CToA0a TeMmepatypa Obijia
pasauuHa, TO OT fojee HArpeTHX TOYEeK NOTEKJIo OH Temno K MeHee
HarpeTHM, T. €. BOSHMK/IM Gl NOTOKH Temna). Mexanuueckoe pas-
HOBecHe 3aKJIOYAaeTCs B TOM, YTO PABHOMEHACTBYIOIAN BCEX CHJ HA
moboit ofbeM Bo3ZyXa, BHAEACHHHH B aTMocdepe, paBHa HYMAIQ; pH
9TOM Hal0 paCCMaTPHBATh CHJIY THXKECTH BOSEyXa B 06beMe H cCuay
AaBJEHHS HA BCIO NOBEPXHOCTb, OTPAHMYMBAIOINYI0 AaHHHE 00beM.

Ilpu Tom pacnpeneneHuH HAaBAeHUs, KOTOpoe YIOBJETBOPSET
ypaeHenuio (1.3), armocdepa MOXKeT HaXOAMTbCA B COCTOSHHH
NOKOS.
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Tak kak MH paccMaTpHBaeM BRICOTH A, Ma/ible MO CpaBHEHUID
¢ pagHycoM 3eMaH, TO g — YCKopeHHe CHJH TAXXeCTH — MOXHO
CYHTAThb NOCTOAHHOA BeAMYHHOH,

§ 2. Cps3b MeXIy NIOTHOCTBLIO H JABACHHEM

ITo sakony Boiinsn—Mapuorta npousBejeHHe AaRNeHUA rasa Ha
3aHHMaeMHil UM 06beM NOCTOAHHO AJA A2HHOU Macchl Mg rasa | fIpH
AAHHOK TeMmneparype:

v =0,

rae @ — MoCcTOAHHaA BelHddHa. O6o3Havwas MJIOTHOCTH rasa 4yepes p,
noAyuuM my = vp. ClieaoBateabHo, v = my/p, & TaK Kak p = a/v, 10

p=bp, (2.1)

rae nojoxkeHo b = a/my. Takum o6pasoM, ZaRjcHHMe rasa npAMO
MPOMOPIMOHANLHO €ro IIOTHOCTH.

KoaddpruueHT nponopunoHanAbHOCTH AJA BOSAYXa KOMHATHON
TeMIIepaTyphl Rerko Halith. MspectHe, uT¢ aTMocdepHOe napjeHMe
Ha ypoBHe MOpA Py NpubausuTeabHo pasHo 10 [la = 10° mum/cm?.
InoTHocTh BO3AYXa py NPH ZaBACHHM py papBHa*) npuMepho 1,3 x
% 1073 r/em3. Tloncrasasa py u pp B dopmyay (2.1}, noayuum
Do = bpy, 0TKyma

b= 1% _77.10° ent/c?.
1310

OrmMeTHM, YTO 110 PaSMEPHOCTH BeJIHYKHa b ecTh KBAAPAT CKOPOCTH.
B peficTBUTEBHOCTH 53Ta BEJAUYHHA TECHO CBA3AHA €O CKOPOCTBIO
MOJIEKY/I U CO CKOPOCTBIO 3ByKa: KBaApaT CKOPOCTH 3BYKa paBeH 1,4b
(BHBOIMTH 3TO cOOTHOMmEHHe He Oynem).

Jlas najpHefiurero HaM HYXHO He TOJbKO HHCJeHHOe 3HaueHHe b
AJIA BOSAYXa KOMHaTHOH TeMfnepatyph, HO H ofIlee BRIpaXeHHe
nocrofiuHolt b ans mobore rasa H npu aoGofi Temneparype. Has
3TOro BOCrosib3yeMcs 3akoHoM KaanedipoHa:

pV =RT, (2.2)

rae V — ofweM, saHuMaeMulll ofHUM MoJeM rasa, T — aGcoawoTHan
TemilepaTypa (OTCYNTHBaeMasa OT aBCOMIOTHOTO HYAS, COOTBETCTBYIO-

*) 31y BenuuMHY NerKO HAlTH SKCTEPHMEHTANLHO NPH NOMOIH BSBENIHBEHHS.
Bepyt cocyx uapecTHOro 06heMa ¢ TepMETHYHHM KDAHOM H CHaYa/a BIBELIMBAKT
ero ¢ BOSAYXOM, 2 MOTOM Ge3 BOSAYXA, OTKaYaB BOSAYX H3 COCYJA BaKyYMHEM
HACOCOM.
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mero —273 °C*), R ecTh TaK HaswBaeMas YHHBepcaJbHas rasoBasf
nocrosuHan. MaBecTHo, uro npu Temneparype 0 °C, papno#i 273 K,
mpu aTMocepHOM NaBAeHHH, T.e. nps pp = 10° mm/cmz, 1 Moae
rasa saHWMaeT o6beM, paBHHl 22,4 & = 2,24 - 10% eM® (saxon Aso-
ragpo) **). Orciona 108-2,24. 104 = R -273. Torna

R=283-107 muu - cm®/(moan - cm® - K) =
=8,3- 107 spr/(K - moan) = 8,3 Jx/(K - mosin),

OfozHauuM MoadpHYy Maccy rasa uepez M. Ilo ompene-
denuio V' comepxur M rpammos rasa. Jas Bogaopoma (Hp)
M=2.10"3 Kr/moab, aaqa reans (He) M =4. 10-3 KTr/MOJb, BAR
asora (Ng) M =28. 10— KP/MOJIb, BJIA BO3ZYXA CpefiHee 3HaueHHe
M=294.10"3 kr/Moab. I110THOCTS p cBAisaHa ¢ V' cOOTHOIEeHHeM

M M
p=7 HM V= rE
INoacrapass 1o BHpaxeHnue Aas V B (2.2), noayvaem
RT
P=p37 (2.3)
CpaBHuBas popmyan (2.3) u (2.1), HaxonuM
RT
b= Sr- (2.4)

HaxkoHen, BHpasHM AaBjeHHe depes UHCAO MOJEKYH 7, cofiep-
JKamuxes B eqHuHUe o6neMa rasa. MseectHo, uro 1 moar AwGoro
BemecTBa comepXRT 6 - 10%% Mosexya. Beauunna 6 - 102 yasupaer-
cs yHcaoM ABoragpo H o6osHavaercas N4. Takum oGpasom, macca

ol MOJIEKYARB
OIH eKy. o M1
Ns 6108
Ecan 1 moap sannmaer ofbeM V, TO YHCAO MOAEKY] B eOUHUUE
Na u
ofbema n ectb n = —~. [laoTHOCTE rasa p = nm. 3akoH Kaaneii-
pora (2.2) aaet

(2.5)

RT
p—n-ﬁ—nkT,

*} B cucreme CH a6CcoMOTHYIO TeMIepaTypy oTMeualoT 6yKBofl «Ks no umenn
auranfickoro yyenore Keansuna, nanpumep, 20 °C = 293 K, untaerca «20 rpaxycos
Henncus pasHb 293 KeAnBHAAMY,

*}IIpn 5T0M M NpeHeSperaeM MaNEMH pasiHuUHAMA  Mexay 1 atm
1 10° zun/eu?,
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rie k — noctoaHHaa Boabumana:
k=g = omgm = 1,38 1071 spr/K.

Beanuvna R OTHOCHTCA K YCJOBHO BbIGpaHHOMY KOJAHYECTBY
BEMIECTBAa — OZHOMY MOV, OSTOMY B PasMEPHOCTb J BXONHT MOJb.
Benuunna k OTHOCHTCH K ONHOH MOREKY/e, moaroMy k HMeer pas-
mepHocTb 3pr/K. Beanunna kT uMeer pasMepHOCTb SHeprHu (3pr).
B § 4 6yner nokasaHo, uro B aTMoCcepe Beauunna kT paBHa cpen-
Hell MOTEHUHANbHOM 3HEpruu ONHON MOAEKYJH B [OJIE THKECTH HpPH
remuepatype T. CpegHas KHHeTHUecKas SHEpPrHfl MOCTYIATeJAbHOTO

JBUXKEHHS ONHOA MOJIeKYARbl paBHa 3 kT.

§ 3. Pacnpesenenne MIOTHOCTH

HUs dopmyan (2.1) Haxomum p = % [loncraBass ato B audde-
peHLHaJIbHOe YpaBHEHHe IS MAOTHOCTH Bosayxa (1.3), moayuum
o __g
ah- P
Pemenne storo ypashenus ects p = Ce~@/P)® rne C onpegens-
eTcs W3 Ha4dajbHOro yeaoeus. Ilyers mpu h =0 p = pg, Toraa
p=pye WA 3.1
IMozenur paBerctBo (3.1) Ha b, moayuumM

p = poe /DR, (3.2)

roe pp — TAOTHOCTh Bo3nyxXa npu h = 0 (r.e. Ha ypoBHe Mops).
Hs ¢opMyan (3.1) puaHo, uTo Ha BHcoTe H = — Hafi YPOBHEM MOpA

AaBJIeHWe BO3JyXa YMEHBIIAETCH B € pas.
Hoayuum ¢opMyny, cBASHBAKIYI BeAHMYHHY H ¢ BeawmuuHOH

kT: H = g; nonbaysck opMyaamu (2.4) u (2.5), Haxogum H =

= A_ﬂ'lg" OTKYLa

*T
m

H= (3.3)

m-
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INoncuntaem Benuuuny H, noapsyace dopmynoi H =

| o

7,7 10° cm?/c?
10% cm/c?
Ipr nomomu seanunau H dopmyast (3.1) u (3.2) MoxHO 3anu-
€aTh TaK: nH WH

H= =7,7-10°% cm = 7,7 km.

P =poe” P = poe
C yBeJuueHHeM BHICOTH B apucdMeTHuecKoll TporpeccHH AaB-
NeHHe W IJOTHOCTb NafaldT B reOMETPHYECKOH NpOTPEecCHH: ecdH

h=0, 10 p=py, p=po; ecid h = H, 10 p=%=0,368po,

p=10,368pg; ecnu h=2H, 10 p= g = 0,135pg, p = 0,138py; ecau

h=3H top= 2"—; = 0,05py, p = 0,05p;.
3Has 3a8BHCHMOCTb IVIOTHOCTH OT BBICOTE!, MOMKHO BHPpA3HTH ue-
pes po H H nmoaHyio Maccy BOSLyXa m, B CTOJ0e C INIOMAAbIO
ocHoBaHua 1 cM2 JlelicTBUTENBHO,
o0 o0
my = J pdh = J poe_thdh.
0 0

Crenaem 3aMeHY nepeMeHHOH 2 = %; TOrAa d2 = %dh,

o0

o0
me = poH J e *dz = —poHe™* o
0

= poH.

ITpu moMOWIH COOTHOIWIEHNUS M, = poH NoacunTaeM (AAs KOHTPO-
ag) eme pas BesnunHy H. Tak Kak aTmociepHoe AaBjeHHE PaBHO
10% Ma = 108 m«m/cm2. TO Macca Bo3fyXa B ¢ToJGe ¢ OCHOBaHHeM
1 cm? pasua 1 kr. Takum ofpasom, m, = 1 kr/em? = 1000 r/em?.
Suaa pp=13- 10‘3r/cm3, OTCI0HA NMOJAYYHM

H=Teo ¥ 77.10°cu
PO 1,3-10
B COOTBETCTBHH ¢ MpPEXKHHM PacHeTOM.

HaifineM cpeHioi0 BLICOTY, Ha KOTOPOR HaXOMUTCA BO3AYX, T. €.
BRICOTY LEHTPa TAXKECTH BEPTHKAJAbHOT0 LH/IHHADHYECKOTO CTOJ-
6a Bosgyxa. YToOu He BBOZHTE JHIIHHX BEAHYHH, PACCMATPHBAaeM
¢Toa6 BO3gyXa ¢ OCHOBaHHEM | ¢M% OZHAKO SICHO, YTO BHCOTZ LEH-
TPa TAXKECTH OT N/OIIAAH OCHOBAHHA LHJAMBApa He 3aBHcHT. Ha
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Bricote h Mexxay h ¥ h+ dh Haxogutca macca dm = pdh. Cpennns
BHICOTa paBHa

Hailizem unTerpan, croamuil B uncnutese, ITosbaydcs dopmyno
(3.3), nonyqaem
s =] s =] o0

J ho(h) dh = J hpge " dh = poH? j ze~*dz = poH?
0 0 0

oo .
“ze"‘dz =1, cM. dopuyny (7.8) yacTH IV]. OKOHYaTENbHO Ha-
0

XOAMM
h="" =H. (34)

Takum o6pasoM, Ta BHcoTa H, Ha KOTOPOH mAOTHOCTL H jaBjeHHE
BO3lyXa YOHBAKT B € pa3, OQHOBPEMEHHO fBJAETCA H cpedneil
BHICOTOH, Ha KOTOPOA HAXOAMTCH BO3AYX.

AHanorHyHui pesyNLTaT NOAYYHJCA PaHbile NPH PACCMOTPEHHH
pannoaKTHBHOrO pacnafa (§ 3 masu V): ec/i BepOATHOCTL pacnaga

-1 dn -
pasHa ® cM~}, T = om n=nge “ 10 353 BpeMa 1= — Koue-

CTBO PAAMOAKTHBHOTQ BeWIECTBA YOLIBAEeT B £ Pas; IPH STOM CpefHee
BpeMsl XH3HH DajHOAaKTHBHOTO aTOMa OKa3a/nochb PaBHBIM TOH ke

BeJMYHHe I = 1= -

Hanomuum, uro npocras saBucuMocTb (3.3} IIOTHOCTH H ZaB-
JICHHf OT BHCOTH OTHOCHTCS K CJAy4ald [HOCTOAHHOH TeMmepary-
pu. B paelicTBuTENBHOCTH pacnpefiefieHMe MAOTHOCTH H AaBJjieHHA
HeCKOJILKO oTaAHuaeress oT dopMyan (3.3) u 3aBHCHT OT BpeMeHH
rofia u T.1.

YnpaxHeHHR
1. HafiTi pasAeHde BO3AyXa B WaxTe Ha rAySuHe 1 kM, 3 kM, 10 RM.
2. Haliti 33BMCHMOCTD JaBJCHHS BO3AYXA OT BHICOTH NPH TeMIepaTy-
pe Bosayxa —40 °C, To e ana +40°C.
3. Ilycth TemnepaTypa BO3LYyXa MEHSETCA NPH HIMEHEHWH BHICOTH

0 3aKOHY % = —aTy, roe Tp — TeMnepatypa Bo3lyXa Ha NOBEPXHOCTH
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3emnn, o — nocroAHHull keapduuuent. Halitn 3aBHcHMOCTD ZaBaeHHA
BO3NyXa OT BHICOTHL.

4. WUsBecTHO, YTO B YCAOBHAX 3aKauy 3 peanynna o = 0,07 - 1075 e~ L.,
OnpenenuTsb, NOAb3YACH Pe3Y/IBTATOM 3aAa4H 3, AaBfeHHe PO3LyXa B MIAXTe
Ha rny6une 1 kM, 3 kM, 10 kM. CuMTaTh, 4TO HA MOBEPXHOCTH 3eMJH
Temnepatypa paBia 0 °C. CpaPHUTE pesyNbTaTH ¢ PesyAbTaTaMu 3afaqq 1.

§ 4. MoaexynspHO-KHHeTHYECKAA TeOPHSH
pacnpeneseHHa NAOTHOCTH

B npeanayiinx naparpagax 6uino HalzeHo pacnpeaeseHne mioT-
HOCTH BO3AYXa N0 BHCOTE IpH ALHCTBUH CHABI THXECTH B COCTOAHHH
paBHOBecud. [Ipn 3TOM MBI paccMaTpHBajgH BO3AYX KaK CIVIOLUIHYIO
cpeAy ¢ AaHHOM 3aBHCHMMOCTBIO ZaBAeHHS OT MJOTHOCTH.

Iomofinem Temepb K MOJYMEHHOMY pesyAbTaTy € HHOA TOYKH
3peHHs, 4 HMEHHO ¢ TOUKH 3peHHs MOAEKyJspHo# TeopuH. Bynem
paccMaTpUBaTh OTHE]bHBIE MOJNEKYAN H HX ABmxkeHue. [lpencras-
JEHHE O TOM, YTO BEUIECTBO COCTOMT M3 OTAEJBLHEIX aToMoB, GBUIO
BeCKazaHo emle B JpeBHeX ['peumn. OfHako Jsuxcenue MOJIEKYa
H CBf3h €TI0 C TEMAOTONH BNEpPEHE CTaj pacCMATPHBATh BeAMKHH pyc-
ckuil yueHrii M. B. JlomoHoCOB, KOTOpHIi ABAAETCA, TaKuM 06pasom,
OCHOBaTe/eM MOJIEKYJAPHO-KHHETHUECKON TEOPHH.

l'a3oBoe COCTOAHME OTIMYAETCR OT XHAKOTO H TBEPAOTO COCTOSA-
HHil TeM, YTO B rase MOJIEKY/IH MOXXHO PacCMaTpPHBATh KAaK He3aBH-
cHMEle, He B3aumofelicTBylOlIMe MeXAY ¢oGof. JBHXeHHe Monekya
rasa npeacrasaser cobofi ¢cBoGOAHHM modeT no HHepuuH. Bpems ot
BpPeMEHH MOJICKYJRl rasa CTAJKHBAIOTCH MeXAy coboit. B o6bIUHLIX
YCNOBHAX CTOJKHOBEHHS MOJAEKYN MeXAY coGoft MPOHCXOAAT upes-
BHYAHHO 4YacTO, YYACTKH [IYTH, KOTOpPHE MOAEKYAH NpOJETaloT OT
OFHOTO CTOAKHOBEHHA FO APYTOrO, BEChMAa MaJIkl,

IMpu atmocepHom Aasiennu u Temnepatype 0 °C B 22,4 n rasa
co,nepmn’r;:n 1 mMoab, T.e. 6- 102 mosexya; B 1 cm® copepxures n =
= % = 2,7 - 10!9 moaekya. .

I'py6o Gymem paccMaTpHBaTh MOAEKY/NH KaK [IAPHKKH pafirycoM
okoso 2-10~% cm*). Torma mas Toro, UTOGH NMPOHSOUIO CTOJIK-
HOBEHHE JABYX MOJEKYJ, HafAo, YTOGH TPaeKTOpHA LEHTpa ONHOH

MOJIEKYJIH Tomana B MMiIeHb pamaycom 4 - 10~8 cM Bokpyr umenTpa
Apyroft moniekyasl, [laomanp TaKo#t Mumenn 6 = a2 & 5. 10715 cn?,

*) B neficTEHTEABHOCTH ABYXATOMHBIE MO/IERYZH, HANPHMED, uonexy:lm KHCJIO~
PoAa ¥ asoTa, GoNee NOXOXKHK HA MApH CHCMUIEHHMX MApos, BPofe apaxKca ¢ IpyMg
ANpaMH B ONHOH CKOpAYTKe.
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3HaunT, Ha NyTH B | cM ZaHHAA MOJEKYJa CTaJKHBAETCS CO BCe-
MH TeMHM MOJMEKY/NaMH, UEHTPH KOTOPHX HAaXOZATCA B LUAMHApE

¢ IJolaso ocHoBaHus 5 « 10715 cu? u mamuoit 1 cM. O6beM Takoro
LMAMHADA PaBeH G CM>, H HHCIO MOAEKYJ B HeM PaBHO NG, TAe 1 —
uMea0 Modekya B 1 M

TakuM o6pasoM, Ha mnyTH B 1cCM MOJEKYy/lda HCIHTHEAET
70 CTONMKHOBeHHA. [ToaToMy cpeaHee paccTosHHE CBOGOAHOrO MoJieTa
OT OAHOIO CTOJAKHOBEHHA OO APYIOro:

=L =07-10"%cu.
no

D1a BeAMUMHA Ha3HBaeTCA AAMHON cBOSOEHOrO npobera.

BeaenerBue ¢TOAKHOBEHHH MOJEKyJa JIETHT He N0 NIPAMOHR, a Mo
JIOMaHOA JIHHHK; OfHaK0 o0beM LHIHHAPA, 06pasOBAHHOID JIOMAHH-
MM, He OTAMYAETCA OT o6beMa MPAMOro LHJAKHADA, NI0STOMY pacdeT
0CTaeTCA NPaBHIBLHLIM.

Ha camoM pene Hamo ellle yuecTh, 4TO ABIDKETCH HE TOJLKO
paceMaTpuBaeMasl MOJEKYJ3, HO M Teé MOJeKY/h, ¢ KOTOPHIMH OHa
cTankuBaercA. MOXHO HOKa3aTh, YTO 3TO OGCTOATEJBCTBO Majio
MeHSleT AJIHHY CBOOOAHOro mpofera, a UMEHHO, YMEHbINAET ee BCero
B 1,5 pasa,

Cxropocru Moneky: nopsiaka 300-500 m/c. Cnenosarensto, spe-
Msa cBoboaHoro mpobera, T.e. CpegHee BpeMA OT OJHOIO CTOJKHOBE-
HHA 10 APYTOro, IOpsfKa :

0,5-1075 10
= =] .
t= e Sl

Ha nepsuifi Baraaa peawuunn § = 10~5 e u ©~ 10~1° ¢ oyens
maap. OmHAaKO MX Halo CPABHHTH C PasMEpOM MOJIEKYJIH, PamHyc
KoTopoki 7 & 2+ 108 eM, H ¢ A/NHTEABROCTLIO CaMOTO CTONKHOBEHHH,

T -
KOTOpasi MeHblle — = 10~ ¢, Tocate TaKoro CPABHEHHA BHZHO, HTO

MOJIEKYJIH I'a3a pedxo CTaNKHBAIOTCA APYT ¢ APYroM. MoJieKy/asl mpu
atMocdepHom gasveHuH 99,9 % BpeMeHH MPOBOAAT B NOJIETE M JIMWB
0,1% BpeMeHH HaXOAATCA B COCTOSHMH CTOJNKHOBEHMA.

CronkHOBEHHA MOJIEKY/ MeXKZY coGoH B rase He BJAHSIOT Ha
AdBNEHHE Ta3a M He BJUHAIOT HA 3aKOH pachpefieNieHHA IJIOTHOCTH
rasa B armoctepe. IToaTBepieHHe 3TOTO 33KMIOUZETCA B 3aKOHE
Kaanefipona. B § 2 atoT 3akon 6ua 3anucaH B Buge p = nkT.

JlaBneHue rasa 3aBHCHT OT 4H(JIA MOJICKYJ B eAHEHIIE 0GbeMa,
HO PafHyC MOJIEKYJ r K HX CeueHHe ¢ He BXOAAT B opMyay. 3HauwmT,
BeAHYHHH T H ¢ He MOTYT BOATH M B (OpMyJNy pacupeseJeHHs
MJOTHOCTH N0 BHCOTE,
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Mepenumem opMmyay pacnpezencHus nAOTHocTH (3.2), Buipa-

) RT N kT
3uB b uepe3 MoseKYNApHHE BeNHYHHH, Tak KaK b= — = — =
M Am
kT
=m
p = poe B = pge~™EH/ (KT) (4.1)

Pasgenum o6e uactu dopmyan (4.1) Ha m, rie m o6o3HauaeT
MACCY OfHOR MOJEKYAH. 3aMeTHM, uTO - =T — UHCNO MOJEKYN B

egHHuLe 0fheMa Ha BHCOTE A, % = 1y — YUCJIO MOJIEKYN B elHHHLE
ofbeMa Ha yposHe mopsa. Popmyna (4.1) npuHEMaeT BHA

n = nge—meh/ (kT) (4.2)

BeanunHa mgh ecTb NOTEHLHANbHAA 3HEPrHA MOJEKYJH, Macca
KoTOpoit paBHa m, HaxolAleRcA Ha BEICOTe h, ec/IH 3a HYJIb IPHHATE
MOTEHUHANEHYI0 3HEPTHIO MOJIEKYJIH Ha ypoBHe Mops. [loTeHnHa b-
HyI0 9Hepruio MoaekyaH ¥ u(0) Ha ypoBHe MOps MOXXHO BHIGpaTh
npousBoabho (cM. § 2 raaeu VI). Toraa

u(h) = u(0) + mgh,
oTKYZa

mgh = u(h) — u(0).
dopmyay (4.2) moxem 3anucaTh B BHIE

n(h) = n(0)e~ (R ~u(@)/(T)

3710 — 3aKOH pacnpefie/ieHHA YHCAa MoJeKya no Bricore. EMy Moxuo
OpHAATL CAeAyIoWuit BHA;
rEe B ectb KoHcTaHTa, onpefessieMas 10 SHAYEHHIO MJIOTHOCTH Ha
ypoBHe Mops (h = 0):

n(0) = Be~ 0/ (1),

3ameuaTenbHO TO OGCTOATENBCTBO, YTO ILIOTHOCTb MOJIEKYA HA

TO! WJAH HHOM BHICOTE 3aBHCHT TOJBKO OT IOTEHLHAJbHOR SHEpPrUM
MOJIEKY/l B JAaHHOM MeCTe: Macca MOJIEKYAH M, YCKOPEHHE CHAb
TSAXKECTH g ¥ Bucota A pomau B dopmyay (4.2) kak pas B ToM

coueTaHuu (mgh), B KOTOPOM OHH BXORAT B BrIpaXKeHHe AjIs MOTEH
[[HaJbHOA SHepruu u.
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HafineM cpeaHee 3sHaueHHe MOTEHLHAJLHON SHEPTHM MOJNEKYIH
4 = mgh = mgh = mgH [cm. dopmyny (3.4)]. [Toassysce dopuy-
noi (3.3), nonyuaeM:

ﬁ=mH=mg%=H.

Hrak, cpepuas noTeHUHaNnbHan SHeprus ofHoH Monekyau papHa k7.

Mu ycTaHOBHAM, 4TO pacnpeneseHHe MOJEKYN BO3NyXd B aTMO-
ctepe 3aBHCUT OT TEMNEPATYpH H NOTEHLHANLHON SHEPriM MOJIEKYJ.
Onnako npH naHHO# cpejaHell moTeHuHaNbHOft 9HepruH, pasHolt kT,
nonyyaeM onpefie/ieHHOE pacnpedeserue MONEKYN N0 TMOTeHIHalb-
HOA 3Heprud. YacTb MoJNeKyl — Te, KOTOpHE HAXOAATCA HHXKe
BHCOTH H, — HMEeT MOTeHIHAABHYK 3Heprulo Medbine kT. Hafinem
OTHOUIEHHE YHCAA TAKHX MOJIEKYA K ofllleMy HHCAY MoneKyd. DTo
OTHOILIEHHE eCcThb

Ot o —iny

T
0
I
0
[Toncunraem BXoAsAmHE CIOAA HHTErPANELL:

H
[[e-merem) gp _kr e—mehx(mr = KT 1) _ omeH/(eTy) -
mg o mg

0

kT -1
=2"(1-¢e,
-
= o]
Ie-mew(mdh=_£e-mw(m|°° =M
0 mg 0 mg
IMosTomy
H
[ndh kT
ooo =Eg-—ﬁq—=l-e_1%0,53.
Indh mg
0

TakuM o6pasoM, 63 % Bcex MOMEKYN HMEIOT MOTEHLHAALHYIO SHep-
THI0 MeHbile c¢peiHeft, a 37% HMeIOT NOTEHUHANBHYI0 SHEPTHIO
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Goabure cpepHeit. Ilpp 5TOM HeTpPyAHO MOACYKMTATh, YTO [OTEHLIH-
anbHyl0 aHepruio Goabme 2kT umelor 14 % Beex Moderys, a Goub-
me 3kT — 5% Bcex Monexysa, H T.A. BooGme, foas monexyn,
HMEIOMHMX NOTeHIHAAbHYIO SHEPTHI0 GoJblie NaHHOA BEJHYHHH U,
paHa ¢~ %/(

§ 5. BpoyHoBCKOe IBHIKEHHE H pacTipefesiecHHE MOJEKYa
M0 KMHETHYECKOH SHepPrHH

Bonee cra ner Hasan anramfickuil 6otanuk BpoyH sametua, uto
MeJibyafiliHe, BUAMMEE B MHAKPOCKON NBIIHHKH HaXOHATCA B Helpe-
PRIBHOM ABHXXEHHH. DHUHIUTEHH BHICKA3aJ MPEAMOJOKEHHE, UTC ITO
OBHXeHHe NEJAHHOK NpelcTasiser cobofl MX TensoBoe ABHXKEHHe.
Orciona, B YaCTHOCTH, CJAEHOBa] BHBOZ, YTO NBUJIHHKK He OyAyT Bce
Jlexarh Ha iHe CocyAa, a 6yAYyT pacmpefie/ieHH 10 BHICOTE MO TAKOMY
e 3aKOHY, [0 KOTOPOMY pacnpeieieHbi MOJeKYJIbl.

Ecan NuAHHKA MMeer dopMy mapa guamerpom d = 5- 1075 cm,

To ee o6beM papeH 5 ° 6,510~ cv®, u mpu nuorHOCTH

p=1r/cm® Macca mulumHka pasHa 6,5 10~ r. TIpu komHaTHO#
remneparype T = 17 °C = 290 K Takue NHJIHHKH pacnpefie/ieHH Mo
BhicoTe [cornacHo dopmyne (4.2)] no sakony

n= noe-[s,s-10-14-981;(29&1.33-10-15)] h

win n = nge~ 181k Tagum 06pasomM, YHCJO MBIHHOK B eNHHHLE

od‘biaua YMEHLINAETCH B € Pa3 PH YBEJIHYEHHH BHCOTH HA BEJIHIHHY
— .10-3

16.10° cM = 0,62-107° cm.

Ha6nionas pacnpegenenHe Mo BhICOTE NMbIHHOK H3BECTHOTO pas-
Mepa M ILIOTHOCTH, MOXHO NMONYYHTh 3HaueHHe NocTOfHHOR Boabi-
MaHa k. C gpyroft cropoHsl, 3akoH KnanmefipoHa naer BesHYHHY
R = kN4, nmocxe 4ero MOXHO HafTH wHcao Asoragpo. Drta pa-
Gota, npopeseHHaa IfHmrefHoM u Ileppenom B 1903-1907 rr.,
ABHJIaCh BAXHEHIIHM IKCIEPHMEHTAAbHEIM NOATBEPKACHHEM BCeH
aTOMHO-MOJEKY/APHOI TEOPHM M CHIpPajsa OTPOMHYIO POJbL B Pa3BH-
THH (PH3HKH.

Ipn pBHKeHHM MONEKYA [OA HEHCTBHEM CHJBI TAMECTH Bee
BpEeMA TPOHCXOAMT NMpEBPAIlEHUE SHEPrHH: eCAH MOJEKY/Na B JaH-
HBI/i MOMEHT ABHXETCS BHH3, TO MOTEHIHAAbHAA SHEPTHA NepeXoAut
B KHHETHUECKYIO; €C/H )K€ MOJeKy/a ABHXKETCH BBEPX, TO KHHETH=
yecKas SHeprus NepexogMT B MoTeHUHaAbHY0. Koraa ras Haxoautes
B COCTORHHH PAaBHOBECHS, T. €. ZaBJICHHE ra3a YPaBHOBELIHBAET CHAY
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TSXKECTH, TO B AeACTBHTEJBHOCTH MOJEKY/H rasa ABHXYTCA Xa0TH-
4eCKH ¢ GOMBIIHMH cKOPoCcTAMH, OHAKO €CJAH MHCJICHHO BBIEEIHTH
B rase Kakyw-HHOYAL FOPH3OHTAJILHYI0 IIOCKOCTh, TC HHCAO MOJie-
KyJl, IPOXOAIIMX 32 eAWHHLY BPeMEHH uepe3 3Ty IMIOCKOCTb CHH3Y
BBEpPX, PaBHO UHC/AY MOJEKYJ, MPOXOAAIMX 33 TO JKe BPEMS CBEepXy
BHH3, TaK YT0 B CpefHeM ras MOKOHTcA. B cocTosHWH paBHOBecuA
nepexoA KHHETHYECKOH SHEPriH B NOTEHIMHANBHYIO H [IEPEX0A [IOTEH-
IHaNbHOH IHEPTHH B KHHETHUECKYI0 B3aHMHO YPABHOBEIIEHBI, TaK
KaK YMCJO MOJeKyJ, ZBHTAIOMIMXCH BBEPX, PAaBHO YHCJY MOJIEKYJ,
ABHTAIOIIHXCA BHHS.

OTMeTHM, YTO NPH XaOTHYECKOM ABHIKEHHH OTAeAbHHE (OAM-
HAKOBEle) MOJEKY/H HMEOT pasiAHYHYI0 CKOPOCTb, T.e. PasdHUHYIO
KHHeTHYecKyl0 sHepruio, [lelicTBHTENbHO, eClH CTAIKHBAIOTCA MeX-
Ay cobofi ABa IIApHKa, CKOPOCTH KOTOPHIX PaBHH! 110 BeJHYHHE, HO
HampapJeHH MNOA YTAOM OflHA K APYIoH, TO MOCAe CTOJKHOBEHHS
CKOPOCTH LIapPHKOB MOT'YT GuITh pasnuuHu. Ha puc. 166-168 nmoka-
3aH NPHMEp CTOJIKHOBEHHA, TMoC/ie KOTOPOTO OAHH LIAPHK, JeXauui

1
o—
4) 12 0/
3 &8 X
Puc. 166, Puc. 167, Puc. 168,

CJIEBA, OCTAHABJIMBAETCS, a APYTof, ABHraBIIHACA CHH3Y, ABHXETCH
C yABOeHHOR 3Hepruef (mosoxeHus: Ha pHc. 166 — Ao cTosMKHOBe-
Huf, 167 — MomeHT cToaKHOBeHusi, 168 — moche cTONKHOBEHHSA).
O6paTuTe BHHMaHHME Ha TO, KakK PacloJIoXKeHbl [APHKH B MOMEHT
CTOJIKHOBEHHS; ec/H OB BTODOA LIAPHK BO BpeMsi CTOJAKHOBEHHS
6rln pacnmoyokKeH HHUXe MEPBOro, TO OH OCTAHOBHJCH Obl, OTAAB BCIO
SHEpIHIO NEePROMY LIAPHKY.

Tak Kak NpH ABMMEHHH MOJIEKY/ NPOHCXOAMT B3aHMHOE MpeBpa-
LIeHHe KHHeTH4YecKo#i H NoTeHNHanbHOH SHepruit, To ecTeCTBEHHO
MPeANON0KUTb, YTO PacnpeieseHHe MONEKY N0 KHHeTHUeCKOH snep-
THH TOXO0Xe Ha HX paclpefie/leHHe M0 MOTeHIHANbHOR SHeprHu.

IpuseneM Ge3 HOKasaTeNbCTBa PEe3y/NbTAaT pPacdeToB, NpOAeNaH-
HuX B KoHUe XIX Beka MakceeanoM H BoapumanoM. Yucac mone-
KyJ, HMEIOIAX COCTAB/SIONIHE CKOPOCTH:

M0 OCH & MEXAY Vg H Uz + dvz,
MO OCH Y MEXAY Uy H vy + dty,
MO OCH z MEXAY U; H Uy + duy,
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PaBHO

=" __—mui+rjil
dn = (w)me m(e VOXT) dyy dvy dvs, (5.1

TAe ng — MOJHOE HHCAO MOJEKYJ, M — Macca OfHOA MOJeKYJH.
OrmMernm, uto v2 +v§ +v2 =v?, rie v — aGCOMOTHAs BEAMMHHA
CKOpOCTH Monekyanl. [ToatoMy (5.1) B mokasaTtene cTenmeHH copep-

mv?
JHT BeJHYHHY —5— (kT), T.e. OTHOMeEHHe KHHETHYECKOH SHEPTUH
K noTeHnHanbHOH. CpefiHasa KMHeTHUECKas SHePrud, MOACYHTAHHasA

3
coraacHo 3akoHy (5.1), oKasanack pasHoft EkT' Jna uucna mone-
KYJ N, KHHeTHYECKAA SHEPrHs KOTOPHX OoJblle 3aJaHHOA BeJHYM-
He F, nonyumsaach AOBOMBHO CAOXKHAA 3aBHCHMOCTb. OnHako sTa
C/IOXHAS 3aBHCHMOCTb MPHOJIHKEHHO MOXKeT OHTH ONMHCAaHA npocTOR
bopmyaoi
n= noe“E" (kT (5.2)

Hs sakona (5.2) moayvaeTcs HeBepHOe 3HAYEHHEe CpeaHeR KHHe-
THYECKON SHEPrHH MOJIEKY

o0

JndE .
B =2 — = j e E/OT) g — kT
0

ng

3
BMECTO 3 kT. 3ToT 3aKOH JaeT 3aMeTHbIe OTKJAOHEHHS 0T HCTHHHOIO,

ecad E ectb senwunHa nopsigka kT. OpHako npu E >» kT pac-
XOXK/IeHHe MeXAY TOYHHIM H npHO/HXKeHHRIM 3aKOHAMH CTAHOBHTCH
HeCyIecTBEHHBIM.

OTmeTHM, YTO NPH PABHORA TeMIEpaType MOJIEKYIH ¢ PasaH4HOH
Maccofl HMEIOT paBHLIE CPefIHHE KHHeTHYECKHe SHEPrHH U OIHHAKOBY
pacnpefeseHH 1O BeJIHUHHe KHHETHUECKOH SHEPrHH, TaK Kak Cpems

l
HAA CKOPOCTh MOJIEKYAH NPONOpLHOHANBHA —‘/f_.';, rge m — uacca_i

MOJIEKYJTH, 2
PaccMaTpuBas CTONIKHOBEHHS MOJIEKYN CO CTEHKAMH COCYAd,
MOXHO HalTH AgBJcHHe [a3a; OHO OKA3HIBAETCA PABHHIM

2 -
p = 37%0Bom
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Tonaras afeck Eygpy = -;—'kT, nony4uM 3akoH KaanefipoHa

p = ngkT.

IlpH CTONKHOBEHHH MOJIEKYJ MeXAy co00f NIPOHCXOAHT He TOJMb-
KO 0OMeH KHHEeTHUECKOH SHeprueli MeXy MoJieKyJAaMH, HO H npeBpa-
IIeHHe KHHeTHYecKoH HeprHM ABHXEHHS MOJIEKYJ B SHEprHio Bpa-
ILeHHA MOJIEKYJIH, @ TaKXe B SHEeprHIO KoseGaHHH aTOMOB B MOJIEKY-
Je, T. e, BC BHYTPEHHIOIO SHEPrHIO MoJleKyAn. BosMoXeH H oOpaTHHHA
NpoLECe, KOraa NpH CTOJKHOBEHHH 4acThb BHYTPEHHell SHepruM Mo-
NeKyJ MepPexoiuT B KMHeTHYecKylo sHeprHio. [losToMy ecrecTBeHHO,
YTO K pacmpefiesieHHe MOJIEKYN MO BeJHYHHE MX BHYTPEHHeH 3Hep-
rad W Takxe nomuHHAETCS 3aKOHY NMPOMOPLIHOHAJNLHOCTH BeJIHUHHE
e~ W/(KT), TMokasaTenbHas 3aBHCHMOCTD UHCAA YACTHL, 06/1aHAI0OMIAX
TOH WJH HHOH 9HeprHei, oT 5Toll SHePrHH ABJAETCS BCeobbhemJo-
ULHM YHUBEPCAJAbHEIM 3aKOHOM NPUPOARL.

§ 6. CropocTH XMMHYCCKHX peaximit

IOns yero HyXeH 3aKoH pacrpefie/leHHf MOJIEKyl MO KHHETH-
yecKoR sHeprun? TakHe BaXKHHe XdDaKTepHCTHKH rasa, KakK ero
HABJIEHHE Ha CTeHKH COCYAa, TelwoeMKocTb, oGHIHI 3amac SHeprHH
B 06beMe rasa, onpeAesioTCst CPeAHMMH BesdHyYHHaMH. [losTomMy oHH
ONpefeAnIoTea Tok HaunboAblleR YacTbio MOJIEKYJ, 3HeprHi KOTOPHIX
6AHsKa K cpeiHeMy 2HaueHwlo sHepruu. Jlas yero e HaM HYXHO
3HaTh, HampHMep, YTO ecTh HHUTOXHag moua (mopaaxa 0,01 %) mo-
JeKys, KHHeTHJYecKasd SHeprus KoTophix Goabwe 17577 Bemwn atu
OT/ieJbHEIC MOJIEKY/ILi ¢ OdYeHb OOJbIlol SHeprHe#l Ha BEJHUHHY
AaBJIeHHA K Ha OOMMI 3amac SHEPTHH ra3a NPaKTHUECKH He BJIHSIOT.

KapTuHa, OHaKO, pesko MeHseTcs, €CJIH pPaccMaTPUBaTh XHMU-
yecKue peakinu. OKasHBaeTCsl, UTO HMEHHO STH PelKHE MOJIeKy-
AB ¢ GOALINOR 3Hepruefi MOAHOCTHIO OMPEAeNAIOT XOf XHMHYECKHX
peaknui. 3arafilka XMMHYeCKHX peakuuil 3aK/M0uYaeTcs B TOM, 4TO
MOJIEKYJIH, BCTYNZIOMHe B PeaKIHIO, CTAJKHMBAIOTCA MeXAy coboit
kaxape 10710 ¢, Mexxry TeM peakuusa uacTo TpeyeT HecKOAbKHX
MHHYT (a HHOTZA H YaCc0B) HJI CBOETO 3aBeplleHusi. 3HAUHT, TOJMLKO
penyaiinas 4acTh BCeX CTOAKHOBeHMIl MPHBOAMT K XHMHYecko#t pe-
aKIMH,

BhCRasHBAANCh MPEATIONOXKEHHS, YTO ¥ MOJIEKYN ecTh Kakoe-
TO OueHb MAJIEHbKOE €UYBCTBUTEJbHOE MECTO», B KOTOpOE HYKHO
NonacTh, YTOGH MPOH30LLAA peakuss. JTa TOYKA 3peHHs MOX0Xa
Ha JIereHAY O rpeyeckoM repoe AXuanece, KOTOPHA GHA HeyISBHM
Beafie, KpOMe MATKH.
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Onnako npaBuibHOE 06bACHEHHE, KoTOpoe Zah B KoHle XIX seka
mweeackHl yueHn# CsaHTe AppeHHYC, 3aK/JIIOMA€TCd B TOM, UTO
K peakuHu MPHBOAMT TOMBKO CTOJKHOBEHHe MOJIEKYJ, SHEprus KOTo-
PHX NpeBHIIAeT ONpefeaeHHOe 3HAYeHHe, TaK HASHBAEMYI0 IHePrHio
aKTHBanuM F 4.

Koraa, Hanmpumep, CTAAKHBAIOTCA MOJEKY/AH BOXOpOAa H Homa
H ofpa3syioTcd ABe MOJEKyAH Homucroro Bozopoaa HJ, To Hyx-
HO, uTOGH SHEPrHf CTAJKHBAHINXCA MoJeKya Owna Gosblre 3 X
x 10712 9pr, Jlaa cpapHeHHs OTMeTHM, ¥T0 npu 0 °C BesinunHa
kT =1,38-10"16.273 ~ 3,8 - 10~ opr, Takum o6pasom, NpH KOM-
HaTHOii TeMneparype HyXHo# sHeprueill o6najaer AWIIL HHYTOXKHAA
yacTb MosieKyn o = e Y, rie v = 3- 10~12/(3,8 - 10714) » 80, orxyna

1
NOJIYYHM o = ]_O'E
Bpems peaKiyu NOAYy4HM, YMHOXAS BPeMA MeXIy ABYMS CTOJK-
HopenuaMH (oo mopazka 10710 ¢} Ha To cpefHee UMCAO CTOMKHO-
BeHMil, CPeflH KOTOPHIX BCTPETHTCH OfIHO CTOJKHOBEHHE C HyMHOH

9HeprHefi. 2To cpelHee YHCJO CTOJAKHOBEHHH NopsKa 1_ 10%,

o
Monyunm Bpema peakuun npu 0 °C nopagxa 1025 ¢ = 3 - 10%7 ger.
1ot peayabTaT coraacyercd ¢ TeM (akrom, uro npu 0 °C peakums
Hs + Jo = 2HJ npaktuuecKu HeHaGaiofaema.
M3 npupeneHHEIX coolpaXkeHHH clefyer, YTO B 3aBHCHMOCTH OT
TEeMIIEpaTyphl BPeMA peakluH BhipaxaeTcs GopMyJson

= 1eBA/GT),

rfie T — BpeMa MeXAy AByMf CTOJIKHOBeHHUAMH, E'4 — sHeprua akTH-
BauHH. JTa ¢opMyaa NPaBHALHO OMHCHBAET 3aBHCHMOCTE CKOPOCTH
XHMHYECKHX peakIMil oT TeMneparypu. XapaxTepHas 0COGEHHOCTb
topMy/H — KpaiHe peskoe yMeHbllleHHe BpeMeHH PeaKIlHH H YBeJd-
yeHHe CKOPOCTH peaxuHH pH HeGO/bIIOM H3MEeHeHHH TeMIIepPaTyphl.

Yacro, OnHAKO, B XHMHUYECKHX peakuuax Aenso o6CTOMT ropasio
CJAOMKHEE, TOTOMY YTO PEaKUMH MOTYT HATH 4Yepe3 pasjHuHHe Npo-
MeXYTOUHHe ctanuH. CoBeTckoMy ydeHoMy akagemuKy H. H. Ceme-
HOBY NIPHHAJJIEXHT 3aCNyra BCECTOPOHHEr0 HCCNEJOBAHHSA CJOMKHEIX,
(OenHHX) XMMHYECKMX peakuu#, BHACHEHHA SaKOHOB MPOTEKAHMWA,
TaKUX peakuMfi H OGHIHX NPHYHH, NPHBOAAMHX K [POTEKAHHIO pe-
aKLHH 110 CJOXKHOH cxeme,

B kauecTBe npHMepa pacCMOTPHM PEAKLHIO oo

Hy + Cl; = 2HCL. "
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3Ta peakuus HAET He NMyTeM CTONKHOBEHHH MOJIEKYJIH BOAOpPOAA C
MOJICKY/IOH XJIOpa, a Mo cXeMme

Hp+Cly=Hg+Cl+Cl; Cl+Hz;=HCl+H;
H + Clp = HCl + CL.

B pesyaprate aaa dakTHYecKH HabJopaeMoit CKOPOCTH peaKLH
HOAY4AIOTCA CHOXKHBE 3aBHCHMOCTH. OfHAaKo AN KaXxaodt oTZeNb-
HOlf peaKilMM, HATIpHUMep, AJs

Cl+Hp=HCI+H (s peaxuun Hy + Cly = 2HC),

HMeeT MeCTO 3aKoH AppeHHyca, CKOPOCTb PeaKLHH MPOIOPIHOHAMb-
Ha e~EA/(*T) ppuuem penuuuHa SHepruM akTHBalEH F4 HMeer
pasAHYHOE 3HAYeHHE IJSl KaXOoA peakuH.

§ 7. Hcnapenne. Tok smuccun xaroga

Hpesn Cpante AppeHuyca 0 poJiH OTHOCHTEJNBLHO MAJIOTO YHMCAA
MOJIEKYJI, 9HEPTHA KOTOPHX HAMHOTI'O MPEBOCXOAHUT CpefHee 3HaYyeHHe
SHEDPI'HH, MOMOTaeT pasobparbcs He TOMBKO B XHMHYeCKHX peaKilH-
AX, HO H B pafe Apyrux AaeHHi. K TakuM fBfieHHAM OTHOCHTCH
HCnapeHHe JKHAKOCTH.

Jlns McnapeHMs JHAKOCTH HYXHO B3aTPaTHTb 3HAYHTEJbHYIO
sHepruw. Tax, Hanpumep, Ana ucnapeHuda 1 r Boawl mpu 100 °C Hyx-
o 3arpatuTh *) okono 540 kan. Ha ogny moekyay To cocrapas-

. . .107
er™) Q = 2 I5'460 l‘:,)"“138 19~ 7-107B opr, npu T=0°C = 273K
kT = 3,8 - 10~ 5pr; nosromy % /2 20. OtopBaTbCd OT NMOBEPXHO-

CTH XHIKOCTH M MCHADHTLCA MOTYT JIHMIIL Te MOJeKYAH, SHeprus
KOTOPHX NpeBHIIeT TeIVIOTY HChapeHHsa Q) AoJA TaKHX MOJEKys
pasta e~9/(*T), TTostoMy 1 CKOPOCTE HCMapeHHS MPONOPIHOHALHA
e~%/(kT}, 3ameTM, uTo AMA YROGCTBA pacyeToB MPHHATO YMHOXKATH

UHC/HTENb H SHAMEHATeNb BHPAKEHHA . HA UHCIO Asoragpo N4:

kT kNJ,T  RT~

*} Tenora HenapeHuA Mafio 3aBYCHT OT TEMIIEPATYPH: AiA BoAN @ = 540 kan/r
npu 100 °C v 600 xan/r npu 0 °C. B pampueiimen sTofi 3aBHCHMOCTBIO NpeHelpe-
raem.

**) Moaspaas macca Bogsi — 18- 10™2 kr/monb, uHcae Asoragpo — 6 - 107
1 ks =4,18. 107 spr.
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Benuumna QA ecTs Tennora ucnapennus 6 - 102 mozsexyn, T.e. Ten-
JIOTA HCMApeHHA ofiHoro Moad. Beawmuuna kN4 = R ecTb yHHBEp-
cafibHas rA30Bas NOCTOAHHAA, B TenoBHX eAMHULAX:

8,310
R= m s 2 Ka.ﬂ/(K'MO.ﬂh).

TenJsora ucnapeHHs OAHOTO MOJS BOZH paBHA
Qm = 18- 540 ~ 10000 kan/Moab.

TakuM o6pa3oM, CKOpPOCTb MCTIAPEHHS BOAR MPONOPLHOHABHA
£~ 10000/(2T) _, ,—5000/T

PaccmoTpuM HacHineHHH#® nap Hajg nosepxHocTbio Boam. Ecau
nap sBAAETCA HaCHIUEHHHM, TO YHCAO MOJIEKYA BOAM, HCHapsio-
IUXCH B eXUHUIY BPEMEHH, PaBHO YHCAY MOJIEKY/, HaXORUBLIHXCA
B Nape H NPHAMNAIMHX K NOBEPXHOCTH BOZH (KOHASHCHPYIOUIMXCH)
B eAMHHNY BpeMeHH. CKOpOCTL HCNapeHHA paBHA

rae C — nocToAHHasi BeJMYKHA, MPONOPUHOHAABHASA IVIOMAAH MO-
BEPXHOCTH BORH. CKOPOCTb KOHAEGHCALHH NPOMOPLMOHANEHA AaBJje-
HHIO APOB BOAH H TAaKXKe MPONOPUHOHA/ILHA MVIOMAAH MOBEPXHOCTH
pofu. ClefoBaTesIbHO, B ClIyHae HACHIEHHOTO 1apa, KOria CKOPOCTH
HCMApeHHs W KOHAGHCALHU PABHEI:

Dp= Ce—Qm/(RT)

rae Du C — B&JIHYHHH, NPONOPUHOHAJBHEES IJIOWIAAH [IOBEDXHO-
¢TH, ¢nafo 3aBHCAmME OT TeMNEPATYPRE H BOBCE HE 3aBHCALLHE OT

BRI, oThyH p = Fe~Qn/(RT)

rfie NOCTOAHHAA F' He 3aBHCUT OT BeIHUHHKE NAOWIALH [IOBEPXHOCTH
BoAH. TakuM 06pa3oM, YCTAHABRJIHBAETCS CBA3h MeXAYy AaBJeHHeM
HACHILEHHOr0 napa M TeJIOTOA HCMapeHHs.

PaccMoTpuM eme 0OAMH mpoLiecc, MOXOXUH Ha MCmapeHwe, — HC-
TyCKaHUe 3JIeKTPOHOB HarpeTodt 1OBePXHOCTbIO. 3TOT MpPOLECC OCY-
IECTBAACTCA HA KaTome palHonaMi. XoJOAHBN KaTox B NMyCTOTE He
HCIYCKaeT 3JeKTPOHOB *). Oxnako OpH BBHICOKOH TeMnepaType KaTox

*} Ml 31€Ch He paccMaTpURAeM CITYUafi OHeHb CHABHONG SEKTPHUECKOro mons
(10° B/c 1 Gonpine), CMocoGHOrO BHPHBATS SASKTPOHH JaXe U3 XOJOAHOIO KaTo-
na. He pacesatpupaerca Takke BHOHBaHHE SASKTPOHOB U3 KaToaa aeficTereM ceeTa
HaH GomGapiHpoBKON KaTona SAeKTPOHAMH, HOHAMH HAH ADYTHMH YacTHIAMH.
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HcmyckaeT 3AeKTpoHH. [Ipu oToM ecnn Ha aHOA MOOaH IOCTAaTOYHO
BHICOKHH MOJIOKHTEABHEHA MOTEHOMAA, TO aHON NMPHTATHBAET HJEK-
TPOHH H KaXKIBH 3JEKTPOH, oTOpBaBIIMACA OT MOBEPXHOCTH KaToza,
nonanaer Ha aHoA. DASKTPHIECKHH TOK, NPOTEKAIOIHMA B LienH qepea
pajHoJIaMny, paBeH MPOH3IBEAEHHID YHCAA 3JACKTPOHOB, HCMYCKAEMHX
KaTOAOM B €MHHHIY BpeMeHH, Ha BeNHYHHY 3apaAa OAHOro SJeK-
TpOHa.

OnuT NOKA3HBaeT, YTO B ITHX YCJNOBHAX HMeeT MECTO CAeAyIo-
iast 3aBHCHMOCTb CHJAHL TOKAa OT TeMNepaTyp:

I = ge—Q/D),

Beanunna  anA pasmuuHBX Karoob pasauuHa, Hanpumep,
AN Katofa W3 yHCTOro BoabpaMa — = 55000 K, mna karona us

k
OKHCH 6apus % = 30000 K, u, cnenoBaTeAbHO, TAKOR KaTO# MOXeT

paboTaTh npH Gonee Hu3KoA Temmeparype. [lo aapucumoctu I o1 T

MOJMCHO ONPEANHTD BEAHIHHY <. Ipu sToM BenMuHHA @, KoTOpas

BXOAMT B mocaefHolo ¢opMyny, coBnajiaet ¢ SHepruel, Heo6xogHMoH
AJs TOro, YTOGH BHIPBATH SJEKTPOH M3 KaToza ™).

PagnonaMna paer saMedaTesIbHHA cnoco6 H3MepeHHs pacnpejie-
JIEHHS 3JIEKTPOHOB, BHJIETAWIIHX ¢ MOBEPXHOCTH KaTopa, Mo CKOpo-
CTAM NpH AaHHOHA Temnepatype. Ilna sToro mpH HarpeToM Kartofe
JajuM Ha aHoZ HeGOABWIOH OTpHlaTeAbHHH noreHinan ¢. IIpH Ta-
KOM NOTeHUMaNe aHOA OTTAJKHBAET SJCKTPOHH, HCIYCKaeMHe KaTo-
aoM. TNosToMy Goabluas 4acTb 3AEKTPOHOB, He AoJeTE€B A0 aHOAa,
OBEpHET HA3aA H ynajieT o6paTHo Ha KaroA. OaHako SyAyT H Takue
NEKTPOHH, KOTOPHE BCe-TAKH MONAAYT HA aHOA, NMPEONOJICB €ro
orraakupaHue. Jlas sroro HyxHO, uTO6H KHHeTHYecKas SHeprus
3MEKTPOHA, BHJIETEBIIEro C KaTOAA, MPeBOCXONKMA PAa3HOCTh MOTEH-
OHaNbHOW SHEPrud y aHOAA M y KaToAa, T.e. BenuudHy eg. Joas
TAKMX HJIEKTPOHOB paBHA e~*/(*T) Tagum ofpazoM, npH oTpMLa-

TeJLHOM MOTEHIHAMe aHOAA ¢ ToK paBeH ] = Ipe~%%/ (T), rpe Iy ects
TOK MPH NOJOXKHTENBHOM NoTeHuHane. [IpH ocymiecTBAeHHH OnbITa
Heo6XonUMO, YTOOH pacCcTOSHHE MEXIY KaTONOM H aHogoM OO
MaJI0, JJAA TOr0 YTOGH KOJHYECTBO 3JEKTPOHOB MeXIY HHMH He
OHIO BEeJMKO H B3aHMHOE OTTANKHBAaHHE SJICKTPOHOB HE MOBJHAJMO
Ha pe3yJbTaT OMHTa.

*) Sneprus, HeoGXoIMMas ZNiS BHPHBAHHA SJeKTPOHa, MOXKeT ONTh oflpeieNeHa
LpYruMH cniocobaMu.
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CoBerckHli yueHH! akageMuk A. . Hodde npennoxun Henosb-
30BaTh 3TO ABJeHHE JJIA NPAMOTO NpeBpalleHHs TenJoBOH SHepruH
B dJieKTpHyecKylo. Ecau asieKTpoHH MAYT ¢ KaToAa Ha OTPHLIaTeJabHO
3apAKeHHHH aHOZ, TO B HENOM TaKasd CHCTEMa ABJIAETCA HCTOYHHKOM
HaNpsaXeHHA: BO BHeIIHeH Lend MeXJy OTPHLATeNbHO 3apsiKeHHKIM
AHOJOM W NOJIONHTEJNBHEIM KaTONOM TOK MMeeT TaKoe HamnpaBJ/eHue,
uTO OH copepiiaeT padory. Tako#i cnoco6 NoMyIeHHS SJIEKTpHYECKOro
TOKA 3aMevaTe/ieH OTCYTCTBHEM KaKHX 6l T HM GBMO ABHKYIIMXCA
yacref, npuHNUNHaJpHOA mpocTOTOH cXeMH. B 3TOM OTHOWEHHH
TaKo#l cnoco6 MoxoX Ha mofyueHHe 3JeKTPOIHEeprHH NpPH [OMOILH
TEPMOSJIEMEHTOB, TAKXKe OCYILISCTBJCHHOE akaaeMuKkom A, @. Hodg-
¢e. Bo BceM Mupe IMHPOKO BeAyTcA paGoTH MO NpaKTHHECKOMY
NIPUMEHEHHIO HOBOTO crocoba.



IF'nasa VIII

3JEKTPHYECKHE IIEITH
H KOJEBATEJBbHBIE ABJIEHHA B HUX

§ 1. OcHoOBHbIC NOHATHA M SIUHHMIBI H3MEPEHHUS

B zacty VIII paccmatpusaxTcs AB/eHHA, NIPOHCXOAALLHE B 3JIeK-
TpHYeCKHX Henax. OCHOBHHIMH 3JIeMEHTAMH 3JEKTPHUYECKOH LenH
AIBJIAIOTCSA CONPOTHBMACHHSA, eMKOCTH, MHAYKTHBHOCTH, HCTOUHHKH TO-
Ka (HanpsXeHHs).

Tak xe xaK H B APYTHX Y4CTAX, NOCBAHIEHHRIX TNPHMEHEHHIO
MaTeMAaTHKH K (H3HYECKHM BONPOCAM, Hallle H3J0XKEHHe He npei-
HA3HAYEHO ANA Jamensbi yueOHHKA (PHAHWKH, a CKopee ABAsETCA AQ-
NOJHeHHeM, Pa3BHTHEM H YTOUHCHHEM TeX SHAHMH, KOTOPHE Aaer
IDKOJLHHEA yueOHUK ¢(usuxy. IlosToMy ageck MH TONBKO BKparie
HanoMHHM ONpefeJieHUs CONPOTHRIEHHS, eMKOCTH H T. . H eHHHLKI
HX H3MEepeHHd, CUHTad, YTO B IIKOJbHOM OObeMe OCHOBHHE IOHATHA
H3BECTHEI YHTATEJIO.

Koauuecmeo snexmpuuecmea onpefiesineTcn KaK pPasHOCTb KO-
JHYECTBA MOJNOMKHTEABHHX 32pAMIOB H KONHYECTBA OTPHUATENBHBHIX
aapapoB. Obo3nayaeM ero ¢. [loasayeMen cucremoit eguaun CH, Tax
4TO efWHHIEN KOJIHYeCTBA 3JeKTPHYeCTBa ABJSETCH Kya0H (COKpa-
menHo — Ka). DneMenrapubifi 3apsl — sapsAl NPOTOHA — paBeH
ep = 1,6 - 10719 Ku, sapsn snextpona pasen e, = —1,6 - 10719 Ka.

Cusa moxa (MNH KpaTKO MOK) ONpeReNAeTCH KaK KOJNHUECTBO
3MEKTPHYECTBA, [IPOTEKAWLIEee B €NHHHIlY BPEMEHM uepes momepey-
Hoe ceyeHHe mpoBogHHKa. Cuay Toka Gylem o0603HauaTh uepes I.
B cucreme CH efinHHL 32 ¢IHHHLOY CHAH TOKA MPHHHMAeTCH TaKad
CHJIa TOKA, NpH KOTOPOH dYepea MONepevHOS Ceu¢HHe MPOBOXHHKA
3a 1 ¢ opotekaer 1 Ka. Ora eaguHHua HOCHT cnenuaibHOe Ha3BaHHE
axnep (cokpaieHso — A),

aMnep = Kynonfcexynna.

HanpapsenneM ToKa HasHBaeTcs HampaBJeHHe, B KOTOPOM JOJK-
HBl OBJIH OH [ABHTATHCH MOJMKHTENBHBIE 3apANB AAS TOTO, 4TOOH
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co3jars AaHHHHA ToK. B neficTBHTeNbHOCTH B MeTaaAHuecKHUX Mpo-
BOAHHKAX MONIOKUTe/IbHEE 3aPAAH HEeNOABIKHE, 8 TOK TeueT 6aaro-
Aapsa ABWXEHHIO 3MeKTPoHOB. Teso, sapsiKeHHOE NOJNIOXHTEALHO, —
9TO, K&K [IPaBH/O, TeNO, KOTOpOE MOTEPAAO Y4CTh CBOHX JEKTDOHOB
(TonBKO B pelKHX cAydanx MOACKUTENLHNH 3apAfl ecTh pesyAbTaT
TOrO, UTO TeNIO NpUOGPeNio NONOKHTEALHHE 3apiiH). OTpHLUATeALHO
3apAXEHHOS TeNl0 — 3TO Tel0, KOTOpPOoe MNpHOOGpeNo H3GHTOUHEE
aneKTpoHH. HanpapaeHne Toka ecTb HanmpaB/eHHE, NPOMUBONGAONC-
HOe TOMY Hanpas/ieHHIO, B KOTOPOM B NPOBOZHUKe ABHXKYTCH SJeK-
TPOHH.

Srexmpuveckum nomenyuasomn JaHROA TOYKH HasHBaeTcH 0-
TEeHUMANbHAA 3HEpPrHdA, KOTOpoH o6nandeT NOJOXKUTeNbHHHA sapan
B 1 Kn, noMemennu#i B ganuyio Touky. Ilpu 3TOM cuuTaercs, uTo
3NeKTpHUeCKUk MOTeHLMAN 3eMAH paBeH Hymo. CaenoBaTeabHo, pa-
BeH HYAI0 NMOTEHLMaA TOH TOUKH CXeMH, KOTOpas COeIHHEHAa ¢ 3eM-
Jefl MeTaAAHueCKHM NPOBOXOM (¢3a3emaeHar). Enununedl notenuu-
ana B MPAaKTHYECKOR CHCTEMe eNMHMIL CAYXHT so4vm. IloTeHuman
TOYKY paBeH 1 BoasTy (1 B), ecan sapaz B 1 K, nomemenHu#i B a1y
TOYKY, oﬁaa.u.ae'r noTeHUHaNbROA 3Heprue#t B 1 mxoyas. Jxoyns
papen 107 spr. IloTenuuanbuas ueprus u 3apsia ¢, NOMEMEHHOTO
B TOUKY, TA€ MOTEHLHAN PaBeH ¢, ecTh

% (Zxoyab) = g (KyaoH) - ¢ (BONBT). (1.1

Ilpu aToM Hago npeacTasaath cebe, UTO ¢ MaJ0, TAK KAK ecjd
NOMECTUTb B JaHHYI TouKy Goabino#l 3apas (Hampumep, 1 Ka), To
OT 3TOrO0 M3MEHHTCH caM NoTeHuHan ¢. [losToMy Ayuile cka3aTs,
YTO NOTEHLHAA — 3TO Ko3dduuueHT npu ¢ B dpopmyne (1.1).
Pa6ota A, KoTOpYi0 COBEpUIMT 3apAA, NepeXond M3 TOUKH, The
NOTeHIHAA paBeH @), B TOUKY, B KOTOPOi NMOTEHI{HAA DaBeH g, ecTh

A=u —u = q(p —92).

Tak xe Kak B0 Bce (puU3MUeckHe pe3yJbTATH B MeXaHHKe BXO-
OUT TONBKO PA3HOCTH MOTeHIHAAbHBIX SHEPTHH, TaK B Y4eHHH 00
3JeKTpHYecTBe B (IOPMYJH BXOAMT BCErZA PA3sHOCTb NOTEHIHAAOB.
Ko BceM noreHumanaM Bo BCeX TOYKAX MOXKHO [IPHOGABHThH OXHHAKO-
BOe ¢/araeMoe, — pasHOCTb NOTEHIHANOB OT 3TOTO He H3MeHAeTcA.
IMoasroMy moTeHUHaNA B KakoH-HHOVAL OXHOH TOUKe CXeMH MJH an-
napata Bceria MOXKHO BHOpaTh NPOHU3BOJILHO, HANPHMEp, NMOAOKHTD
paBHEIM Hy/0, OIHAKO MOC/e STOrO MOTEHIHANL BCEX APYTHX TOUEK
CTAHOBATCA BMOAHE oNpefesieHHEMH, FiMeHHO 3TO0 06CTOATEABLCTBO
NO3BOJIMAO HAM NMPHHATL 32 HYJb [IOTEHIHAM 3eMJIH.
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PaccmoTpuMm KoHAeHcartop (puc. 169), cocrosmmit us gByX na-
pamneasuuix maacTHH. Onna U3 naacTHH (f1eBas) MOXeT OHTB co-
elHHeHa ¢ KaKMM-IHG0 HCTOUHHKOM Hanpsxerns. KosuuecTso saex-
TPHUECTBA HA JIeBOH IIACTHHE NPSAMO NpPONOPLHOHAMBHO DAa3HOCTH
MOTEHIHANOB IIACTHH KOHAGHCATOPA @c:

g=Coo, '_éi PT=_

NPHYEM pASHOCTL NOTEHIHANOB OfpefessaeTcs Puc. 169.
KaK NoTeHUMa A JAeBofl NAaCTHHH MHHYC MOTeH-
UMan NpaBoi NaacTMHH. Tak Kak Ha pHc, 169 npasas mnacTuHa 3a-
3eM/IEHAa, TO (¢ B STOM C/Iyuae paBHO NOTEHLHANY JIeBOH MJACTHHH.
Kospduuuent nponopuuoHantHocTH C' HA3HBAeTCA eMKOCMbIO
KOHAeHcaTopa. 3a elHHHOY €MKOCTH NpHHUMaeTes dapada (cokpa-
meHHo — ®). 3To eMKOCTh KOHAEHCaTopa, y KOTOPOro pasHOCThb
noTeHnpanos naactud 1 B npu sapage 1 Kn, 1078 @ naswmsaercs
xuxpogapada, 10-° ® — nanogpapada, 10~12 & — nuxogapada.
Ha nipaBoii nnacTHHe KOHIEHCATOPA CKAMMHBAETCH PaBHOE IO Be-
JHYHHe H MPOTHBONOJOXKHOE 10 3HAKY KOJHYECTBO 3JEKTPHUYECTBA.
O6o3Hauaa oAHy IJIaCTHHY KOHeHcaTopa uepes A, Apyryio yepes B,
NOJIYYHM:
ga=Cyc, ¢8=—qa=—Cec.

DeKTpHYeCKHA 3apsAx €CTh COXPAHAIOMANCA BeAWYWHA, HH NpH Ka-
KHX NPOLIECCAX HE BOSHHKAIOT H He HCYe3alOT SJeKTPHYESCKHE 3apAAH
OHHOTO SHaKA *). VsMeHeHHe 3apsifa MIacTHHH KOHAeHcaTopa A cBs-
3aHO C TEM, YTO 3apAX C TWIACTHHH YXOAHT KYAa-TO B APYroe Mecro,
HanpuMep, B Touky D, no nposoaoke AD (puc. 170).

| L
—I)—: | 1 _L
A B =
Pue. 170.

Ecnu B nanpaenerun ot D Kk A (caeBa HanpaBo) tTeder ToK I,
TO 3a BpeMA di uepes NoNepevyHOE CedeHHe NPOBOJHHKA mpodgeT
KOJIHYECTBO aJekTpuuectsa [ df, mosroMy

dgs = Idt, nam %=L

*} [Py BOIHHKHOBEHHH HIHM HCUESHOBEHHH ABYX NPOTHRONONOKEE JAPANEHHBX
9acTHIL ¢ paBHHM No alconioTHoll BeAHHHE 3apAACM HOAHHH MEKTPHIecKHE aapy
CHCTEMH He HaMeHSeTCs.
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PaccmoTpum Tenepsb, OT uero 3aBHCHT CHJIa TOKA, TEKYINero mno
npoBoZHHKY. ITo 3akoHy OMa cusa TOKa NponopiuHoHaibHA Pa3HOCTH
NOTEHIMAJIOB Ha KOHLIaX NMPOBONHHKA, NIPHYEM TOK TedeT oT GoJblie-
ro NOTeHlHaAa K MeHblIeMy. TakuM ofpasoM,

I =k{gp — o). (1.2)

BeawunHa k nonoxuTenbHa H HasHBaeTCs NPOBOAHMOCTLIO.
BeauuuHy @p — @4 0603HAYHM Hepe3 @g. ITO €CTh DA3HOCTD

NOTEHL{HAJIOB Ha CONMDOTHBJICHHH R, MpHYeM BeJIHYHHA Qg ONpeXe-

Jgfercd (Kak # @¢) KaK NOTEHUHAN CJI¢BA MHHYC INOTeHLMAJ CNpaBa.

O6paTHad BeJAHYHHA ; HA3BIBACTCH CONPOTHBJCHHEM MPOBOAHH-

Ka u o6o3HadaeTcs 4epes K. Enunuia conpoTHBieHHA HAa3HIBaeT-
cA oM. JT0 CONpOTHBJEHHE NMPOBOAHHKA, N0 KOTOPOMY TeueT TOK
B | A npH pasHOCTH MOTEHNHAJIOB HA KOHUAx npoBogHHKa B 1 B.
3akoH Oma (1.2) MOXHO 3anmuCaTh TaK:

= %*, wm g = RI. (1.3)

Hemounuxom ranpaxenus B LenH MOXeT OHTb, HaNpHMeEp,
rajbBaHHUecKHA 3fiemeHT, Ha mosocax s/eMeHTa HMeeTcd onpefie-
JieHHasl pasHOCTb MOTeHUMa0B. [IpHOIHKeHHO MOXKHO CYHTATh, 4TO
9Ta Pa3HOCTDb MIOTEHIHAJIOB He 3aBHCHT OT TOKA, NMPOTEKAIOHIero ve-
pes saeMeHT. B 4acTHOCTH, B 3/1¢MEHTE TOK MOMET Tedb B CTOPOHY OT
Oosice HH3KOro MOTEHUHMANA K 0oJice BHICOKOMY NMOTeHUHANy. Uepes
COMpPOTHBAECHHE TOK BCerfa Teder oT GoJiee BBHICOKOTO NOTeHIMANA
K Gonee HH3KOMY, MOJOSHO ToMy KaK Mo TpyGe, coefuHsomeli ABa
€OCyma, BOAA TeUET M3 COCyAa, B KOTOPOM YDOBEHb BOAL! BRIIIE,
B COCYZ, B KOTOPOM YPOBeHb BOIEI HHME.

daeMeHT noaobeH Hacocy, KOTOPHA MOXeT 3a6HpaTh BOAY B HHX-
HeM COCYAe H MOIHHMATb €€ B BEPXHHH COCYA, T.&. 3aCTaBJATH
BOAY NepeABHratbes CHU3y BBepX. M paGoTH Hacoca HeOOXOAMM
KaKoH-TO BHEIIHHH HCTOUHHK SHEPTHH, NPHBOAALIMA HACOC B IBH-
XeHue. TOUHO Tak e, KOTAa Yepes 3JieMeHT MPOXOAHT TOK oT SoJdee
HU3KOTO K GoJsee BHICOKOMY NOTEHUMANY, B 3JIEMEHTe [IPOHCXOIAT
XHMHYeCKHe peakuWH. SHeprus 3THX XHMHYECKHX peakuHi B dJe-
MEeHTe NPEeBpalaeTca B SJEKTPHIECKYI0 SHEPTHIO.

PasHocTe TNOTEHLMAJIOB, KOTOPYIO HaeT 3JeMeHT, Ha3hBaeTcs
3NIEKTPOABHXKYLIEH CHJIOH, HAH, KOPOTKO, 3. 1. C.

PasHocTh NOTEHUMANOB Ha 3JIEMEHTe, B3ATas KaK MOTeHLHaJl
cnieBa MHHyC noreHnwan cnpaea (puc. 171), paBHa MuHyc 3.71.c.
SJIEMEeHTa

91— 92 =&
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B neficTBHTEABHOCTH 3. A, C. HECKONBKO 3aBHCHT OT CHAHN TOKA, {Ipo-
TeKawmero 4Yepes aveMenT. Korza Tox Tteder (Ha pHe. 171 cnesa
HanpaBo) B HampaBJeHHH OT GoJiee HH3KOro MOTeHUHaJsa K Gofee

5 r
Fi | 2 1 3
Puc. 171.

BHCOKOMY (T.€. B HOPMaJbHOM pexume pabOTH 3JeMeHTa, KOraa
OH MPOH3BOAHT 3ACKTPHYECKYI0 SHEPTrHi0), 3.4.¢. & yMeHbwaercs
C yBeJHYeHHeM CHJH TOKA. [IpHOAHXKEHHO MOXHO CYHTATH 3. A.C.
MOCTOAHHOA, HO HoJee TOUHO

E=a—rl. (1.4)

dneMeHT, 3.7.C. KOTOPOr0 He 3aBHCHT OT CHJR ToKa I, Gylem
Ha3HBaTh HAEA/bHHM 3JeMeHTOM.

PaccMOTpHM noc/eZoBaTeAbHOE COENMHEHNe HeAIBLHOTO 3JIeMeH-
Ta ¢ 9. A.¢., paBHOH @, H conporueJenus r (puc. 171). Toraa

Pg =01 —92=-0, ¢ =@~ g3 =7I;
MO9TOMY

f—=(0—9)+(ee—0)=-a+rI=—(a—rl)=-&.

Beamunny r B dopmynie (1.4) HasHBAIOT NMO3TOMY «BHYTPEHHee CO-
IPOTHBJIEHHE» 3JMEMEHTA: peaJbHEH 3JeMeHT, ¢ KOTODHM MH HMEeM
Aenio, ¢ 3. A. ¢, yAopaeTBopsiomett opmyne (1.4), naeT Takyio Xxe sa-
BucHMOCTb & or I, KaK coelliHeHHEE NOC/ef0BaTe/bHO HAeaNbHEIM
S/IEMEHT W COMPOTHBJIEHHE 7. 3a BeIMUHHON @ COXPaHAIOT Ha3BaHHe
3. 1. C. PeajlbHOTO 3JeMeHTa, HMeA B BHIY, YTo nph I =0 & =q,
a nafiesse 9. 1. c. npu I # 0 xapakTepusyercs BeJHIHHOH T *).

B nanpHe#wem nmpH pacCMOTPEHHH SJIEKTPUYECKHX LeneH, B KO-
TOPHE BXOBHT HCTOYHHK TOKA, HANPHUMEP, SJEMEHT H pPasiHYHHE
COMPOTUBJIEHHSA, MOXKHO MPEICTABHTL cele, YTO HMeeM AeN0 ¢ Hie-
a/IbHHM 3JIEMEHTOM C TOCTORHHOH, He 3aBHcdAlliedl oT TOKa 3.1.C.,
a BHyTpPeHHee CONPOTHBJICHHe r OObLEAHHHTh ¢ BHEWHHM COINpO-
tbleHneM R. Takum ofpasoM, peaieHuil SJeMeHT ¢ BHYTPEHHHM
COMPOTUBJIEHHEM 7', BK/IOUeHHHIA MOC/IeloBaTe/IbHO C CONPOTHBJCHH-
eM R, sKkBHBaZeHTeH HAeaNbHOMY 3JIEMEHTY, BKJIOYeHHOMy mocJe-
ZOBaTeNbHO ¢ conpoTHBaeHHeM R = (R4 ).

*} Tax kak npH pasoMKHYTOll eI TOK paBeH HYMO, TO 3. A, ¢. MOXHO Onpelne-
JIHTh KaK PasHoCTb NMOTEHUHAJOB PAsOMKHYTOrO SJeMeHTa,
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Caezyer eme pa3 opaTHTh ocoGoe BHUMaHHE Ha Pas/H4IHe MeX-
Ay COTMpPOTHBJEHHEM M HCTOYHMKOM HanpsikeHHA. Eciu B Kako#i-To
IIeNH Ha CONMPOTHBJCHNH MMEETCA PasHOCTb MOTEHINAN0B TaKas, 4To
2 > 91 (puc. 172), To, no Hamemy onpefeseHHIO, §r = ¢ — P2 < 0,
T.€. Qr OTPHULATENbHO; CAeAoBaTeNbHO, no dopmyae (1.3) u Tok
OTpHLiaTeNeH. 3HAYMT, TOK TedeT CHpapa Hajleso, oT 2 K I, Teneps
NyCTh PasHOCTb MOTEHLMAJIOB TAKOTO JKE 3HAKA MMEeTCA Ha KOHUAxX
HCTOYHNKA HANpsXeHus, NpuyeM sapucumocts & or I maerca dop-
mynolt (1.4) (puc. 171). IlycTe npn sTOM @3 > @1, HO 93 — @] < a.
Tornarl =1 —g@s+a=a—{(¢3—¢1) >0, T.e. I > 0. IMosTomy
TOK Te4eT C/ieBa HanpaBo, HECMOTPA Ha ToO, YTO
n— NOTeHUMAA ¢ CAEBa MEHKIIe, YeM NOTeHIHa @3
_l_|I|_L cnpaBa. TakuM o6pa3oM, HCTOUHHMK HaNpAKeHUs
Puc. 172. criocoGeH npeofiofeBaTh PasHOCTL HampsuKeHHi
M JapaTh HOJIOXKHTEAbHEIN TOK (CJeBa Hanpaeo)
Npu oTPHUliaTeAbHOH pasHocTH NoTeHuuanos (@1 — ¢3 < 0), ecam
TOJIBKO 3TA OTPHLIATeNbHAA PAaSHOCTH MOTEHLUAJIOB N0 AGCOMIOTHOM
BeJIMYMHE He MpeBHINaeT 3. J.¢. HCTOYHMKA. Mexay TeM compo-
THBJIHHE NPH OTPULATEAbHON Pa3HOCTH NMOTEHLUMAJNOB Beeraa jaer
OTPHLATEABHHH TOK.
B yactHOM cayuae (puc. 173), ec/iu aneMeHT ¥MeeT BHYTpeHHee
CONMPOTHUBJCHUE T, 3 BO BHeIUHe# Leny BOCAENOBATeNBHO BK/IOYEHO
compotuenenne K, Tox onpeneasercs

4 I __8&

Ji—l}_;‘I"—I dopmynoft I = s
PaccMoTpuM  Tenepe HMHAYKTHB-
HOCTh,  SlpJeHHe  MHAYKTHBHOCTH
Puc. 173. CBA38HO ¢ MAHWTHBIM MO/JEM, BO3HHMKa-
I0IMM B NPOCTPAHCTBE, OKpYKalolieM
HPOBOIHUK, KOTAA MO MPOBOXHHKY TeueT TOK. 3To MarHMTHOe moJe
0COGEHHO BEJHKO, eC/IH MPOBOAHMK MMEeeT BHA KATYIIKH ¢ GOJBILMM
YuC/IOM BHTKOB, [osie emie Gosiplle yBeJHUMBaeTCs, ec/d KaTYIIKa

HaMoTaHa Ha JKele3HhH cepledHHK.

B cBol0 oyepeab MarHWTHOE NoJie BHS3EIBAET IEKTPUYECKHE AB-
neuns. UapecTHo, 4To KaXaHil BUTOK (M Jarke Ka)kasd 4acTh BHTKA)
KaTyIKY NPH HaJAUYHH MEepeMEeHHOre MAarHMTHOTO MOJSA CTAHOBHTCA
HCTOYHMKOM Hanps:KeHHA, CTAHOBHTCA MONOGHBHIM rafbBaHUYECKOMY
saeMeHTy. B kaTymxe, B KoTOpo# BHTKHM HaMOTaHH TaK, YTO TOK
OOXOINT CEpHeYHHK KATYIUKA B OfNHOM H TOM e HaNpaB/ieHHH
H4 BCeM MPOTAMEHWH KATYIKHW, BCE 5TH HCTOYHMKH HaNpAXKeHHs
COE/lMHeHH MOCAeA0BATENLHO, TAK YTO HANPAXKEHHA CKJAAAHBAIOTCA.
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B nesnoM Kartyllka SKBUBaNEHTHA MCTOYHUKY HaMpsAXKeHHA ¢ pas-
HOCTBIO MOTEHLHANOB, NPONOPLHOHAALHON CKOPOCTH HSMEHEHHs Mar-
HHTHOro nosig. Ho MarHuTHoe moje B KaTymike NpPONOPUHOHAJLHO
cufle ToKa B Katymxe *). [TosToMy CKOPOCTL HSMEHEHHS MarHHTHOTO
NOAA NpONCpPUUOHAJLHA CKOPOCTH H3MEHEHHA ToKa, T.e. NPOU3BOA-

Hol -g- OxoHyaTeabHo B Katywmke (puc. 174)

dr
p=o-e2=L=, (1.5)

NpUYeM 32 NOJIOKHTENbHOe HaNpaBieH!e TOKA IPUHATO HANpaBJAeHHe
oT I K 2 BHYTPH KaTYHIKH, 2 BEAUYNHA ¢f, €CTh PASHOCTH MOTEHLNA-
JoB Ha kaTymke. OHa onpegeaseTcs

KaK NOTeHNMald ¢p CJAeBa MHMHYC no- I——

TEHIHaN g cnpapa. PaccMaTpupas no- -—l—fo'ommj\—L
Ipo6HO HanpaB/ieHHe MarHHTHOTO MOJA L

H 3. . ¢, HHAYLHDYeMYIO IIDH ero nsmMe- Puc. 174.

HeHHHM, MOXHO AOKA3aTh, YTo KoddPu-
uuent L B sTolt dopMyne (TaK HasHBaeMas HHOYKTHBHOCTh) BCETAA
NCACKUTEICH.

Us dpopmynu (1.5) caexyer, uTo ecau % <0, 1009 —92<0,

T.e. g3 > @1. TakuM o6pasoM, eclM TOK noacxkuresneH (Teyer or [
K 2) H no BeAMYMHE yMEHBIIAeTCA, TO KaTYIIKa UrpaeT poJb 3Je-
MEeHTa, NOAAEPKHBAIOLIEro B [eNHH NoJoXUTENALHHA TOK, HeCMOTpA
Ha To, uTo ¢z < 0. Ecay xe ToKk nogoxuresieH H YBeJHIHBAETCH,

T0 o > 0, nostoMy @z > 0. B sTOM cAydae KaTyIlKa UrpaeT poas

ZI0GAaBOUHOrO CONMPOTHBJCHHS, TAK KAK B 3TOM C/AyYde HA KATYMIKe
PASHOCTL MOTEHNMANOCB NOACKUTENbHA NPH MOJOXKHTEBHOM TOKe
[cpaBruTe ¢ (1.3)].

CyumiecTBeHHO® OTIMYMe KATYUIKM OT HCTOYHHKA HANPAXEHHA H
OT CONPOTHB/CHHS 3aK/AKOYAETCA B TOM, YTO BEJHHHHA @y SaBHCHT

al
He OT B&JMYHHH ToKa I, a oT CKOpPOCTH €ro H3MeHeHHHd E

Kosgguument L B ypaBHeHHN HOCHT Ha3BaHUE «MHIYKTHBHOCTD
KaTywku» (paHbile ynoTpeGasanoch BHPAKEHHE «CAMOUHAYKLIMSA»),

*} My He SynesM paccMaTPHRATH cAYHafi, KOTAa HA OHOM CepIeyHHKe HAMOTAHK
Ape KaTYIKH, T.e. TpaHChopMaTop, cEA3bBAOIHE Mexay coboff aBe ssexTpuye-
CKHE L2NH, B KOTOPHWX TeKYT pasHhule TOKH.

He paccmarpusaioTca Tarke caydan Gosee cnoxHol 3aBHCHAMOCTH MarHHTHOTO
NOMA OT TOKA, KOrla B KATYIIKY BCTaBJeH eXesHHA cepfleyHHK M CHJa TOKa TaK
BeJHKE, UTO XeJe30 «HachlINaeTens.
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EQvHAL2 MHAYKTHBHOCTH HAa3HBaercsl 2enpi. EclIM HHAYKTHB-
HBOCTh KaTymKH paBHa 1IH, TO 5T0 3HaYHT, 4YTO NPH CKOPOCTH
N3MeHeHWsl ToKa, pasHo#t | A/c, B KaTyllke BO3HHMKaeT pasHOCTb
noteHnuakos B 1 B. PaaMepHOCT: HHAYKTHBHOCTH moslydaeM H3 dop-
Myan (1.5):

reHpH = BOJILT - CEKYHAa/aMniep.

Yacro n/f KPaTKOCTH FOBOPAT NPOCTO «HHAYKTHBHOCTD L, BMe-
CTO TOro yToSH CKasaTh «KaTylllKa, HHIYKTHBHOCTb KOTOpPOH paBHA
L». TosopAT TaKkxe <«eMKOCTh C'» BMECTO <«KOHAEHCATOP, eMKOCTh
kotoporo pasHa C», TouHo Tak xe rosopat o6 3.x.c. &p, BMecTo
TOro 4TOGhH rOBOPHTH O raJbBAHWYECKOM BJEMEHTE MJH HCTOYHHKe
BanpsKeHHA.

H3 cxa3aHHOTO BHAHO, YTO HHAYKTHBHOCTb BJHSeT Ha TOK B Ile-
ny¥, nofoGHO TOMY KaK MHepTHas Macca (MAXOBMK) BJHAeT Ha CKoO-
pOCTh ABMXKeHHMs: HHAYKTHBHOCTH MPENATCTBYeT H3MeHeHHIO TOKA,
Macca — 10 BTOPOMY 3aKoBY HbloToHa — npenATcTBYeT H3MEHEHHIO
ckopoctH. [lonpoGuee sTo cxoacteo Gymer paceMorpeso B § 4 sroit
T/1aBLL,

C TOYKH 3peHMH Aa/BHEANIHX PACYETOB €MKOCTh, COTNpPOTHEJE-
HHe, 9. J. ¢, H HHAYKTHBHOCTL HMejoT Mexjay coboii ofinee cmoil-
CTBO — B CXeMe BCe OHH NPHUCOEAHBAIOTCS ABYMA NpoBofgaMH (B OT-
AW4YHe, HanpHMep, OT TpaHcdopMaropa, HMEIONIero YeTHpe BHBOAA,
WJIH PaAMOJIaMMK, HUMelled TPH BHBONA — aHOA, KaToA, YNpaBJs-
iomas cetka). [IpuGopsl, KoTopee BKJIOYEHH B CXEMY NpPH NOMOLUA
JBYX MPOBOAOB, HOCAT HAsBaHHe ABYXNOJMIOCHHKOB. [IpHGOpH, BKJIO-
yaeMbe TNpPH [OMOIIH YeTHpeX NPOBOAOB, HA3LIBAIOTCHA YETHpEXIo-
NocHAKaMH, B cxeMe KaxAHA /eMEHT -~ eMKOCTh, CONPOTHBJCHHE,
9. A.C, H MHAYKTHBHOCTb — XapaKTepuU3yloTcs B KaXAui paHHHHA
MOMEHT BpeMeHH OnpefieJieHHHM TO-
KOM, KOTOPHH HpoXoAWT Yepes STOT
i@' 4 A 2 3nement, H onpeneseHHOR PasHOCTEIO

NOTEHIHANOB HA BXOMe ¥ BHXOJE.

MoxHO npeAcTaBUTH cefe 3aKpH-

+® - | thifi aumk S (puc. 175) ¢ aByms
TOpYAIAMHM M3 Hero nposofiamMu A
Puc. 175. H B. BHyTpH amuka Moxer OHTH

uro yroauo: R, &, L, C. IToakaiouum
K fIHKY aMnepMeTrp A ® BoArrMerp V. [lpH BKAKOYEHMH, noKa-
3aHHOM Ha puc. 175 (3HaYKH «+» U «—» COOTBETCTBYIOT HANMUCAM
HAa K/MeMMaX aMIepMeTpa ¥ BOJIBTMETPa), aMIepMeTp M0Ka3HBaer
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tok I, npymmii B HampaeJeHuH oT A K B. BoasTMerp mokasmiBaer
PASHOCTL MOTEHLUANOB Py = Q4 — PB.

Or Toro, YT0 HaXOAMTCH BHYTPH FIIMKA, 3aBUCHT CBASH MEXAY
og ul:

B cJydae CONPOTHURJEHUA oq = RI, (1.6}
B caydae 3. 4.¢. *) &, ox = — &, (1.7)
B clyyae MHAYKTHBHOCTH L ¢ =L % (1.8)
¢
B cydae eMxoceri **) O og = (@a)o + é II dt (1.9)
]
dog _ |1
(HJ“I E——EI). (1.98)

B HeKOTOpPHX cAyyasx OCYIIECTBASIOTCA M GoJice CJAOXKHHE 3a-
BUCHMOCTH. TaK, HanpuMep, BHMOPAMHTENb TOKa (ABYX3JeKTPOAHAR
JlaMIla WM TNOAYNPOBOZHUKOBHI OMOA) He NMOAXOOMT HH NOJL ONHY
ns dopmya (1.6)-(1.9). Onuako B GoNBWOM YHCNE BAKHHX BO-
[POCOB MOXKHO OrpaHHYNTLCA PACCMOTPeHHeM SJIEMEHTOB cXeM, AAaf
KOTODHIX C Xopowel TOYHOCTBIO BHNoaHATes (opmyan (1.6)—(1.9).
Huxe GyneM paccMAaTpHBATL UMEHHO TAKHE CXeMH, KpoMe nochen-
Hero § 16, rae chnemuaJLHO pacCMaTpHBalOTCA CBOHCTBA KOHTYpa,
B KOTOPHIH BKJIOYEHO YCTPOHCTBO €O CJOXKHOIH 3aBUCHMOCTBIO TOKA
OT PASHOCTH MOTEHLIMAJO0E,

i sostiv 3 A.'l By ]

Puc. 176.

PaccmoTpuM cxemy, nsoGpaxeHHyI0 Ha pHc. 176. Bunnmem na-
JieHUe HalpAMXeHHA HA OTAENLHHX 3/IeMEeHTaX CXeMEl:

¢c = (PAO - ‘ch’ “PL = ¢AL - ‘pBL' (l 10)
QR = Qax — PBa, Pz = P4, — 5, '

*) BuyTpeHHee CONPOTHBACHHE 9. X, C. He YUMTHBACM.
**) ga = Cog, % = I, otRyaa % = éf. Ecav B HavadbHBK MOMeHT

t
BpeMeHH t = o, 9a = (9q)o, TO 9a =(“)°+é‘[!d&
ty
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3ameTuM eule, YTO @5, = PAg, PBr = PAr, §B; = Qa,; [OITOMY,
CJIOXHB NouNeHHO Bee paseHcTsa (1.10), noaydum

9c + Or + 0L + 95 = P4, — 9B,-
Ecau nens puc. 176 samkuyTa, T0 94, = ¢p,- B 3T0M cayuae, cne-

IOBATEALHO,
oc+or+9L+oz=0. (1.11)

310 ofulee paseHCTBO BMecTe ¢ BHpaxeHuaMu (1.6)-(1.9) noaHo-
CTRIO ONpefeNseT BCe MPOIEcCH B Hend. Huxe GyaeM, moansysach
STHM PABEHCTBOM, PACCMATPUBATh PASJIHYHHE LIENH, HAYMHAA C Ca-
MEIX MPOCTHX, COCTOSIUUIMX TOABKO M3 ABYX S/EMEHTOB,

§ 2. Paspsn eMxocTH Yepe3 cOnpOTHBJIEHHE

PaccMoTpUM mnpollecc, NPOMCXOASWIMA B IenH M3 eMkocTH C
u conpotusaenna R (puc. 177). Iloternuan toukn A o6o3BauuM ¢
(npoTUBONOIOKHAA NAACTHHA NYCTh 3asemJecHa)., Brauane nycTs
¢ = ¢p. CooTeeTCTBylOIEEe KOJAHYECTBO
4B sJeKTpHuecTsa Ba maactuHe A, g4 = Coyp.
’d | ?3 l MoXHO AU TOBOPHUTH © TOKe, HAYIIEM
P yepes eMkocTs? B KoHaeHcarope ame mnaa-
| cTuHH passerenn M3oasaTopoM (HanpuMep,
=  BO3NYXOM), TaK 4To0 B AeHCTBUTE/ILHOCTH
Puc. 177, SJIEKTPOH He MOXET NPOATH Yepes eMKOCTb,
T.e, nomacts M3 A B B. OnHako ecamn Ha
MJAACTHHY A nonafaer NoJCKHTENLBHA 3apsf, To naacTuHA B aapa-
XKAeTCH OTPULIATE]bHO, TAK YTO € MJACTHHH B Mo NpoBOAY YXOAMT
nonoXUTeNbHHH 3apaa (TOK Takke MAeT cjesa Hanpaso). Jlpa am-
nepMeTpa A; H Ay, OIMH U3 KOTOPHIX H3MepAeT CHAY TOKa B npoBoAe,
NpHCOeNUHeHHOM K mnacTuse A, Apyroii — B mpomomie, MpHCoeRy-
HEeHHOM K MJacTuHe B, HaloT ofHHAaKoBHe NoKazaHHA, UToc MMeHHO,
MOJIOXHUTENbHEE 3apAfH HANW 3JeKTPOHH, NPOXOAAT B PA3NUYHBIX
YacTAX 3IJIeKTpHUYecKofi LienmH, HaC He HHTEpecyeT, TaKXe Kak He
HHTepecyeT, NpofiayT /H Yepes Ay Te XKe CaMbie 3ACKTPOHH, KOTOpHE
paHee npotlinu uepe3 A, uau apyrue. [osToMy Beane B nanpHefineM
GyneM rOBOPHTEL MPOCTO O TOKE, HAYINEM Yepe3 KOHAEHCATOp, HMes
MPH S5TOM B BHAY TOK, MPOXOAAmui Mo NPOBOAAM, NPUCOeNHHEHHRIM
K NJACTHHAM KOHAeHcaTopa. B saexTpuueckoil uenu o Toke, HAYIIEM
yepes KOHIEHCATOP, MOXHO FOBOPHThL TaK e, KaK O TOKe uepes co-
NpOTHBACHHE MAM HBAYKTHBHOCTD; OTJIHYHE 3aKJIOUAeTCH B ApYTroM
BHUAE CBA3H MEXIY TOKOM H PasSHOCThIO NOTEHIIHAJIOB, YTO BHPAXKEHO
dopmynamu (1.9) u (1.9a).
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Ilpn 3aMuKauun py6unsHuka P {puc. 177) no conporusienno R
nofimeT ToK 1

I= ﬁ QR.
Mo dopmyne (1.11) ¢ + 9p =0, oTkyaa or = —g, NO3TOMY
1
I= _-ﬁ Q- (2.1)

Tak KaK NoJIoKHTeNBHBM MHE Ha3HBaeM TOK, TeKyuiu# csepa Hampa-
B0, To npu ¢ > 0, xax puaHe H3 dopmyan (2.1), TOK oTpuLaTEeH,
TeueT clpara HaJleBo, KOHAeHcaTop paspaxaercs *). BenoMuHas, yTo

I= % (Tok uepes xonpeHcarop), a ¢ = Cp, HAXOAUM

1=c% 2.2)
CpasuuBbas (2.1) u (2.2), HaxoanM
1
X -5 23)

Taxoe ypaeHeHHe MBIl pelLaJjH B CBA3M ¢ 3afauell 0 pafnOaKTHEHOM
pacnane. Ecannpu ¢ =0 ¢ = gp, To

o(t) = poe™t/(RO), (2.4)
Orciona
I(t) 7 ¢ .
s dopmyan (2.3) BugHo, 4to Beanynna RC uMeeT pasMepHOCT
speMenH. [IposepuM 3T0:
[R] = OM = BosbT/aMnep = BOALT - CeKYHAR /KY/IOH;
[C] = xynon/BoasT.
Orciona
[RC] = BoabT - ceKyHAa,/KYJIOH + KYAOH/BOALT = CeKYHAA.

3a ppems t = RC 3apan KoHOeHcaTopa ¢, a TaKxe cuna Toka [
YMeHbIIAOTCA B € pas.

[lpouecc paspasa KoupeHcaTopa /Aerke NPOCAeAMTH Ha OMNMTE.
B marasuHax papuoperaJsieli NpOAAIOTCA KOHAEHCATOPH ¢ EMKOCTLIO

*) 3amernM, uTO BO Beex cXemax (pHc. 176 W nanee), HMeOmuX BnA mpAMO-
Yro/bHAKA, M MORODAM O HalpapJeHAH TOKA B sépxKed cTOPOHE MPAMOYTONLHAKA;
B HHXxHeli CTOPOHe, 2AMHEAIGIEK LeNL, TOK HMEeT, UMEBHAHO, TMPOTHRONGIOKHAOS

HanpapAeHHe.
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C =20 Mg® = 20 . 10~% & u conporusaenus R = 20 MOu = 20 x
x 10° Om. Jlna cxemu c¢ takumu R u C momyunw RC = 400c,
ouyeHb yao6Hoe 1ja HabaiomeHUs Bpems.

Beawunna RC HasLlBaeTcs NOCMOAKRHOU 6peMeri KOHTYpa, CO-
CTOSIIEr0 M3 eMKOCTH H COTPOTHBJCHHS (HANOMHMM, UTO B cJAyuae
palHoaKTHBHOTO Paclajfia aHA/NOrHYHAA BeJAWUMHa HasHBajach Cpef-
HHM BpeMEHeM XH3HH).

J—
P
>
Puc. 178.

PaceMOoTpuM 3anayy 3apSAKH €MKOCTH 4epe3 CONMPOTHBJAEHME.
Cxema nokasaHa Ha puc, 178, Ecnu py6unsiuk P 3aMKHyT, TO
corsacHo (1.11) @4 + or + @ = 0, rae ¢ — mnoTeHHMan HesadeM-
NeHHOA MAacTHHH xoHpeHcatopa. Tak Kak ¢y = — &, r = RI, 10

—8o+ RI+¢=0. Tox paneuI:%:

do

CEt" MO3TOMY
B0+ RCR 40,

Wi

% o (o~ 8). (25)

Hdna roro uro6H HalTH, KAK MEHAECTCA ¢ C TeueHHeM BpPeMeHHM,
yHOGHO BBECTH HOBYIO IlepeMEHHYIO 2 o popmyne z = ¢ — &p; TorAa
dz = dp. Ypasrerne (2.5) nepenumercs B Buzie

dz_ _ 2z
¢  RC’
Ero pemeue ecTs
z = zge H/(EO), (2.6)

TAe Zy — 3HaueHHe z B HaUa/AbLHBIA MOMEHT BpeMeHH.

Haligem pemenne aia ciayuas, KOrZa B HauaabHbIA MOMEHT Bpe-
MeHH KoHfieHcaTop He 3apskeH, npu t =0 ¢ =0. Torna 2 = —&;.
Hs (2.6) nonyuaem z = —&ge*/(RO),

o=2+ 8= 8 B 1 g, =8 (1 — e YEy,  (27)
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Tpapuk sasucuMocTd ¢ or ¢ H3oGpaxen Ha puc. 179. Kpumas co-
otBeTcTBYeT (opMyae (2.7), MyHKTHpPHAA TOPW3OHTAJNLHAA MpAMas
npeacragaser cofofi To sHaueHue ¢ = &y, K KOTOPOMY C TeUCHHEM
BpeMeHH npubnuKaeTcsa pelleHHe,
Benuunna z uMeeT reoMeTpHue-
CKH#f CMHCA PacCTOSHHA MO Bep-
THKAJH OT KpHBOH N0 NyHKTHPHOM
JHHHU. 3TO PacCTORHHWE C TeYeHHU- . ,
eM BpeMeHH YOWBaeT N0 IoKasa- RC 2RC 3RC d
TEJILHOMY 33KCHY. Puc. 179.

3a Bpemn, pasHoe RC, 3apsan
KoBAeHcaTopa Aocturaer 63 % cBoero KOHeyHOro sHaueHHs, 3a Bpe-
Ma 2RC — 86% n 3a speMsa 3RC — 95% KoHe4HOro sHauyeHwWs.

Ha dopmyn (2.4) u (2.7) supHo, yTo paspAfika H 3apaAKa KOH-
ASHCATOPA NPOHCXOAAT TeM OHICTpee, UeM MeHbllle CONPOTHBAeHHE R.

<l

Yopaxnenas

1. B cxeme puc.177 C =10"%®, R = 10° Om, R = 10° On,
R = 10° Om, JIA7 Kaxporo H3 3THX CAYYaeB ONPEeHTH, 4epe3 CKOABKO
BpeMeHH TOK, TeKyWHii B HAYaALHHEA MOMEHT Yepes KOHEEHCATOD, YMEeHb-
muted Ha 10%; yMeHBIIMTCA BIBOE.

2. PaccMorpers npouece BHPABHHBAHWA MOTEHUHaAa Yepes CONpOTHB-
Nende R nOpu mocnegoeaTeNbHOM COEIMHEHHH EBYX KoHJeHcatopop ()
# Cs, OIWH W3 KOTOPWX B HadaAbHHi mMoMeuT ¢t = 0 3apaxeH A0 PasHOCTH
NOTEHUHANOE ¢, (0) = a, a npyrofi He sapmxed BoBCe, T.e. 9¢,(0) =0

{puc. 180).
Ci — Co
FI—IJL'I—/'—H—|

Puc. 180.

3. OnpeneauTs M3MeHeHHeé NOCTOSHHOR BpEMEHM KOHTYpPa B CXeMe
puc. 177, ecan Bce AuHefiHbe pasMepH CXeMHl YBeJHYHTb B 7 pas (KOH-
AEHCATOP CUHTATb MAOCKHM).

3aMevyanue 1. YcAoBHe 3aMaUH HANO0 NMOHHMATE TAK: YBeJAHUYH-
PAIOTCA KAK pa3sMephl KOHAGHCATOpA, TAK H pa3Mephl COMPOTHBIEHHH, HO
MATEPHANH, U3 KOTOPHX HITOTOBAeHH KOHHEHCATOD H CONMPOTHBACHHE, He
MeHIoTCH,

SaMmeganue 2. Hs dusukH uspecTHa dopMyaa AN eMKOCTH MAOC-
Koro kompescaropa C = eeS/d, rie § — naowans NAACTHHE KOHPEHca-
TOpa, d — paccTOAHHE MeXAy MAACTHHAMH, ¢ — MOCTOAHHAA BEJWYHHA,
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3aBHCAIIAA OT MATepHana MEXJY IAaCTHHAMM (AMSJeKTpHYEeCKasA MNPOHH-

IaeMOCTD), & — DJAEKTPHYECKaH MOCTOAHHAA. BelHuHHA NPOBOJOYHOTO
i

COMTPOTHBJIEHUA HaxoxuTCA no dopMyne i =p -, rne [ — pauna, 6 — mio-

Ianb MOMEpPeYHOro CcedeHHs, p — MOCTOAHHAH, 3aBHCAILAA OT MaTepHaja

MPOBOAOKM.

§ 3. KoneGanua B nenu eMKOCTH
C HCKPOBBHIM NPOMEMYTKOM
THOHYHAA CXeMa MCMOJAb30BAaHHA KOHAEHCATOpPa MOKa3aHa Ha
puc. 181, B nent BKMOYEH HCTOYHMK HAmpsKeHHd ¢ 3.0.¢. &
H conpotusieHHeM R (poin R MoxeT HrpaTb BHyTpeHHee COMpo-

THUBJEHHE HUCTOYHHMKA HanpsukeHHsa), Huxe HaxoauTca nckposoit
NPOMEXYTOK; NpH PasHOCTU MOTEHIHAJNOB MeHbllle ONpeAeNeHHOTo

L=ali

L

Puc. 181.

3HaUeHHS @) HCKpOBON NPOMEXKYTOK saBasercs H3oasaTopoM. Ilpu
¢ = @1 NpOCKAKUBAEeT HCKpa, MEXAY NMPOBOJAMH BOSAYX HAKANAETCH
0 BHCOKOH TeMIMepaTyph M CTAHOBUTCH XOPOIUMM NPOBONHHKOM.
CyMMapHOe CONMpPOTHBJAECHHE NOABOAALIMX NMPOBOAOB H HaKa/eHHOro
BO3AyXa 0003HaunM Jepe3 r. BeanuuHa r Mana U ocTaeTcd Madao# 1o
Tex Mop, MOKa MAET TOK, MOANEPKUBAIOIIHI BHCOKYIO TeMmepaTypy
Bo3Ayxa. [lpu onpeseneHHOM MaNoM 3HaueHHH ToKa Jg BOSIyX OCTH-
BaeT W UCKPOBO# NPOMEXYTOK CHOBA CTAHOBHUTCA H3OAATOPOM. DTO-
My 3Ha4eHHIO TOKA COOTBETCTBYET PA3HOCTb NMOTEHLMANOB @g = Ipr.
Ilpn sToM @ >> @i HyXHO GoJiblllee HanpsAXeHHue IA4 TOro, YTOOH
3aye4yb MUCKPY, YeM I TOro, 4ToOH MmojAfiepHBATh eeé TopeHue.

Ha puc. 182 noxkaszaHa 3aBHCHMOCTL @ OT ! OAA TAKON CXEMHL
Ha yyacTke OA npoHcXoauT 3apafKa €MKOCTH, TOK HE HeT yepes
HCKpPOBOR rpoMexyToK. B aToM cayuae cnpasepnusa dopmyna (2.6)

o= &(l — e t/(RO)), (3.1)

B Touke A B MOMEHT BpeMeHH i = {4 pa3HOCTH NMOTEHNHAJOE JO-
CTUraeT 3HaYEHWS @), UCKPOBOY MPOMEKYTOK HAUHHAET MPOBOIHTH
TOK, WAET paspAfika KoHAeHcaTopa, Tak Kak mpu sToM R > r, To
TOKOM, HAYIUHM OT HCTOUHHKA HalPSAJKeHWd, MOXKHO HpeHe6peub
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N0 CPaBHEHWI0 C TOKOM, MAYIIHM 4Yepes HCKPOBON INPOMEXYTOK.
INoaToMy AnsA ¢ MoaydaeM ypaBHeHHe

do__9
dt rC’
TpHYeM TIpH i = ta ¢ =¢1. OTciona HaxonuM
9= Qle-(t_td)){(fc)_ (3.2)

B moment Bpemenu t = tp (B Touke B) @ = @, NpH STOM HCKpoBOH
NPOMEIKYTOK ONATh CTAHOBHTCA M30JATOPOM, CHOBA HAYHHAETCH 3a-
paaka (yuacrox BC).

Puc. 182.

OnpeneanM BpeMs tp — t4, B TEUEHHE KOTOPOTO MPOHCXOAMJA
paspanka emxocTd. J/iA sTOro BOCNOABL3YEMCS TeM, 4TO npu £ =tip
¢ = @. Ilonaras B (3.2) ¢ = g2, t = tp, noayuuM

0 =) e_(tﬂ _‘A}a" ("C)’

oTKyIa il
tg—1t4 = rCln a.

Ha yuacrske BC (3apsaxa) cnpaseansBa 3aBucHMocTh (3.1),
CABUHYT2A N0 BpeMeHn Ka BeJH4uHY T (Ha puc. 182 BennumHa t
nsobpaxaercs otpeskoM AgB). IlostoMy

o= 8(] - e—(t_“‘)/(m)) .

INonarasa snecw ¢ = ip, mOAYYHM
g2 = & (1 — g~ a=/(EO))

Ananoruyso, nosaras t = ¢, HaXoLHM
9= & (]_ - e_(tﬂ‘“‘)/(m)) )

U3 nocnepunx nByx gopMyn

&9 _ elte=ta)/(RC)  puu to—tg=RCh 3-”.
&—q 8—-q
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IMoanwit mepuoa mpouiecca (3aprAka — paspsiKa) ecTh

T=tc—t,4=(tc—t3)+(t3—t4)=RC]ng_w+rClnEl-.

&—q P2
O6ruHO COIIPOTHBJIEHHE B LEIIH HCTOYHHKA HanpAXKeHHA R BO
MHOro pas 6oJbllle CONPOTHUBACHUS HUCKPOBOTO MPOMEXYTKA, MOSTO-
My BpeMst 3apsfiKM ropasgo GoJibllle BpeMeHHM paspsga. 3aTo TOK
pa3psiKH COKasHBaeTcsl BO MHOro pas GoJbille, YeM TOK 3apANKH,
Gosbme, yeM TOT MaKCMMAJABHHINA TOK, KOTOpH#E MOXHO OHic 6H
BOJMYYHTb OT HCTOYHHKA HAMPAXKEHHA (MPH HAAHYMH BHYTPEHHEro
CONMpOTHRAEHHUA K] HCTOYHHK HANPIXKECHMR He JaeT TOK GoJbme,

Yem —%) Cxema (puc. 181) npeoSpasyer ZAMTENbHHA Maab¥ TOK,

BLI3LBACMEN HCTOYHHKOM HANpAXKeHHA, B CHAbLHBIH TOK, KOTOpHI,
OfIHEKO, Te4eT He BCe BpeMs#, a B TeueHHe KpaT-
KHX NpPOMeXYTKOB BpemeHH (Kak NPUHATO ro-
| BOPHTb, «KOPOTKHE MMIYJbCHI» TOKA).

HelicTBHe cxeMHn Nogo6HO CHCTEMe, B KO-
TOpPOH MadeHbKasd CTPyHWKa BOAH INOCTeNeHHO
0 HanoaHset cocyn (puc. 183). Cocyn 3akpennen
o TAK, YTO KOTHA HAKOMMTCA AOCTATOUHOE KOJH-
H4ECTBC BOAH, TO OH CNPOKHABIBAETCS, BOAA BH-
o' JMBaeTcd, MOCJe Hero COCYA CHOBA NMPHHHMAET
= hﬁ BepPTHKANbHOE MOJOKEHHEe, H MpoLece HAYHHA-
eTcR CHauadaa., Ha pHCyHKe COCYR 3aKpemieH
Ha ropu3oHTanbHoM ocH OO’ HHXe cepelHHH.
Puc. 183. BHH3y K cocyny npHKpenm/deH rpys, Tak 4TO
IEeHTP THXECTH IYCTOIO COCyna JAEXHUT HHiKe
ocu. OHAKO KOTZa COCYR 3anoJHSAeTCA BOAOH, TO LEHTP THXECTH
MOJIHOTO COCYZA OKa3biBAETCA Bhillle OCH H COCYA ONPOKUANBAETCH.
BepreMea K cxemam puc. 177 u 178, B Takux cxemax, COCTORIIHX
M3 eMKOCTeH, COMPOTHBJACHHA H 3. [.C., N0 HCTEYeHHH HEKOTOpOoro
NPOMEKYTKa BPEMEHH NOTEHUHAAbl NMPakTHYeCKHM BHPaBHHBAIOTCA.
JelicTBHTENLHO, B cXeMe pHuc. 177 ycranapnupaetcs ¢ = 0, B cxeme
puc. 178 ¢ = &; {cu. dopmyan (2.4) u (2.7)). CoBepwernso Zpyryio
KapTHHY Hab/ionaeM B clydae CXeMH C HCKPOBHM MPOMEKYTKOM.
3nech MPOHCXOAAT HeaaTyxalolue KoseGaHus BeaHUMHH ¢ (Npapaa,
OHH OYeHb HENOXOXKH Ha Te KoAeOaHWA, KOTOphie MH H3Y4aaH paHb-
we). ITH Kojae0aHHA CBASAaHW C OCOGHIMH CBOMCTBAMM HCKpOBOIG
NpOMeXXyTKa, B YaCTHOCTH, € TeM (aKTOM, UTO A0 ZOCTHXKEHHA ONpe-
AENEHHOTO MOTeHlUMAana (TAK HASHIBAEMOre MOTeHUHana mpobos @)

TOK Yepes MCKpOBOH MpOMEXKYTOK COBCEM He HZeT.

U
°RA
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O cBoiicTax pa3psza uepe3 BO3AYX B HCKPOBOM IPOMENYTKe
HANUCaHH GOJBIIME KHUTH; MH NIPHBEJH TOABKO MHHMMYM CBEACHHI,
HeOOXOZHMEIX BJIR MOHMMAHHA JedcTBHA cxembl puc. 181, Ceenerus,
KOTOpPHe MH Ja/H, HeIOCTATOYHH JJA OTBeTAa Ha mpoctol BOMpoOC:
YTQ npouaofijer, ec/H COSAHHHTb HCKPOBOH MPOMEXYTOK C HCTO4Y-
HHKOM HampsKeHUs (e3 KOHAeHcaTopa?

JIefiCTBUTENLHO, eClM TOK He UZeT, TO H8 HCKPOBOM NIPOMEKYTKE
Gynet nanpskenue &p. Tak Kak &y > @1, TO A0MXKEH NPOU3OHTH TPO-
Go#i. Ho ecan 61 npouaowes mpoGoi, T0 CONPOTHBICHHE HCKPOBOro
NPOMEXYTKa CTaJo OBl MajikiM, PpaBHHM 7. Toraa Ha HCKPOBOM Npo-

T
MEXyTKe BOSHHKAA Gbl PAsHOCTb MOTEHLMANOB, pasHag &y - =%
&,
uTok I= r+0R' Ecau R Beauko, 10 Tok I man — menbine Ip,

PasHOCTh MOTEHLMAJOB HAa HCKPOBOM IPOMEXYTKe MadAa — MeHb-
we gz. Ho B TaKoM caydae BO3AYX He HarpeBaeTcs H CONPOTHBJECHHE
WCKPOBOTO NPOMEXYTKA He CTaHeT MaJod BeJJHUHHOH 7, a 3HAYMT,
PasHOCTh MOTEHUHAAOB GyneT BeaHKa, paHa & Mu moayuuau mpo-
THBOpDEUHe.

Ha camoM pese B STHX YCJAOBHAX MOAYYAETCR SJAEKTPHUYECKHH
paspsAZ ApPYroro THMa, TAK HAIHBAEMHI Tielolmil paspaa (Maiwlii
TOK 6¢3 HarpeBa BO3ZyXa), a He MCKpa C HaKaJeHHHM BO3AYXOM.

§ 4. Jneprus Kongencaropa

3apmxeHHH KoHAeHcaTop ofnajaer onpefieleHHHIM 3alacoM
9HepTHH, 9TOT 3amac 3HeprMH MoXeT ObLIThL OTAaH O4eHb G6HICTPO,
ec/M KOHAEHCATOp paspsKaeTCA Ha MaJioe CONMpPOTHBJ/EHHE.

Hailizem 3anac aHepruu KoHIercatopa eMxocTH C, oaHa mua-
CTHHa KOTOpOr0 3asemJieHa, a Zpyras HMeeT MOTeHLHaN ¢g. Torma
KOJIH4ECTBO 3JeKTpHaecTBa g = Cgg.

Ha nepeuii B3rAA SHepruA paBHA NpOH3BEfieHHIO gogp. B meli-
CTBHTEJBHOCTH 9TO BhIPaXKEHHE XOTH [0 MOPAZKY BeAWYHHH M Mpa-
BUJABHO, HO He TOYHO; OHO BIBOE OT/MHaeTCcA OT HCTHHHoro. Pac-
CMOTpUM TMpolecc 3apRiKH KOHZeHcaTopa. B MoMeHT, Kor;aa ero
NOTeHLMas paBeH ¢, a 3apal ¢, Z06aBKa MaJOr¢ KOJAWYeCTBa MieK-
TpHuecTBa dg yBeJMUHBAeT SHEPrHIO Ha

dW = ¢dg. 4.1)
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CyIIeCcTBEHHO TO, YTO 10 Mepe 3apsAAKH caM NOTeHIHa/ ¢ MeHAeTCs,
TaK KaK ¢ = — ¢. [loacrapnsis ato 3HaueHwe ¢ B (4.1), moayunm

C
dW = é qdg. 4.2)

IpouuTterpupyem (4.2) ot ¢ = 0 (HesapsmkeHHHH KOHAEHCATOP) AO
q = go; TOTYYHM

1 9 1¢ 1 1.5
W(qo)=5fqdq=§5=§¢om=50¢o- (4.3)
0

1
Taxum o6pasomM, TOUHHH pacuer Zaer KO3GPHIIHEHT 3

PaccMOTpuM mpolecc 3apsgKky KOHZeHCaTopa OT HCTOYHHKa Ha-
NpsKeHUs dYepes conporusaeHHe (cm. § 2, cxema puc. 178). Herou-
HUK HampsokeHHA MMeeT NOCTOAHHYIO 9. A4.¢. &,. Ilostomy, koraa
NpOTeKaeT KOJMYECTBO 3/IEKTPUUECTRBA dg, HCTOUMHHMK HANpPAKeHHS
copepimaer paGoty &pdg (3ta paGoTa copepIaeTCH 32 CYET COOTBET-
CTBYIOIWIEr0 YMEHbIEHHA XMMHYeCKON SHeprHH HCTOUHMKA HAIps-
menpsa), CriefoBaTeJbHO, OJHAA pa6oTa, coBeplIaeMas HCTOUHHKOM
HanpsoKeHHA, paBHa &ogp, T go — MOJHOE NpOTeKIlee KOAHUECTBO
saeKkTpuuecTRa. [Ipu 3apafke KOHAeHcaTOpa TpoLECC 3aKaHYHBACT-
cf, Korga craseT ¢ = &p. IIpH 5TOM MCTOUHHK HaUpsKeHHA MPOH3-
BegeT paboTy

80{[0 = 80080 = 083

Kakum samacoM aHeprud Oymer o6aafaTh KOHAEHCATOP? ITO JIerkKo
noficuurath no gopuyne (4.3)

1
W =5 C8,

Kyna xe penach nmoJosMHA paboTH, COReplieHHON HcTouHHKOM? [To-
Ka)keM, 4TO OHa NOIN/AAa Ha HarpepaHue conpoTupaenus B. Has storo
BCIIOMHHM, YTO €CJH YEPE3 CONPOTHBJAECHHE IIPOTEKJO KOJAHUeCTBO
9/IeKTpUYecTBa dg, TO NPY STOM BHAENMJACH SHEPrus

dA = gpdg, (4.4

rie ¢r — PA3HOCThb MOTEHIMAJIOB HA KOHLAX conpoTHRjienHd. IToss-
aysach TeM, aro dg = Idi, I = %‘, mMoxem (4.4) npeo6pa3oBaTh

K XOpOIIO H3BECTHOMY BHAY:

dA=%dt=12Rdt.
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2
Beauunna IR = %R npeacTapafeT co60# KOAMYECTRO SHEPTUH, BH-

IeNsomeics Ha CONPOTHBACHHH B eIUHUILY BPEMEHH, T. €. TEIJIOBYIO
MOLIHOCTS.

3aBucumMocTh I(t) B cayyae 3apaAKM KOHAHCATOpA Uepe3 CoMmpo-
THBJICHHe Gblia HalizeHa B § 2:

1(t) = %o v/R0)

IMosToMy
dA = %e‘“/(mdt.

DHeprus, BHASAUBINAsACA 32 BpeMs &, ecTh
2 i
= & [ -2t/(RO)
A) = 3 je dt.
0
Orciona

Alt) = - 9_2{3 e~ 2t/(RC) |; = %caﬁ (1 — e~ 2/(RO)y (4.5)

MH 3HaeM, yT0 NIpH HEOrpaHUYEHHOM BO3PACTAHMH IPOMEXYTKA
BpeMeHH ¢ NMOTEHUHAJ ¢ HEOTPAHMUECHHO NPUGIMMKAETCE K 3HAue-
ru0 &p. [Tpu sToM, Kak BUZHO B3 (4.D), BeauuuHa A HeorpaHUYEHHO

1
NpUGIHKAETCA K 3 ca’[‘;. IMosroMy mosaHas SHEPrHs, BHACAUBIIASCS
Ha CONMPOTHBJIEHHUH:

A= 08 (4.6)

Taxum 06pasom, pacuer MOATBEPHKIALT, YTO MpH 3aPAZKE KOHNEHCA-
TOpa MOMOBUHA SHEPrHH TepAeTcs Ha conpoTuBieHUH. Kosdduuuent
IC/€3HOTO AefcTBHS 3apaakd Beero 50 %. 3aMeTuM, 4TO €CaH npamMoe
TNPHCOEQHHATDL MPOBOA OT HCTOUHMKA HATIPAKEHHS K KOHACHCATODY,
TO HHYero He M3MEHMTCA, BCe paBHO K.n.A. Oymer 50%, poub
conpoTHBACHHR R BOsbMeT Ha celf BHYTpPEHHEE CONMPOTHBJICHHE
HCTOUHHKE HANPAMEHHA, KOTOPHA GymeT NpH 3TOM HarpepaThes.
U3 dopmyan (4.6) BHAHO, YT SHEPrus, 6eCNoAe3HO TepsAeMas Ha Co-
NPOTHBJIEHUH NPH 3apRAKe KOHEEHCATOPA, HE 3aBHCHT OT BEJHYHHH
COMPOTUBNEHUA R, a CNIER0BATENIBHO, HE 3aBHCHT OT TOTG, HACKOABKO
GHICTPO NPOHCXOAUT 3apsiaKa.

Mockonbky BesmapHa R we somna B (4.6), o sty dopmyay
MOKHO TOJIy4YHTh, He BBOAR R B mpoMexyTouHble mpeoGpascraHus.
JeficreurencHo, zns cxeMu pHc. 178 o4 + ¢r + 9o = 0, orkyza
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9r=—05—9c =& — %. Moatomy dA = (8’0 - %)dq. Warerpu-
pya 370 BHpaxeHue ot ¢ = 0 g0 g = gy = &oC, noayunm

A=308,

IMocxepnuii BHIBOA chOpaBegiHB H AAA cAaydad, KOTAA COMPOTHBJe-
HHe R meHnserca co BpemeneM, Ilpeanaymuii e BuBog GeiX cnpa-
BeANIHB JHIIb Zas B = const, TAK KaK TOABKO B 3TOM CJiyuae MOMXKHO
NpHMeHATH (opMyAH § 2.

Jlis Toro 4ro6H YMEHbIIUTE NOTEPH NPH 3apALKe eMKOCTH, HYX-
HO OHa0 Gbl MOCTYNaTh TAK: CHayaJa BSATbh HCTOYHHK HANpPAMEHHSA
¢ Manoi 3.4.¢. #) H sapaAIpTL KOHZEHCATOpP OO MOTeHuHana &),
3aTeéM NEepPBHil UCTOUHHK HANPAXKEHH? OTKAIOUHTD M NPHCOEZHHHTD
BTOPOl MCTOMHHK ¢ Goabiuedt 9.1.c¢. &; 3apaauB eMKOCTb AO MO-
TeHuHana &3, OTKAIOYUTH BTOPOH MCTOYHHK M MOAKAIOUHTH TPeTHH
¢9.a.¢. &3, ¥ T. 1. BHMrpHLI, KOTOPBI IPH 3TOM MOMYYAETCH, JAETKO
BUfieTb rpaduuecku: OyseM no ocH abcuuce OTKAaZHBaTh 3apsi
KOHfieHcaTopa ¢, mo (l)cu OpAHHAT — ero noTeHuMan @. OHH CBA3aHH

3aBHCHMOCTBIO ¢ = o & Koropas usolpaxcaerca npamoi (puc. 184).
? ¢=
1) ¢ %
A,
ol 9 4q
Puc. 184. Puc. 185.

OHeprusA KOHAEGHCATOpa paBHa IJoWanu TpeyroasHuka OAB. Pa-
60Ta, NpPOW3BEleHHass HMCTOYHUKOM HAMpAXKEHHs, paBHAa ILIOLMAZH
npaMoyronbHEka OABD. Dueprus, noTepAHHas Ha CONPOTHBAECHHH,
paBHa NJowWazH TpeyroabHuka ODB. B cayuae 3apajikua KOHAeHCaA-
TOpa B HECKOJbKO NPHEMOB CyMMa paboT BceX HCTOMHUMKOB Hamps-
JeHHA paBHA IVIOIAAH, 3amTPHXOoBaHHON Ha pHc. 185. IMpeanaraem
YHTaTeNl0 HalTH koadduUHeHT mosesHOro DeHCTBHR RAA ChayHas,
KOTZa mpoLece 3aprAKM pa3dur Ha 11 STANOB:
2

8l=§s 82=f’ 83=3_:: LERE ] 8ﬂ=¢'
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Buie paccMaTpuBasca KOHIEHCATOp, OAHA NJAACTHHA KOTOPOTO
Guaa 3aseM/eHa, Haxofu/ach npu noTeHuuane ¢ = 0. [Ipu sTOM
SHEPI'UA KOHIEHCATOPa 3aBHCHT OT MOTEHIHAIa BTOPOH NNACTHHH ¢o:

W = §C‘v§. Ecau HH ofHA H3 IJIACTHH HE 2aseMJIeHa, TO SHEpPrHs
KOHAEHCATOPA 3aBMCHT OT PAsHOCTH NOTEHI[HANOB Ha MJAaCTHHAX ¢!

1
= §C'q%.

JeflcTBUTENLHO, Mbl 3HaeM, YTO 3apal ¢ Ha KaXICH nJacTHHE
KOHZEHCATOpA 3aBHCUT OT PA3HOCTH NOTEHLHAJOB, IPH 3TOM 3apALH
HAa NMJIACTMHAX PaBHbLl MO Be/AHYHHE H NPOTHBOMOJOKHH IO 3HAKY:

ga=Coc, ¢8=-Coc=—qa, dgs=—dgs.

IIpn pacueTe H3MeHEHHA SHEPrHH B Mpollecce 3apaAAKH Hafio
yuecTh H3MeHenMe 3apaga ofeux maacTHH, IlycTe moTeHuuan nua-
CTHHH A paBeH @), NOTEHIMAJ IJAaCTHRE B paBeH ¢z, 91 — ¢2 = ¢¢.
Torma

dW = ¢1dga + 92dgs = 91 dgs — 92dgs = (@1 — 02) dga = 9o dga.

_
Tak xax ¢c = ¢ 10
1
dW = o dga. (4.7)
Hurerpupya (4.7) ot 0 10 ¢4, NOJAYYHM
_G_1
=26 =3 9%

3Had BHpaXkeHHe SHEPruM 3apsAKEeHHOr0 KOHAEHCATOpa B 3aBH-
CHMOCTH OT €MKOCTH, MOXKHO HaliTH mexaHWuecKHe CHJIbI, AeficTBY-
olIHe MeXXAy NAacTUHAMM Kougencaropa. IlpemcraBum cebe, uTo
NAACTHHH KOHZEHCATOPA COERHHEHH MeXaHHYECKH ¢ KAKMM-TO phiua-
r'oM M eMKOCTs C 3aBHCHT OT NOJMOXKeHMa puiyara. Ecau monoxerne
pelYara XapaKTepuayeTcs 3HAYeHHeM KOOPJIMHATH Z, TO eMKOCTb eCTh
C(z). Ipu onpefefieHHOM TOAOKEHUH PHYAra Xg eMKOCTb KOHJEH-
caropa C(zg) = Cy. Ecu B 9T0M NMoN0xeHNM KOHASHCATOP 3apAXeH
IO TOTeHIMana g, TO SapAl Ha NMJACTHHAxX ¢o = CoQy, FHEpPrus
KOHJEeHCaTopa;

W= 00%2) _ qg

2~ 2Cy
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OTcoeaMHUM KOHAEHCATOP OT HCTOYHHKA HANPAXKEHUA U OyleM mepe-
BHrarh puiuar. Torpa aapsapn coxXpaHAaeTC MOCTOSHHEIM (IOTEHLMAJ
MeHAeTCH 06PaTHO NPONOPLMCHANBHO €MKOCTH), SHEPrHf MEHSEeTCS:

@

W(z) = @)

SnekTpUyecKas IHePrua 3apsKEHHOTO KOHAEHCATOpa NofoGHa ynpy-
rofi SHepruM NpYXKHHH. YBeanuenue W(x) npoUCXORUT B TOM CIy-
yae, eC/IM BHELIHAS CHJA, NPUJIONEHHAA K PhYAry, COBepIIaeT pa-
Gory. Ilpn 9TOM BHEmHAA CWJa MPEOZOACBAET CHIH, HEHCTBYIO-
LiMe HA PHYAr CO CTOPOHH MJAcTHH KomAeHcaropa. Hampotus, mpu
yMeubulenud W(z) pHuar nepegBuraercs, copepmas paGoTy npoTHB
BHEIUHHX INpPHACKEHHHEX CHA, MOXHO cZesaThb BHBOA, 4TO CHJA,
AeHCTBYIOWAA Ha PHIYAT CO CTOPOHH MJACTHH KOHJAGHCATOpA, PABHA

_ W _ df @ \__ &  dC@&) _
F=—-%= (20(::))"2{0(:;)]2 dz

_ ¥@® dC(:B)

o (4.8)

Cuia HanpaBiieHa B CTOPOHY YBeJHUeHHs eMKOCTH. Tak, Hampu-
MEp, €CAH KOHZEHCATOP COCTOHT M3 ABYX PaBHHX NapaiJelbHBX
MASCTHH, TO eMKOCTh 06paTHO NPONOPHMOHANBHA PACCTOAHUIO MeX-
Ry NMASCTMHAMH. 3H4YUT, €MKOCTh YBEIHYHBAETCA NPH COMMIKEHUH
maacTuH, JeficTBHTeNbHO, NPH 3aPSIKEHHOM KOHAEGHCATOpE HA Ifa-
CTHHAX HAXOJATCA 3apAXH NPOTHBONOJACKHKHX 3HAKOB, W IJACTUHB
NPHTATMBAIOT APYT ApYyra TeM CHJbHEE, YeM MeHbIle pPacCTosHHe
MeXJy HUMH.

Oopmyna (4.8) nossosiser Halitm cuay H B OGosee CIAOKHHX
Cayuasx, HampHMep, B CAyuae MePeMeHHOTO KOHAEHCAaTopa, B KOTO-
POM OZHA IJIACTHHA MOXeT MepeMEIlaThCs B 3a30pe MEXKZY ABYMS
HENOABHAXHEIMH. w

Baxuo 06paTHTe BHMMaHME Ha TO, UTO NpPOM3BOAHYIO LA,

dx
Opasy nmpH 3ajaHHOM NOCTOSHHOM sapsage ¢. OmHaKe WeAbss HPH

dw
HaXOXIeHHH CWJIH No (opmyae F = & 6paTh NPOHSBOZHYIO OT

C(z)ep?
W= %, CUHTas ¢ NOCTOAHHHM H YYMTHBasg ToJbko, uTo C

3aBucHT oT z. [IpH 3ToM ME moJayuHiAH O HeNMpPaBMJbHBIA SHAK
CHH. JeACTBUTENBHO, EC/IM KOHAEHCATOP OTCOSAHHEH OT HCTOUHHKA

HANIPAKEHHT, TO ¢ HENOCTORHHO, § = =, C = C(z). Ecau xoHReH-
CaTop NPHCOeAMHEH K MCTOYHHMKY HAMpPHAXEHHA, TO NMPU H3MEHEHHH
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€MKOCTH ¢ OCTAaeTCA MOCTOAHHLIM, OfiHAKO MPH 3TOM MeHMeTcHA 3a-
pAd g, 3HAUMT, Yepes HCTOUHMK HaNPSIKeHHA TEYer TOK, T.e. HCTOY-
HUK HanpskeHHs copepmaer (npH yeenuueHuH C) paGoty, paBHYIO
9dg. CiegoBaTe/lbHO, NPH MOCTOAHHOM @ NPM M3MEHEHHH €MKOCTH,
NPUMeHAs 3aKOH COXPAHEHHMS SHEPrHH, HAJZ0 YYMTHBAThL He TOABKO
H3MEHEHHEe SHeprHM KOHAeHcaTopa W pafoTy CHAN, HO H pabory,
COBEpILIAEMYIO HCTOUHHUKOM HAMPANKEHUS.

§ 6. lenb ¢ HHAYKTHBHOCTBIO

PaccMoTpuM Lenb, COCTOALLYIO M3 CONPOTHBJeHHS R H HHIYK-
tusHocTH L (puc. 186). ITo ¢opmysne (1.11)

¢r+ oL =0. 6.1)

Tak kak op = RI,a g, =L %, 10, mosb3yAck (5.1), HaxoAuM

al
RI+ L i 0.
TakuM oGpasom, Tok B Henu (puc. 186) ynoBaeTBopsieT ypaBHEHUIO
ar _ _R I— L
i I (5.2)

Pel.l.leHHe 3TOrc ypaBHCHHS
I(t) = Iye~ R/D)¢, (5.3)

TaxuM o6pasom, B enH (pHc. 186) cuna Puc. 186
TOK2 YMEHBIIAeTCs 10 NMOKasaTeNbHOMY T
38KOHY. YMeHbIlIeHHe CHJB TOKAa B € pa3 NPOUCXOAHUT 38 Bpemd

L

I

I

L
[IpoBepuM pa3mMepHOCTb BeAHYHHH 7 Beanuuna L usmepser-
csl B IEHPH, T.€. B BOJGLT - ceKyHfa/amnep, B — B omax, T.e.

B BoabT/amnep. [ToaToMy pasmepHocThb 7 ecTb

BOJIBT - CEKYHAA/amMnep : (BOALT/aMnep) = ceKyHaa,

L
TaK 4TO AeAcTBHTRNBHO 7 WMeeT pasMepHOCTb BpEMeHH. Beauyu-
L
HY & Gymem HashHiBaTh BpeMeHeM HapacTauusi. B cxeme puc. 186,

B KOTOPOﬁ HeT HCTOYHHKA HaNpAXKEHHA, TOK ¢ TeHEeHHeM BpeMeHH
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CTpeMHTcA K Hyalo, Bonpoc o ToM, Kak B Tako#l cxeme cO3JaTh
HauaJbHOE 3HaueHHe TOKa Iy, pacCMOTPHM HEMHOTO IO3Ke.
Cefiuac pacCMOTPHM CXeMy, COCTOSIIYIO H3 HCTOUHHKA ¢ 3.7.C.,
paedoit &p, conporuBaends R u urmyktusuoctH L (puc. 187). Us
yenoBUS

& I— L
|_'| LR 1w §| Pg+or+9.=0,
L BCIIOMHHas, UTO @y = — &), HaxonuM
Prc. 187, —8+RI+L ‘g 0.  (54)
[MepenuuieM 310 ypapHeHHe Tak:
dl R¢&
=z 1)

Sto ypapHeHHe aHAJOTHYHO ypaBHeHuio (2.5) w3 §2 u pemaerca
TOUHO TAKUM Xe mpuemon. [loayuaem:

1) = 2 4 ae~PL, (5.5)

rfe aHaueHue A onpepensercs H3 HauaasHoro ycaosus, ITyerb B Ha-
yaabHbNH MoMeHT BpeMenM ¢ = (} 3aMKHYAU pyOMJIBHHK, pa3MBIKaio-
mwit nens fo atoro Momenta. IIpu stom I(0) = 0, moTomy uTo npu
PasoMKHyTOM PyOHABHHKe TOK N0 Lenmd He mwieJ. [Ipu TakoM ycaoBuu

HaxoguMm A = —% H (0.5) npuHUMaeT BHI

1=20 (- R, (5.6)
C Te4YyeHHEM BpeMeHH TOK HpHﬁﬂH)Kﬂe’l'ca K 3HaUYCHHIO
_%
I(oo)= 2. 5.7)

3710 sHaueHWe TOKa He 3aBHCHT OT WHEYKTHBHOCTH L H mpocTo
noayvaeTcss U3 sakoHa OMa B IienH C 3.4.C. & ¥ CONPOTHB/CHH-
eM R. Opraxko Takoe 3HaueHWe TOKA YCTAaHABJIHBaeTCA He cpasy,
a MOCTeNEHHO, H OT HHAYKTHBHOCTH L 3aBUCHT 8peMA YCTAHOBJICHHSA

TOKa: uepes BpeMs % rok paseH 0,63I(co), uepea BpeMs 2§ TOK

pasen 0,861(oco), uepes Bpems 3% tok pasen 0,95I{(c0) ¥ T.Z
(puc. 188). . - :
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CoraacHo OCHOBHOMY ypaBHeHHIO (D.4) cyMMa pasHOCTH MOTeH-
UHaNoB Ha compoTHBAeHWH RI ¥ HA HEZYKTHBHOCTH LE paBHa
3. 1. ¢. &. VHTEpeCHO mMpPOCJENUTL 33 KaXKAbIM YJIEHOM B OTAESJb-

OI ¥ ¥ t 'r"’ 0 i _:L_ _IL_ ‘r-_t
% 2% 3% ! ¥ 2% 3%
Puc. 188. Puc. 189,

HocTH. OuH nokasaHe Ha puc. 189. B HauaabHult moMenr I =0,
ar

RI=0, & = LE; KaK ['OBOPAT, ¢HANpPAXEHHE LEJIHKOM CAOUTCH

Ha MHIYKTHBHOCTb®. C TeYeHHeM BpeMeHH TOK NpuOJMXKaeTcA K 10-

CTOSHHOMY 3HAUEHHIO, — CTPEMHTCA K HYJIO, <HATIDAXEHHE CAuTCH
Ha COMPOTHBJACHHES.

HuTepecHo comocTaBuTh peilleHus, AapaeMue ¢opmynolt (5.6)
pas opuHakosoro &y u pasunix R ¥ L. Ilycte R) Mano, Ro Benuko,
Ly mano, Ly peanxo. INpy pasEnx KoMOuHauusax R v L noayyum
YeTHpE KPMBHE 3aBHCHMMOCTH TOK4 OT BPeMeHM, NMOKa3aHHHE Ha
puc. 190. Koweunuii Tok I(co) 3aBucHT Toabko oT R, OH ofMHa-

Puc. 190,

KoB i Ry, L) u pasn R, Ly; I{0co) oAMHaKOB TakKe IJA mapbl
kpuBbix Ry, Ly u Rp, Lo. HauanoHaa CKOpOCTE HApACTAHHA TOKA
38BHCUT TOJIBKG OT HHOYKTHBHOCTH L M He 3aBHCMT OT CONpPOTHB-
JeHHS,

Us coolpaxennit pasMepHOCTH OUEBHAHO, UTC YCTAHOBHBIUMiiCH
TOK NPONOPLHOHAMEH HAYAJBHON CKOPOCTH HAPACTAHMA TOKA M Bpe-
MeHM Hapacranus, [Ipy HallleM ONpefic/ieHKU BPEMeHH HApacTaHHUs
noJAyuaeTcs NpaBMibHas ¢opMyaa, Ge3 Kakux-auGo R0GABOMHBIX
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kosppunnenTon. JeficThUTeNbHO, HAYAJIBHAN CKOPOCTb HAPaCTAHHA

dI & L
ToKka —|  PaBHA -, BPEMs HapaCTAHHS T= 5 OTKYA2 K noay-

qaerca yc'raﬂonnsmnﬁca TOK

Hoo)=T

RL R

Kak ocyumiectBuTh HadaabHHR TOK Iy B cXeMe, ¢ pacCMOTpeHHA
KoTopoli Mbl Havyaan (pHc. 186)? Ilng 3TOro MOXHO B3ATb CXeMy
puc. 191. CHayana 3saMKHeM PyOHABHHK A NPH Pa3sOMKHYTOM py-
6unpuuke B. Torga B neny noiifer ToK, KOTOPHZ BCKOpe ZOCTUTHET

Puc. 191,

dIl L8 &

&
R+ R

R+0Rl - IO' Hoxnemecs YCTAHOBHRLIEroCcHa COCTOAHHA, KOTAd

B CXeMe C 3aMKHYTHM A H pasoMKHYTHM B Tok paeeH Ig. B stom
COCTOSIHHH 3aMKHeM PYGHALHHK B u pasoMkHeM A. [TosyunM cxemy
puc. 186, npuueM B HayaAbHHI MOMeHT BpeMeHH (B MOMEHT 3aMbl-
Kauusa B) B neli Haet Tok Ip. [foTeHiHan B Touke [ A0 3aMHKaHHSA
g1 =0, TaK KaK B YCTAHOBHBIIEMCS COCTOAIHHH, NPH NOCTORHHOM [p,
najcHHe HanpsAxeHHN HA HHAYKTHBHOCTH L paBxo uyaio, [Totennuan
B TOUKe 2 0 3aMblKaHHf paBeH ¢ = Iy, IIpH 3aMHKaHUE pyGHAB-
HHKa B Touka 2 OKasbIBaeTCA COSHHHEHHOH ¢ ¢3eMiefts, MOTEHIHAN
B Touke 2 @ = (). CooTBeTCTBEHHO MepecTpanBaeTcsd H NMOTEHUHAN
B APYFHX TOYKaX uemu. B yacTHOCTH, B TouKe [ MOTeHIHAN Tenepb
paeeH ¢ = —RI.

SHaYeHKd coraacHo ¢opmyae (5.7). Bubepem &g Tak, uTo6H

OHLAC

§ 6. Pasmnixanue neny ¢ HHAYKTHBHOCTLIO

Bhire 6HA paccMoTpeH npolece YCTAHOBJGHHS TOKA B HENH
pHc. 187, cocTosmiell N3 HCTOYHMKA HATPAXKEHHS, CONPOTHBAeHUd R,
HHAYRTHBHOCTH L B py6unpauka. Ha puc. 188 nokasana kpupas He-
pacTaHUA TOKa, NOAYYAKWAACA NPH IAMHKAHHH PYGUJIbHHKA B MO~

(]
meHT ¢ = 0. C TeueHHeM BpeMeHH TOK ROCTHraeT 3HaueHHd Ip = —§°.
Uro npousoftieT, ecAH Tenepb BHE3ANHO BHKAWYUTL PYGHABHHK B?
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Ecnn Tok mpekpaTHJsica 3a OueHb MaJioe BpeMfl T, TO NPOH3BOAHAS
ar _ I(t+<)~I(t) Iy
TOKa M0 BpeMeHH — & ——— —— = ——, T. €. POU3BOAHAT 1O
abcomoTHolt BeawuuHe 6yHeT oueHb OOALIDOHA, €CAH 7 OYEHb Majo.
Ilpu sToM BO3HHMKAeT oOueHb GoaAblIOK MO aGCOMOTHOH BeJHYHHE

OTDHIATENIBHHY MoTeHIMaA B Touke A: ¢4 = L %t{ rz —L %. Pas-

HOCTb NOTEHLWAAOB Ha compoTHBieHHH R, pasnas RI, u s.1.c.
HCTOYHHRA MPH pasMbiKaHuH MengoTcs Mano. Ilostomy Goabiuas
PasHOCTh NMOTEHLHAAOB, KOTOpas MOAyYaeTcss Ha WHAYKTHBHoCTH L,
IpPH pa3MHKAaHHK TOYTH UEAHKOM <CafiuTCA» Ha PYOHABHHK, T.e.
PasHOCTb NOTEHIHANOB PA3OMKHYTHIX NJAACTHH PyGHJIbHHKA OKasH-

BaeTcA OveHb GoabluoH, nopagka L?o, B MOXeT BO MHOro pas

NIPeBOCKOAHTE 3. A.C. HCTOuHHKA Toka &p. [Ipu Goapmod pasHocTR
NOTEHIHA/IOB NPOHCXOAHUT HEKTPHYECKHH NPOoGOH BOIAYILHOIO MPO-
MEeXYTKa MeXAY Pa3sOMKHYTHIMH IIJIaCTHHAMH PYOHJABHHKA H MEXIY
HHMH IPOCKAKHMBAET HCKpa.

3anaya 06 UaMEHEHHH TOKA B HernH NPy PasMbikaHUH PyGHAbHHKA
OKA3LIBAETCS OUEHb CAOXKHON, TAK KaK CJAOXKHH 32KOHH JEKTpHYe-
CKOFO paspafia B BO3fiyXe MeXAy INIACTHHaMH. B camom zese, mo
npo6os NpH ¢ < @y TOK He HMOET; OIHAaKOo, Koria npoGod npouso-
e, COMpOTHBJAEHHEe HCKPH PesKo nagaeT, HAeT GOJbIIOA TOK MpH
PASHOCTH NMOTEHUMAJOB, 3HAYUTEAbHO MeHblIeA @y OTMeTHM 3fech
TONIbKO OCHOBHOH (hakT: B LleNH ¢ HHAYKTHBHOCTBIO NpPH pasMHKa-
HHH BOSHHKAIOT GOJBLIIHE DASHOCTH NMOTEHNUHAJOB; NMPH 3aMBIKAHHH
TaKojf NeNH PasHOCTb MOTEHIHANOB HHIKE He npesuimaeT &g (9. A.c.
HCTOUHHKAE),

[MpocaenuTh KOMHYECTBEHHO ABJEHHE KPaTKOBPEMEHHOT'O NOBHI-
UIeHWs pasHOCTH NOTEeHUWAJOB MOXKHO Ha INpHMepe ABYX CXeM
pre. 192 B 193. Otangne 3THX cXeM oT ¢cxeMbl puc. 187 saxmiodaeres
B TOM, YTO TOK MO HHEYKTHBHOCTH L MOXeT MATH H NPH Pa3OMKHY-
TOM PyGHJAbHUKe B, TaKk 4T0 pasMHKaHHe NPCHCXOAHT 6e3 HCKpPHL.
OnHako ecsty conmpoTHBAeHHe R ropasfio Goablle CONPOTHBACHHUS ¥,
TO NpH pasMLIKaHHM BOSHHKaeT GOJbINAA Pa3HOCTb MOTEHUWAJNOB Ha
HHAYKTHBHOCTH.

L
£ = |

Pre. 192, Pre. 193
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PaccmorpuM, HanpumMep, cxemy puc. 192. Byaem cuutatsh, 4To
R >» r. Echir pyGHABHEK 3aMKHYT, TO B NPOM3BOJIbHHE MOMEHT
BPEMEHH TOK B JieBofi uacTu uenH (r; &) paBeH cyMMe TOKOB B ma-
paaneabHo coenHeHHBIX B u L:

Ir =Ig =Ig+1i;.

ITpu sTOM Beerna ¢r = @g. [lycTh PyGHABHHK BKJIIOYEH B MOMEHT
t = 0. B 3707 MOMeHT BeCb TOK HMAET 4epe3 conpotusiaenue R, tak

%o

uro I, = Ip, = T3 N0 SaKOHY Owma. Ilpu stoM @, = Ey—s

R dI & B T

= Bg———: cAeNoBaTeNbHO, 2| = —Z0__ 175 yere-
PR, %F TR A d li=0 L Lr+R

YeHHH NOCTATOYHOrO BPEMEHH NOC/e 3AMBIKAHHS B UEMH YCTAHOBHT-

Cfl IOCTOAHHAA CHAA TOKA. B YCTaHOBHBIIEMCS COCTOSHHH Bech TOK

HJET yepes MHAYKTHBHOCTb. MeficTBuTennHo, ecau Tok I co BpeMe-

HEM He U3MeHAeTCs, TO i 0, noatomy ¢z = 0, a caegoBaTesbHQ,

or =0, otkyna I =0.
&
B YCTAHOBHBIIEMCH COCTOSIHEH Proo = &0, Troo = ILeo = - Or-
CIOAa HETPYAHO MOJAYYHTb NOPANOK BPEMEHH YCTAHOBJEHHS TOKA Ty

dl,
ILN_ILORs—dTLtﬂtl!
HAH §£H§Q_R_1
r LEB+r 1
oTKyAa R+ L
LY r’

PaCCMOTpKM Tenepb pasMEIKAHHE UenH, NPOH3IBCACHHOE 4Yepes
BpeMs t 3> 1y mocsle 3aMHKaHHA, T.e. NOcAe TOr0, KaK B Leny

&
YCTAHOBHJIOCh TOCTOSHHOE SHAYEHHe TOKa Ioo = —;“- Korma nems

pasomknyta, I, = I =0 8 Ig +I; =0, orkyna Ip = -1, 1.e.
Bech TOK, npoXoasuluit yepea L, moaxeH npofitn uepes R B 06-
patHoM HanpaeieHEH. [To-npexHeMy, KoHeuHo, ¢ = @g. [loaTomy

og = RIg = —Rl; win ¢ = —RI;. Tak kaK ¢ = L%, TO

dl, _

= =~ ’h-
MHu nonyuunn ypaeHenue (5.2), 4T0 BOOJHE €CTECTBEHHO, TaK Kak
npaBas YacTb cXeMbl puc. 192 (nocie pasmbikaHusi pySuAbHHKA) He

OTAHYACTCH OT CXeMu pHc. 186.
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L
Tox yMeHBIIMTCH B ¢ pa3 3a BpeMa 7z = 7 Ipu aToM 12 <K 71,
TaK Kak R >» r. B MOMEHT pasMhLIKaHMSA TOK UMeeT 3HayeHHe Iy, =

_ &
ro [Mocsie Toro Kak pasMbixaHue NPOUSOILAO, HO DaHbIle, YeM TOK
yCnex 3aMeTHO YMEHBITUTHCA, T. €. PK ¢ pasSMBHIKAaHHA < Tz, MOJYIHM

R
Or =L = —Rlpe = —80?.

TakuM o6Gpasom, NpH pPasMHKAHHM MOXKHO HOMYYHTh PasHOCTB
MOTEHIUANIOB, BO MHOTO Das NpPEBLIIIAIONMYIO 3. M.C. HCTOYHHKA Ha-
NpsAXeHHA. STOT NPHHLKI WNPOKO HCMOAbIYETCH B TEXHHKE, B YaCT-
HOCTH, B CHCTEME SaXKHI'aHWA ABHraTefell BHYTPeHHErO CropaHufl.
O1MeTuM, uTo 3Ta GoJblliad Pa3HOCTb NOTEHLHAJIOB HMEET MecTo
B TeYeHHe BeCbMa MAJOTO MPOMEXYTKa BDEMeHH.

Mpl npuBeay npUGAHXeHHOEe paccMOTpeHMe 3afaud — Ges mpo-
W3BOIDHHIX H BHCHeER MareMaTHkd. TouHoe paccMOTpeHHe 3amauH
0 3aMHKRAHHH PyOMAbHHKA B cXeme pHc. 192 maer caenmyiomee. He-
XOAR H3 COOTHOLIeHHHN

ogtortor=0 I=Ip+Ii, or=ou
noJy4yaem andepeHHaNbHOe ypaBHeH e
dI L UL rR &R
+R)L R)L (r + R)L’
B HauanbHut MomeHT BpeMenu t = (0 TOK Yepe3 HHAYKTHBHOCTD
PaBeH HYAI, T.e. I;, = 0 npr £ = 0. [TosTomy

=% {1 e FPRIC+RL]Y) _ & (1— ety
T

Tok B nenu & 6
= =20 _ —tft| -tf‘l:|
I=I+Ip=- 2 (1 ) + 54 .
Ha puc. 194 npuGanxenHoe pelleHHe COOTBeTCTBYeT JOMaHO#H, To4-
Hoe — NJaBHOH KpHEOM. Ii

PekOMEHAYEM UHTATeN) PaccMOT-
peTh NpoLecc HIMEHeHWA TOKA K pas-
HOCTR MOTEHUHAJOB NpH 3aMHKaHHH
H pasMHIKAHHY DyOHJARHHKA B CcXeMe
puc. 193. ITonesHo pelBTL 3aga4y nBa- . , , N
KOW: OAMH pa3s, cocramisas Auddepen- 0 ¢ 21 3n !
IIHaAbHO® YpaBHeHHe K OTHICKHBas ero Puc. 194
pelleHHe B BHAE NOKasaTeAbHOH (yHK- T
IuM, Apyrof pas npHOAMXKeHHO, NOJOGHO TOMY, KAK Oblja paccMoT-
peHa cxema puc. 192.
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§ 7. Jneprus ABOYKTHBHOCTH

Bhime M BHAeAH, 4TC B CXeMe, COCTOSIEH TOALKO H3 HHAYK-
THBHOCTH L H conpoTHRAeHHA R, yXe nocfie TOro, KaK 5Ta CXeMa
OTCOENHHEHA OT HCTOUHHKA HAMPSMEHWs, NMPOAOJNNKAET HATH TOK,
NOCTeNeHHO 3aTYXalIuiA ¢ TeueHHeM BpeMeHH. [Ipu 3ToM B conpo-
THBJEHKH BHAEAETCH TENNO B KoMuecTse RI2 B eAURHILY BpEMeHH.

Orkyga Gepercsl Ta DAEKTPHUECKas SHEPTHf, KOTopas B CONpoO-
THBJIEHHH npeBpaulaercs B TenAcsyio? Ee oTHaeT HHAYKTHBHOCTE,
06aafaionias onpefiefIeHHHM 3aNacoM SHEPTHH.

HaiifeM sToT 3amac HEpPruH, paccMaTpHBas NpocTeRIIyio cXeMmy
puc. 186 ¥ NoACUHTHBAA BCIO TENJAOBYK) SHEPFHIO, KOTOPAS BEIACAHT-
ca B conporueneHHd R. B atofi cxeme nycTh B HauaAbHHA MOMEHT
t = 0 Tok paeeH ly. C TeueHHeM BpeMeHH TOK YGhIBaeT MO 3aKOHY

I(t) = Ipe™®H/L, (5.3)

KoanuecTBO 5HeprHu, BHALASONIEECS HA CONMPOTHRIEHHH R B efu-
HHULY BPEMEHH, T. . CKOPOCTD BH/ICJICHHA SHEPrHH, €CTh MTHOBEHHAs
Tenaosan MoulHocTe P. [Moansyack (5.3), naxonum

P =RI? =rle 2RL (7.1)

3nad P, HeTpyAHO HAATH NOJIHOE KOJIHYECTBO TEMNJA, BHAEAHUBILECECH
3a BpeMfl OT HayaapHoro MoMenra ¢ = ( o GeckoHeuHocTH (A0 noa-
HOTO 3aTyXaHWs TOKa). JlAs 3TOro HOCTATOUHO NMPOMHTETPHPOBATH
{(7.1) ot t =0 po £ = oo. [Toayunm

o0 o0
Q= [ RIe~R/2dt = RI} [ 2R/ 2dt = RIE. = %’3 (7.2)
0 0

3To Tenso paBHO 3anacy SHEPrUH HHAYKTHBHOCTH, 110 KOTOPO# HAeT
10K Ij. 3anac sHeprHH He 3aBHCHT OT BeJIHUHHKI COMPOTHBJEHHA R.
Huayxtarocts L ¢ TokoM [y HMeeT onpefiesieHHHI 3anac SHepruH,
KOTOpHI#, B KOHIE KOHIIOB, BeCh NIPeBPAMIAeTCA B TEILIC, HE3aBHCHMO
OT BE&JIHUHHB conpoTHeiAeHHA R. OT R 3aBHCHT TOJILKO CKOPOCTH
NPEeBPALICHHA 3HEPrHK B TENJO, HO He ofllee KOAHYECTBO SHEPTHH.

Gopuyay (7.2) MOXKHO TaKXKe MONYYHTh, PACCMATPHBAS TpoLECC
HAPACTAHHA TOKA B HHAYKTHBHOCTH, JleficTBUTENBHO, MOLIHOCTE TO-
Ka (paGota B emuHMLY BpeMeHH) paBHa ¢lI. Dta pa6orta, cosep-
maeMaA BHEIUHHMH HCTOYHHKAMH TOKa, TPATHTCH Ha YBeJHUEHHE
9HEPTHH HHAYKTHBHOCTH W

aw

=S =9l (7.3)
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IMoabsysch TeM, uto ¢ = L %, noayuum u3 (7.3)

aw ar 1
& g3
Bynem cuurtath, yro npp t =0 I =0, W =
W =W, Torpa, unrerpupys (7.4) or ¢t =

Wo= 5 LI,

L4 (7.4)

O,mput=ty I=1I,
0 no t = ty, noayuum

d(1?
dt

Jlna KOHKPeTHOCTH MOXHO mpenctaBHTb cefe cxeMy puc. 187
(p = 94) ¥ ANA Hee NPOH3IBECTH MOAPOGHHMA pacueT HapacTaHHUA
SHEePrHH HHAYKTHBHOCTH. B yCTaHOBHBIIEMCA DeXHMe, KOrfia TOK
AOCTHI TIOCTOAHHOTO 3HaveHus Iy, @4 = 0, IHEPrHA BHAYKTHBHOCTH
He MEHFETCH, OAHAKO WCTOYHHK 3. 1. C. AJS NMOAAEPKAHHA NOCTONH-
HOrO TOKa [y HOJKEH NpOAOKATh PacXofioBaTh 3HEPrHI0, KOTOpas
BHE/AETCS B BHAE TeIJa B CONPOTHBJEHHH R.

OHeprus HHAYKTHBHOCTH W mnponopuHoHaibHa KBAJpPaTy CHJH
TOKa, T.€. NPONOPLUHOHA/BHA KBafpaTy CKODOCTH ABMIKEHHA 3J€K-
TpoHoB. [loaToMy no BHelHeMy BHAY W HANOMHHAET KHHETHYECKYIO
sHeprHio. He ects aH W KHHeTHYecKas 9Heprus sJexktpoHoB? Cpas-
HHM NOPAACK BeAHIHHH W H SHepruH saekTpoHoB. Pacnonaras men-
Ho#i mpososiokoft aymmHolt 100 M = 10* em 1 auamerpom 0,35 MM (ce-
yenne 102 cm?), MOXHO HaMOTaTh KATYINKY, HHAYKTHBHOCTb KOTO-
poit coctaput 0,02 ', Ilpu Toxe 1 A B Tako#t katymke W = 0,02 x
x 12.0,5 = 1072 ix = 10° spr. HalfijeM KuHeTHYECKY0 SHEPriio
SJEKTpOHOB. ByieM CUHTaTh, UTO HA KaXANHA aTOM MeIH NPHXOAUTCA
OAMH 9/EKTPOH, YJYAacTBYIOIMHA B NPOXOMAECHHH TOKa («3JeKTpoH
NPoBOAHUMOCTH»), ATOMHas Macca Meau okono 63 r/Moab, Tak uTo Ha
63 r npuxomutcs 6 - 102 szexTpoHoB
NPOBOAMMOCTH, HAH npHMepHo 1022 A vat
anextpoHoB B 1r. IlmoTHoere Meam
okosio 8 r/cM®, moatomy B 1l cM® co-
JepKUTCA NpuMepHo 1t = 8 - 1022 ayek-
TPOHOB NPOBOAHMOCTH. MoXHO mpen- Puc. 195.

CTaBHTD ce6e KYCOK IPOBOJIOKH JLHHOR

vdl u ceuenHeM S cneBa ot cevenus O (puc. 195). Ecam cxopoctb
3MEeKTPOHOB *) paBHa v cM/C, TO 4epes maomanb S cM® 3a BpeMsa di
NPOXCAHT 3MeKTPOHOB (¢lITYKs) Snudi. 32 BpeMa di 3MeKTPOHH,
HaXOjHBlKecs B cedeHHH A, mepeiiayr B ceueHue (), 3HauMT, 3a

p—

*) Hueerea B BHAY cpelHAd CKODOCTE X JBHEHHS B HANPABJEHHH TOKE, a He
CKOPOCTh Xa0THUECKOrD TENA0BOTe JNBHIXKeHHA.
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9T0 BpeMf depes () MpofilyT Bce 3/eKTPOHH, KOTOpHE HAXONWIHCh
B o6peMe Mexny O ¥ A, T.e. B o6beMe UHIKHApPA AJHHOR v di
H ¢ OCHOBaHHeM S.

O603HauuM Yepes e 3apAA ORHOIO 3JEKTPOHA B KYJAOHaxX, e =
= —1,6- 10~!? K1, KoanuecTso SJeKTPUYECTBA, KOTOPOE TIEPEHOCHT
3a Bpems dt 5TH Snv di MEKTPOHOB, PaBHO TOKY B aMmepax, yMHo-
XKeHHOMY Ha Bpema di. [Toatomy Snvedt = I dt, otkyaa I = Snve,

HAWd ¥ = #. Moacrasam I =1 A, S=10"3cm, n =8.102
e=—1,6-10"1% Kx: naitaem:

1
107%.8-.10%2.1,6-1071®

Hafinem Temepb KHHETHUYECKYI0 SHEPruio 3AeKTpoHOB. Macca saex-
TpoHa m = 9- 10728 r, O6mee uMcaO 3MEKTPOHOB, ABHIKYIIHXCH
B NIPCBOJIOKE, PaBHO

10% cm - 1073 cM® - 8 - 1022 om—3 =~ 1024,

KuneTHYeckas SHeprus paBHA

= 0,08 cm/c.

U=

’1‘="""L"’2={.}.1()—23.1()2*!.£82
2 2

TakHM 06pasoM, KHHeTHUECKas SHEPrusi AEKTPOHOR COCTABJSET HH-
YTOXHYIO NOJII0 SHEPrHH KHIYKTHRHOCTH, XOTSI OHA H 3aBHCHT OT CH-
AH TOKa 1O TOMY e 8aKOHY (mpomopuHoHanbHa I2), uTo 1 SHeprus
WHAYKTHBHOCTH. PH3HYecKas sHeprUs HHAYKTHBHOCTH €CTb SHEPrHA
TOTO MAZRUMHO20 NOAS, KOTOPOE NOABAAETCA B KaTYIIKe, KOrIa no
Hell TeueT TOK.

OTMeTHM CXOICTBO H PasjIHUHE MEXAY EMKOCTBIO B HHIYKTHBHO-
¢Thi0, Kak eMKOCTb, TaK B HHIYKTHBHOCTb MOTYT CJIYXHTH peaepsy-
apaMH, XPaHHAKIAMH SHepruH. [IpH moMoIlH HHAYKTHBHOCTH, Tak
Je KaK M [pH MOMOIIH eMKOCTH, MOXHO HAaKOIIHTb 3JIeKTPHUYECKYIO
SHEPrHio OT ¢Aa6oro, MaJOMOILHOTO MEPBUYHOr0 HCTOUHHKA TOKa
H 3aTeM OHCTPO ee BHACAHTH B HYXXHOM MeCTe B HYKHLIH MOMEHT,

KoupeHcatop MOXHO sapmXaTb MajJblM TOKOM I B TeueHHe
Ooabllloro BpeMeHH ¢); GHCTPO paspsaxas ero depes Majoe co-
NPOTHB/EHHe, 32 Majioe BpeMA {; MOXKHO MOJYYHTL GOJBIIOH TOK

~3-107% spr.

It
Iy = % PasxocTbh MOTEHLIMANOB KOHAEHCATOPa He MpEBHIIAeT NMpPY

3TOM 3. A.C. NEPBHIHOr0 HCTOUHHKA. KoHAeHcaTOp Mo3BOJISET yBe-
JAHYHTH TOK, HO He HanpmKeHHe.

Yepes HMHAYKTHBHOCTb MOXHO NpONYCKaTh GOJbIIOA TOK IpH
MajAoM HanmpmkeHHH (Mazofi 3.74.c.) &p NepBHUHOTO KCTOYHMKA.
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[l 5TOre HYXKHO TONIbKO, YTOGH CONPOTHBJIEHHE WHAYKTHBHOCTH
M NEpBHYHOr0 HCTOYHMKA TOKa OHJO gocTaTouHo Mano. Ilpu artoM
GoablIOA TOK B MHAYKTHBHOCTH YCTAHABJIMBAETCA He cpasy, a 3a
cpaBHATEeNbHO Goabwoe Bpems t3. [IpH 3aMbIKAHMH HHAYKTHBHOCTH
Ha GoJbIIOE CONPOTHRJICHHE yAaeTcsd NMOJYUHTh GONbIIYIO Pa3HOCTh

MOTEHIHAJOB ¢ HA Majoe BPeMA {4, NpUUeM @ =% &h?"i. HHaykTHB-

HOCThb MO3BOJIAET YBEJHUHTh HAMPSIKEHHE, HO He TOK.

CywecTBeHHO® NPAKTHYECKOE OTIIHYHE EMKOCTH OT HHAYKTHB-
HOCTH 3aKJI0YaeTCH B TOM, YTO KOHAGHCATOP, OTCOENHHEHHBIH OT
HCTOYHHMKA TOK4, MOMET OUYEHb HOJAr0, 4acaMd H Kake CYTKaMH,
COXDAHATh 3aNACeHHYI0 B HeM 5Heprdio. Bpems paspaaku kowpes-
caropa paBHo RC, rme C — eMKocTh KOHAeHcaropa, i — Tak
Ha3kiBaeMOe COTpPOTHBJeHHe yTeukd. [IpUMeHAsl xopolide H3ONATO-
pH, yAaeTcs nNoAy4yaTh OTpOMHELIe 3HaueHHs R, T.e. oueHb GoJibIloe
BpeMs pa3paAkH. WHAYKTHBHOCTb, BHINOJIHEHHAA B BHAE KATYIIKH
H 38MKHYTasl HaKOPOTKO, T.€. ¢ MHHAMAJIbHHM BO3MOMHHEIM COTpO-
THBJICHHEM, TPd HANMYMH B Helt S/IEKTPHYECKOTO TOKa COXpaHseT
3HEPTrHK JHIUbL HA NMPOTAMEHWH KONl CeKyHADI.

L
BpeMsi saTyXaHHf TOKa HMeeT MOPAAOK —, HO, faxe MpHMe-
p: R p

L
HAS HAHAYYIIHe TNPOBOAHHMKH (Menb, cepeBpo), Heab3f CAEAATb R

Goabille HeCKOJLKMX CEKYHJI /il KATYIIKH a6opaTOPHEX pa3Mepos.
3aMeTHM, 4YTO NpH YBEJHUYEHHH HHC/AA BHTKOB KATYIKH B JAHHOM
ofbeMe 3a cueT NPHMEHeHUd GoJiee TOHKONH NPOBOMIOKH YBEJHYHBAaeT-
ca L, Ho ypeanunBaercd ¥ R, UX OTHOIIEHHe M0 OOPAAKY BeJHUHHB
He HaMeHsercd. [TosToMy B NaGOPaTOPHHX YCAOBHAX HHAYKTHBHOCTD
yA0GHO NpUMEeHATH AAS MOBLILIEHWS HANDSKEHHS, HO He [JA AJH-
TEJbHOTO XDaHEHHS SHEpruH.

B cxeMax, HCnOAB3YIOWAX eMKOCTH K HHAYKTHBHOCTH, yl2eT-
cfl HaKalVIMBaTh SHEPrHIO OT Garaped KapMauHoro ¢oHapsa. Takas
GaTapes [aeT HeCKOJbKO BOJBT MPH BHYTPEHHeM COHPOTHBJICHHH
B HECKONBbKC OM, TAK YTO MakCHMalbHasd MOUIHOCTD ee hNopsAKa
1-2 Br. [Ipy moMoImH BHIIEYNOMSAHYTHX C¢XeM YAAeTCA NOIydaTh
MOIIHOCTE B COTHM KH/OBAaTT. OfHAKO TaKasi MOHIHOCTL ASHCTBYeT
B TeueHHe BpeMenH nopaaka 106 ¢,

Bumre 6HJA0 OTMEUYEHO, YTO B HHAYKTHBHOCTH 3JIEKTPHUECKAs
SHeprHA OLICTPO NpeBpaliaeTcd B TeNA0 332 CYET CONPOTUBJCHHSA.
Srto yTBEpXKIEHHE CHIPABEIJIHBO AMA KaTymeK OGLIMHOIO ¢KOMHATHO-
ro», sa6oparopHoro, Macirata H B caAy4ae o6HYHHX, HOpPMaNbHBIX,
TeMnepatyp. OfHaKo B ABYX KpaHHHX cJAy4yadx 3TO yTBeDXKIeHue
OKa3LIBaeTCH HeBepPHHIM.
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1. Tlpu ouenr HH3KOH TeMmepaType, mopaaka —260 °C u Huxe,
no abeomiotHoro uyas (—273 °C), muorae mMeTann (HanmpuMep,
CBHHELl, PTYTh, HO He Mefib) MEPEXOAAT B TAK HA3LIBAEMOE CBEPX-
nposoasiee cocrognre. VX ymesbHoe CONPOTHBJIEHWE CTAHOBUTCS
B TOYHOCTH PABHHM HYJIIO.

Toanaupckuit yueHn#t Kamepaunr-Ouuec, oTKpWBIIAH 3TO SBJe-
Hue B 1911 r., HaGaOAaN B KOJIbIE U3 CREPXIPOBOASALIEro MaTepHaia
NOCTOAHHHYN TOK, KOTOPHH He ocjaGeBas B TedeHHe MHOTHX CYTOK.
Hajmuitle ToKa B TaKOM Koublle OGHAPYIKHBAETCH N0 MATHHTHOMY
TI0JII0 STOTO TOKA.

Bo3MOXHOCTH TNDAKTUYECKOrO TNDHMEHEHHA CBEPXIIPOBOAHHKOB
OFPAHHYHBAIOTCA He TOJbKO TPYAHOCTBHIO NOAYYEHHSA HHUIKOR TeM-
nepatypel. CHlbHOe MarHMTHOE MOJe NMepeBOfHT CBEPXIPOBOAHHEK
B HOPMaJbHOe cocTOfHUe (C KOHeYHHM compoTHBAeHHeM). [losToMy
Yepes CBEPXIPOBOAHHK HeJb3fl MPOMYCKaTh GOMLIIHE TOKH *).

2. CooTHoOlIeHHe MeXAY HHOYKTHBHOCTBIO H CONPOTHBJCHUEM
H YC/OBHMA 3aTYXaHHMA TOK2 OYeHb CHJILHO H3MEHAIOTCH NPH YBeJu-
YeHHH BCeX Pa3MepoB KaTYIIKH H 0cOGeHHO NpH Mepexoe K acTpo-
HOMHYECKEM SIBJCHHSM **),

MpeacTaBumM ce6e ABe reoMeTpHuecKd MOAOGHHE KaTYLIKH, OfHA
H3 KOTOPHX B n pas Goabme apyrof. Ilpy sToM 4YHCIO BHTKOB
B 0GeHX KaTyHIKax ofBHaKkopo. B Gosbwoft kaTymke B n pas 6oJb-
e AHAMeTD KATYIUKH, HO BO CTOJMBKO e pa3 GoJbliie H BHCOTA
KaTyIIKd H AUaMeTp IPOBOJIOKH, W3 KOTOPOA ClleflaHa KaTyIUKa.
IfycTh KATYLIKY H3roTOBJIEHH W3 ONMHAKOBOFQ MaTepHasna. Bymem
0603Ha4aTh BEJIMIHHLL, OTHOCAILHECH K MeHblllell KaTyIliKe, WHAEK-
coM 1, a BeAHTHHbl, OTHOCAWIHECA K Goablielt KaTyiKe, HHACKCOM 2,
TTopcunTaeM OTHOMEHHE CONPOTHBJACHAR KATYIIEK:

h b
Ri=p0— =0 —
1 P Sl ) R2 p Sg’
Ifie p — yIeAnHOE CONPOTHRJEHHE MaTepuania KaTYIKH, [ —iJHHa
NpOBOJIOKH, S — IACUWaib €€ MnonepedHoro CeyeHHA.
reOMeTqueCKH ACHO, YTO

L=nl, S =n%8

*) B 1961 r. GHJI OTKPHT CMAAB PEKOrO SAEMEHTa HHOGHS ¢ OOBOM, B KOTOPOM

nAoTHOCTh ToKa Ao 100000 A/es® u marumtHoe mose mo 250000 Tc eme we
KT CBEPXNPOBOAMMOCTH.
**) CpapHATe ¢ safauel 3 K §2! ONA eMKOCTH ¢ COMpOTHBJAEHHEM BpeMs
paspﬂm He H3IMeHAGTCR NPH HIMEHCHHH BLEX paIMepoB.
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H, CJEA0BATENbHO,

ConpoTHBAeHHe 06paTHO NPONOPUHOHAABHO 72, T. ¢, 06paTHO Nponop-
LMOHAJNLHO PasMepy.

MoXHO noKasaTh, YTO HHAYKTHEHOCTb GOJMBIION KaTYHUIKH POBHO
B 1v pa3 GoJbllle HHAYKTHBHOCTH MaJlOH KaTYIIKH:

Ly =nlL,,

T.€. NPH YBEJWYeHHU JHHeAHHX Da3sMepOB KaTYmKH B 71 pas ee
HHAYKTHBHOCTh YBEJHUMBaETCS TaKXe B 1 pas. BpeMs aaryxaHus

TOKa 7 HMeeT NOPAAOK 5, ClIefi0BaTelbHO,

L ob_gh o
Ry Ry Ry

TakuM o6pasoM, BpeMs 3aTyXaHHsl TOKA NPONOPUHOHAJIbHO KBaji-
paty pasMepa. Ecau 6n seMHoffi Wwap cocTosl H3 MeIH, TO BpeMd
3aTyXaHHA TOKa B HeM GmJIO 6 NopsAka 10'5-10'6 ¢, 1.e. 10® aer.

IpoBonuMOCTh HOHH3OBAaHHHIX ['230B TOIO e NOpsAKa, 4TO
H NpOBOAHMOCTL MeNH, NO3TOMY B ACTPOHOMHUECKHX SBJIEHHAX Bpe-
M 3aTYXaHHA TOKA OK23HBaeTCA OIPOMHBEIM. DTO 3HAUHT, YTO CONpPO-
THBJICHHe, 32KOH OMa He MrpalOT HHKaKOH POJH B 3THX SBJCHHAX:
HanoMHUM puc. 190, TOK Ha HayaZbHOM YHacTKe KPHBOH 3aBHCHT
ToNbKO 0T L, HO He OT H; B aCTPOHOMHH MH BCerfia HaXof(HMcs Ha
«Ha4YaJbHOM YHaCTKe».

3eMuoft MarHeTH3M npefcTaBAseT co60H MarHHUTHOE NOJE TOKOB,
MpOTeKAIDIMIMX B BA3KOH pacr/iaBjieHHON Macce 1eHTPaAbHOrO fApa
3eman. Measennble JBHXEHHA 3TOA paciliiaBAeHHOM! MacChl B CaMOM
5TOM MArHHTHOM MoOJie NOAKEPXKBAIOT STH TOKH, KaK KBHXEHHe
AKOPA AHHAMO-MAMIHHE B MArHHTHOM NOJIE NOAAEPKHBALT TOK B 06-
MOTKe SKODSl H B 06MOTKe 3JIeKTPOMarHHTa.

§ 8. KoaeGareasHblii KORTYp

PaccMOTPHM KOHTYp, COCTOAINHR #3 eMKocTH C' M HHAYKTHB-
HocTH L (puc. 196). ITycts Touka B KoH-

Typa 3sasemaena, [lo ¢opMyae (1.11) Cr
9oc + o1 = 0. 3nech q:L:LEI— q:-c=i. 4 B
at’ C
1

Iagenue HampsKeHHSA Ha eMKOCTH ¢¢ Oy-
AeM ofoanayath npocto ¢. Toraa

o+L% =0 @®.1) Puc. 106,

1
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_d ar _ &g e _ ode
3amerum, uto I = % TMoatoMy il L Tak kak i C =
TO, NOAL3YACH COOTHOICHHeM (8.1), HaXoAUM

9+ LC %22 =0,
HIH
d% 1
Z-"10% (8.2)

AHanorHYyHOe ypaBHEHHe MH pacCMaTpuBajiH B rlape V npH
H3yueHHH MeXaHH4ecKHX xojeGaHuli, Tam Obin0 ycTaHOBJEHO, 4TO
pemenueM (8.2) apagiorcs dynkumH ¢ = Aginot H ¢ = B cos ot npu
Mobux A # B u HapnexamuM oSpasoM nopobpansoM w. [lposepuM
9TO, HanmpHMep, AnA ¢ = Asinol H nonyTHo ompefeauM . [l

3TOTO @ H ﬁ nopcTaeasieM B (8.2).

IMonyunm
—ALCo® sinwt = —Asin t,

HJH, CoKpailas Ha —Asin e,
LCo? = 1.

0= . 8-3
v LC ( )

CnemoBaTennHo, peileHHeM ypabHeuMs (8.2) aBasioTcs QYHKIMH,
ONHCHBaWIHe KoNeOaHHA ¢ Kpyrosoli 4acToTol —=—=; NepHOA Ta-
> vic' "

KHX KoseOaHHufl papen
T=2_%vIC. (8.4)

IposepuM pasmepHocts (8.4): pasMepHOCTh €MKOCTH —
[C] = dapaga = kysioH/BOABT = aMmep - CeKyHAa/BOALT, pa3Mep-
HOCTh MHAYKTHBHOCTH — [L] = reHpu = BosibT/(aMnep/cekyHaa) =
= BOJIBT - CeKyHa/aMnep, Tak uto peficrBaremsuo LC HMeer
pa3MepHOCTb CexyHia.

OfpatHMcE K NOAPOGHOMY PacCMOTPEHHIO pelileHHA YpaBHe-
Hus (8.2). Pemenus ¢ = Asinet ¥ ¢ = Bceose no CyliecTsy He
OT/IHY3IOTCA OfHO OT APYTOTO, TaK KaK KPHBas CHHYca [OJydaeTcA
H3 KpHBOA KOCHHYCa CABHIOM No ocH t. [103TOMY paccMOTPHM OfiHO
H3 pelileHH, HanpHMep,

¢ = Bcoswt.
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Amnantyaa B moxer Ourth moGoit. [lpu 3aganHoM ¢(2) HailmeM
3aBUCHMOCTB TOKa OT BPEMeHH:

_ e :
I_Cdt_ C'Bwsin wt.

Haitaem sHepriio eéMKOCTH H 9HEPIrHIO HHAYKTHBHOCTH:

2 2 2 o2
2 2 2 2
Ioncrapaasa clona sHpaxceHHe o (8.3), moayuum:
2
WL = % in? ot.

Tonnas sweprus, Kak H C/EAOBaN0 OXHAATh, OT BPEMEHH He 3aBH-
CHT; AeHCTBUTENBHO, 2 9
W=Wec+W,= -Gzi (cos? wt + sin’ mt) = C-zi
Taxum o6pasoM, ABHKeHHe 3apALOB KOHTYpA, COCTAaBJEHHOTO H3
€MKOCTH H HHAYKTHBHOCTH, TOXOXe Ha JBMMEHHe MacCH, 3aKkpen-
JIEHHOH Ha npyXHHe. DHepPrHIO 3apsKeHHOFO KOHIEHCATOpa MOXK-
HO ynofoGHTL yNpyroft 3HeprHH NPYXKHH, KOTOpPad MAaKCHMA/bHa
B MOMEHT, KOTfila Macca HaXOAHTCA B KpaliHeM MOJOXKeHWH, Ha Mak-
CHMaJbHOM pacCTOAHHH OT NOJIOXKEHHS paBHOBeCHA. DHEPrHIO HH-
AYKTHBHOCTH MOXKHO ynogoGUTh KHHeTHueckol SHeprud ABHxylelt
MaccH. B MOMEHT, Kora 3apAfi €MKOCTH paBeéH HYJMI0, TOK JOCTH-
FaeT MAKCHMaJbHOrO 3HaueHHfl (Mo alco/MIOTHON BeJHUMHE), B 3TOT
MOMEHT 3Heprusi eMKOCTH paBHA HYJIO, a 3HEprHA WHAYKTHBHOCTH
paBHa nosHo# sxepriu (cos? ot = 0, sin wt = 1). TouHo Tax e npH
KoNeGaHUAX MacCH Ha DPYXKHHE B MOMEHT, KOrga Macca NpPOXOAHT
yepes NOJOKEHHE PaBHOBECHS, NOTeHIHANBHAS SHEPTHSA PaBHA HYJIO,
a KHHeTHUYecKad 3HeprHsd paBHa MOJHOf 3HeprHH KoJebaHHiL,
HasoBem o6meft sapagelf 3amauy o HaxXOXKACHMH NOTEHLMANa B
KOHTYpe NpH YCAOBHH, YTO B Haua/bHHIK MOMEHT BpemeHH ¢ = 0
I =1Iy, ¢ = qg. Hu peiienne ¢ = Asinwt, Hu pemerne ¢ = B cosat
He AAI0T HaM BO3MOXHOCTH PelHTh oflyio 3agawy. Jlas pellieHus
ob1elt 3agaun obpasyeM CyMMy:
¢ = Asinat + B cos f. (8.5)
Jlerko npoBepHTb, 4YTO 3Ta CyMMa SBJIFETCH pellieHHeM ypaBHe-
Hua (8.2).
Ilpu sToM
I=C% = Chncoset - CBosinat. (8.6)

INonaras t =0 B dopmyane (8.5) u (8.6), momyanm:
¢(0)=B=¢q), I(0)=CAo=1I,
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OTKYsia HalifieM pellleHHe C SalaHHLMY @ ¥ lo:
o= %sinmt+¢ocoemt, I=Ipcoswt — Copwsinat.  (8.7)

Ilpepnaraem yuTaTeNO NPOBEPHTH, YTO NMPU TAKHX KONeOaHHAX MOJ-
Has] 3Heprus NoCTosiHHA H paBHa Ha4aAbHOH SHEPTHH

Cq:o + 1k LI2
Bupaxetne (8.7) asis ¢ MOXHO 3anmHcaTh B BHAE
® = ¢ o8 (of + o) (8.8)
¢ aMmaHTymoX ¢m,. B MoMeHT, korma cos(wt + o) = BCAt
C"m

3Heprua €CTbh SHEprHa €MKOCTH, T.&. 2 . BBPI,H.}' TOl'0, YTO

Ok, _ Ok} , LR
! 2=t o
KYIA @ = 1/¢%+5I§. s supaxenus (8.8) Haxomum: I =

= —Coposin (at + o) = Copnpocos (of + o)) = Iy, sin (et + o), e
a; =x+a, Iy, = Cppow. 3aK0oH COXpaHeHUs SHEPTHH JHaeT:

NnojHaAg 3SHepPrud COXpaHAETCHA, HaXONHM

Cef | L _ LI,
2 2 2
oTKYHa
C

KoHeuHo, 3HaueHUA @y U I, MOXHO MOJMYYHTH H 6Ge3 sHepreTH-
YeCKHX coolpaxeHuH, nNoab3yach GopMyAaMH TPHTOHOMETPHH.

Cxema ANs oCyIleCTBJIeHHA KojefaHul nmoxasaHa Ha puc. 197.
B cxeme umeeTca HCTOUHHK HanpmxeHus &g. Ecau 3aMkHyT™s A 1pH
pPasoMXHYTOM B, To No HCTEUEHHH NPOMeXYTKa BpeMeHH 3 RC
nocie 3aMuKaHHE €MKOCTh OyfieT sapsikeHa fo noTeHuuana &p.
PasomkHeM A ¥ moche storo B MoMeHT t = 0 samknem B. Torma
B uenH, cocrosmet u3s L u C, HaunyTes KoaebaHusa ¢ ¢ = ¢p = &,
I=0 B Momenr £ = 0. OTMeTHM, YTO NIpPH 3THX KoJeOaHHAX

i

Pre. 197.
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PasHOCTh MOTEHLHAMOB HA MJACTHHAX PA3OMKHYTOrO pyOmiabHHKA A
6yaeT NepHOAHYECKH MeHAThes ot O ao 2&,.

BoamoxeH gpyrofi BapHAHT BO3GyXHeHHHA KoseGaHult B cXxeme
puc. 197. Cnepra saMuixaioTes o6a pybunsHuka A u B. Torga B uenu

&o
YCTAHABJHBAGTCH TOK fg = 7 3areM B MoMeHT ¢ = 0 pasMuxaerca
py6unbHUK A. Ilpu 3TOM B KOHType, cocrosimieM u3 L u C, Hauu-
HalOTCA KoneGaHusa, [IpHYeM B HauaJbHHIN MoMeHT @9 =0 Iy = %.

Ilpu 3TUX KoneSaHHAX MaKCHMAJbHAd aMIVIMTYAa NOTEeHIHaka Ao-

CTHlaeT
L 1 {L
wn=loy/z =% g5

HanomunM, uro B cxeme §e3s €MKOCTH NpH PA3MHKAHHH LEH,
cofiepaimeft UHAYKTHBHOCTE L, Ha pyOHABHMKe pasBHBaeTCA TeM
GoMbllasi PasHOCTh NOTEHIHANOB, YeM GoJibille CONMPOTHB/EHHe BO3-
AYLIHOTO MPOMEXYTKA MEXAY IJIaCTHHaMH pyGuibHMKa. Ilpn pas-
MHKaHWH Takoli uenH (6e3 eMKOCTH) MeXAY NIACTHHAMM PYGHABHH-
Ka 00A3aTe/IbHO BO3HHKAET pa3paj, B BOSLYIIHOM nmpoMexyTke. [Tpu
HaJHYMH eMKOCTH MAKCHMaJbHAA Pa3HOCTh MOTEHUHANOB MEXIY
IAaCTHHAMH PYGHIbHAKA A He NMpeBHINAET onpeleNeHHOro 3HAYeHHs
(%0 + @m). Ecsin 310 3HaueHHe MeHbllle TOrO, KOTOpOe HEOGXOLHMO
AAS 32KMFaHHA paspEia B BO3AYWIHOM NPOMEXYTKe pyGHJILHHKA,
TO pa3pafia He GyHeT: FOBOPAT, UTO BKAKUEHHEe eMKOCTH C «racHT»
Pa3pAl NpH PasMHKAHHH LENH C HHLYKTHBHOCTBIO. OTMETHM, uTO

1 L
B&JIHYUHHA Vo MoXeT OuTh Gonbille efUHALK. Torga, pasMukas

py6unbHux B uepe3 ueTsepTh Mepuofa nocie pasMukaHug A, mo-
AyuuM Ha eMKocTH C norteHuuwaa Godee BbICOKHMHA, 9eM NOTEHIHAA
HCTO4YHHKA Toxa &p.

YopasHeHHR

1. Onpenennts a B dopmyae (8.8).
2. PaccMoTpeTh H3MeHeHHe NOTeHIMaNa Co BpeMeHeM B uenu puc. 198,
Onpepenuth HanGoJblmee 3HaYeHWe @ M BPeMs, KOTAA AOCTHTAETCA 3TO

B ombor— A

*lll'-—_l_

Pgre, 198.
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HanGonsmee 3navenue. Cuurars, 9TO PYSHALHHK A B cXeMe 3aMHKAIOT
B MoMeHT £ =0,

8. B npeannymeli safnade HallTH SHEpPrHI0 eMKOCTH H SHEpPrHIO, OTAAH-
HYI0 HCTOYHHROM TOKa B MOMEHT, KOTAA ¢ MaKCHMAJLHO.

§ 9. 3aryxalomue kKoneGaHH™

PaccMOTPHM XOHTYpP, B KOTOPOM IOCHENOBATENBHO C HHAYKTHB-
HOCTBIO BXJAKOUEHO conpoTHeAeHMe R (puc. 199). Bymem cumTarh,
uto R Mano. Ecau R cosceM He NpHHHMMATb BO BHHMaHHMe, TO MH

; :

Pic. 199.

-||||—

IOJYYHM CxeMy pHc. 196, koTopas GuJaa uaydeHa B § 8. Eciu npu
t=06un0 ¢ =9¢g, I =0, To mo (8.7):

9 =gqocoset, I=I,sina(t+x), (9.1)
rie OOJIOMEHO: {
Im = Ctpom, = _\/_L__CT- (92)
2
Ilpn atom nonxas sHeprua W = OT“’. HAH, ToAb3ydack (9.2), MoxHO
3amHCaTh Takxe: I
W= —24"3 (9.3)

INpy HanHYMK COMPOTHBJEHHA NMPOHCXOAWT NpeBpallleHHe 3JeK-
TpHYecKod SHeprHH B TenoBylo. TensoBasa MomHOCTb P paBHa

-}22[2—"‘1 (1 — cos 2at).
949
TensoBass MOIIHOCTb NMPH 3JIEKTPUYECKHX KoseGaHHAX He OCTaer-
¢l TOCTOAHHOM, Ha NPOTAMEHWH KaXAOro mnepHoia P pBaxau
AOCTHraeT MakcHMyMa M HBaXIH o6pamaerTcs B Hynb*). Haii-
IeM cpemHee 3HaueHHe P 3a nepuos. Us dopmynu (9.4) Haxomnm

P = RI? = RI2 sin*(wt + 1) = RIZ sin’ ot =

*} 3HaK ee, KOHEMHO, He H3MEHAETCH.
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RIZ

P= 7"‘- (1 — cos 2mt ); BcioMEHas, YTO cpeAHee sHaueHHe KOCHHY-
€a 33 NePHON PaBHO HYJIO, MOMyJIaeM
RI;,

7

BufieieHHe Tensia Ha COOPOTHBACHHH R MOXET NPOHCXOAHTh TOJIBKO
3a cyer yMeHbIneHHs SJexTpHueckol sHeprud W. [osromy

aw
? =-P, (9.5)

Mu npegnonoxuan, yro R mano, sHauut, 1 P Mano. Sxeprus
KoJMlefaHHii yOHBaerT MeAJeHHO, 3HAYHTEJbHOC H3MEHEHHe SHepruH
3aMeTHO JIHIOL MO HCTeYeHHH HECKOJbKMX mepHomoB. PaccMaTtpuBas
MPOMEXYTKH BpeMeHH, GoJbilKe 10 CPaBHEHHIO ¢ NIePHONOM KoJe6a-
HH#A T, samennM B npaeoft wactu (9.5) P Ha P:

dW = _ RE

— —P — —__..."_‘.‘ !

dt 2 (9.6)
IMockonbky sHeprus W menneHHo MeHseTcd, TO H3 (9.3) BHouM, uTO
H I, ecTh MefiIleHHO MeHAOLIaACA BeAHYMHa, Bupasus I, us (9.3),
oMy HM:

P=

2w
In=y—7-- (9.7)
Hoabsyack (9.7), nonyuaem us (9.6)
aw R
A A

Peinenvie 3Toro ypaBHeHHA eCThb
W = Woe™(B/D)t
rae Wy — 310 aHavwenne W npH ¢ = 0. [Toatomy coraacho (9.7)

= /T -

Torpa
I= /20 ¢ RH0D) gin (at +1). (9.8)
BenomuHas, uto ¢ = g cosat, a gy = %, nojaydaeMm
Iy 1 2wy, .
%:C—m cosgnt:a —L—O e Rt,CZL)COSﬁ)t. (9-9)
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Gopuynr (9.8) u (9.9) nokasusaloT, 4T NPH HANMYKH HEGOMBLIOrD
COMPOTHBJICHHS 3JIEKTPHUECKHe KoJeGaHHS 3aTyXaloT IO IOKasa-
TeJAbHOMY 3aKOHY.

Buin#canHoe Bhillle pelleHHe MoAydeHo NPH NOMOMH NPHOIHXeH-
HOT'O pacueTa, 3aMeTHM, YTO B 3TOM NpPUGJHKEHHOM peEIleHHH He

YAOBJIETBOPACTCH COOTHOLIEHHE I=C %':, XOTA OHO BHIIONHEHO TCM

TouHee, 9eM MeHbue R. Ilocrapaemca Teneph pemHTh 3afiady TOYHO.
Ilnsa cxemu puc. 199 umeem cooTHoweHHe ¢ + ¢g + ¢ = 0, oTKyaa

o+ RI+LE =0, (9.10)
npudem I = C%. Moactasnag B (9.10) eupaxkenue gna I u e
HaXOHM £
i9_ _o_gro®
10%2=—9-RrO% ©.11)

ByaeM uckath peineHse ypapHenus (9.11) B Tom e Bufe, KOTOpHH
MH MOAYYHAH B NpHGMIDKEHHOM PacCMOTpPeHHH, T. €.

9 = Ae Mcosat, (9.12)

rae A, @, A — NOCTOAHHHE YHCJA, KOTOPHE Hamo onpefeaHTh, Bu-
PaKEHHS IS @ H ero NPOH3BOAHHIX NMOACTABUM B ypaBHeHue (9.11)
H COKpaTHM BCe YMeHH Ha ofmuA MHOXHTenb, Ae~ ™ [Tomyanm

LCA2 cos ot + 2LCwsin of — LCw? cos wt =
= —cos ot + RCMcos ot + RCosin e,

Jlas Toro uToGH STO paBEHCTBO HMEJNI0 MecTo MpH Jiobom ¢, HyXHo,

uToOH ObIM PaBHH CIpaBa H clieBa K03O(HUHEHTH NpH cos wi H NMpH
sin wi B OTHENBHOCTH:

LCA? - LCw® = RCA - 1, (9.13)

2LCxp = RCo. (9.14)

Yenosre (9.14) paer A = %, nocne uero U3 (9.13) nonyuaem

m=1/-;5—%. (9.15)
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[Moctoaunas A u3 ypastenus (9.11) He onpegennnack. Beauunna
3TOfi MOCTOAHHOH CTIpeNeNseTCd H3 HayaNBHOrO YCJIOBHA: DpH £ =0

¢ = ¢9. Hakoneu, snan ¢(t), nerko watimem I = C et Monyunm
I = —CAe(wsin ot + Acos at). (9.16)

CpaBHHBas TOUHOe peilleHHe ¢ NPUOANMEHHHM, OTMETHM Clely-
jomee: 1) B NpHGAMMEHHOM PacCMOTPEHHH 3afaiH MH TNPaBHALHO
OTpefeUJIH YHCAO ), XapaKTepH3ylolllee CKOPOCTh 3aTyXaHu#i KO-
neb6anuii. OfHAKO DNPHOJHXEHHOE peilleHHe He JaeT 3aBHCHMOCTH
JacTOTH @ OT BeJHYHHH CONpoTHBACHHR R; 2) dopMyna ana TOKa
HEeCKOJIbKO OT/H4YaeTc OT TOH, KOoTOopas OHJa moayyeHa NPHOJH-
JKEHHO.

Toyno TakuM e cNOCOG6OM MOXHO TNOKasaTh, YTO YpaBHe-
HHe (9.11) HMeeT ellle OAHO pelleHue

¢ = Be ™ gin o, 9.17)
NpHY4YeM ® H A Te Xe caMHe. Coo'rne'rc'rnylomaﬂ CHJla TOKa paBHa
I = CBe™(wcos ot — Asin wt). (9.18)

CymMma pemennft (9.12) u (9.17) Takxke sABafeTcs pelueHHEM
ypasheHus (9.11). Toabxo mpu moMomu 3TOH CYMMH MOXHO pe-
WHTL OGIMYl0 3ajavy: HalTH peleHue ypaBHenus (9.11) ¢ Ha-
YaJbHHM YcioeHeM npH t =0 ¢ = ¢, I = Ip. HdeficTBuTeNBHO,
Toraa Ans Kosdduuuentos A U B noaydaeM ypapHeHus ¢g = A,
Iy = CAA — CBw, otkyzna

Capo — I
A=q B=ZF22
Vnpanenus

1. Haiitu I(f) B cxeme puc. 199, ecrn C=1, L=1, R=0,1;0,5; 1.
NMpri=0 ¢=1,I=0.

2. Tot xe Bonpoc, ecannpr it =0 ¢=0,I=1.

3. NpetamkeHHHM METONOM HAHTH CKOPOCTDh 3aTyXaHES KoAeGaHuit 3
B cxeMe puc, 200, cuntas, uro B peckMa BesHKO.

C

—
F

Puc. 200.
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§ 10. Cayuaii 6oabmoro compoTuBiaeHuS

PaccMarpHBaeMulll 3fech cfy4afi GoOABINIONO CONPOTHBACHHA
NpeAcTaBAfeT IMaBHEM o0pa3’oM MaTeMaTH4ecKHH HHTepec M He
CBA3aH ¢ JaibHefiiuM MarepHanoM. [losToMy B NepBOM HTeHHH
sTOT Naparpad MoxeT OHTH NPONYILEH.

Pemenne ypashenns (9.11), noayueHHoe B mpemnAymeM mapa-
rpade, cnpaBelHBO JMHWb AAA He cndmkom OGoapwnx R. lef-

cTBHTeABHO, H3 (9.15) BuaHO, uTO ecoit R > 2 g, TO ® CMHC-

Jla He HMEeT, TAK KaK NOJ, KOPHEM IOJYy4aeTcsl OTPHUATeNbHOEe
uncno. B atom caydae ypashenue (9.11) mmeer pemeHHe Apyroro
BHfa. Bysem HcxaTh pemenne B Bufe ¢ = Ae ™ (coormerctmenno
I = —ACBe ™). Topcrasass B (9.11) Bupa}xeﬂna INA ¢ H ero
NPOH3BOAHHX M COKpallas BCe uaeHb Ha Ae~, moayunm

LCp% = -1+ RCB.
310 — xBanipaTHOe ypaBHeHHe A4 B. Peinas ero, Hafifem:
B R RZ 1
4’ " IC”
IoaxopeHHoe BHpaXeHHe B (10. 1) oTAHYaeTCA 3HAKOM OT MOIKOPEH-
Horo BupaxeHus B (9.15) mna . ChnefosarennHo, Kak pas B Tex
cNydasix, KOria Heab3A HafTH o, MOXHo Hafitu B. Popmyna (10.1)

HaeT ABAa PasAMYHHX 3HAYEHHS B, MOSTOMY MOMHO COCTaBHThL ABa
peweHHs ypaBHeHus (9.11):

p=Ae®® u o= Be k2,
Pemennem Syer 4 HX cyMMa:
o= Ac—hit 4 Behit, (10.2)

(10.1)

COOTBETCTBEHHO
I =—ACpe Pt — BCpoe~Pet, (10.3)
Ecannput =0 ¢ =g, I = Iy, To, noaarasa t =0 s (10.2) 1 (10.3},
MOJNYUHM:
A+ B=¢qy -—-ACp,— BCBs=1I.

W3 aTofi cucTeME ypaBHeHHH MOXHo Hafith A u B.
PaccmorTprm Goaee noppoGHo BHpaxeHwe aas B. Ilycts R >

L /32 1 R [ 4
> 2\/_ Toraa i IC " 3L - 7o MOXHO PasJOXHTh
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no ¢opmyne 6HHoMa HbioToHa. OrpaHMYHMCA ABYMS YJeHaMM:
E3 l—i—f—(l—l-ﬁ) £_1 . [losToMy B; =
Fc I N YR
R R 1 R 1 R
_ﬁ+ﬁ_ﬁ_f—ﬁamr, Tak xax I BeaHko, P =
R R 1

1
T 9L 2L * ®o ®C - RO ITH 3HaueHHn By H P2 3HAKOME HaM H3

§§ 1-5. JeficTBHTeNBHO, B COOTBETCTBYET 3aTyXaHHIO TOKa IO 3a-

oy e~ (B/L)t 1 e, xak B uenH, cocTaBAeHHOM TOABKO H3 HHIYKTHB-
HOCTH H conpoTHBAeHUSA (cM. § 5). Bropoft kopeHb By COOTBETCTBYET

3aTyXaHuio Toka mo sakony e~t/(RC), 1.e. xak B uemm, cocTosiedt
TOJILKO H3 eMKOCTH H COnpoTHBJAeHHa (cM. § 2).

IMpeacraBaser MareMaTHIeCKH HHTepeC 9acTHHA cayvall, koraa
noAKopeHHoe BupaxeHHe B (10.1) TouHo paBHO HyMmIO:

B _1

4 LC”
Tax 4to 06a KOpHA By H Py coBMagaloT. MH NoayuaeM TOABKO ORHO
pewiensie ypaBHeHHA (9.11). Opnako Ay Toro 9ToOH peMIHTL 33434y
¢ HaYaJbHEMH YCHIOBHAMH ¢ = @9, I = Iy npu £ = 0, HaM Haflo NiBa
pellleHHA.

Kax nafitu Bropoe pemeHue? Ilpeamonoxum, uto B; # B2, HoO
B1 — P — Manas BenuunHa. Torfa MH HMeeM fiBa pellerHs: e Pit

u e Pt HMx pasHOCTh Takxe #BARETCA pelieHHeM. 3amHmeM STO
pellleHHe Tax:

e Pt — g=Pat = e~Pat[g(PaBi)t _ ),
Tak xax By — B; Mano, To*} eB2P1)t x5 1| 4 (By — By )¢, oTKyHa
e Pt — =Pt — e~Paty(p, — ).

IMocaenHee BLpaXeHHe HABOOHT Ha MBICJb, q'ro Beoaydae flo =p; =P
Hajio BTopoe pelueHHe Opats B BuAe ¢ = Bie P Ioacrannas 370 ¢ B
ypaBHeHHe (9.11) H yauTHBas, uTO B = 37 YBULHM, uTO ypaBHeHue
AeficTBHTENLHO yaoBAeTBOpAeTcd. HTak, B cayuae By = = B Hajgo
6paTh ¢ B BHJe o= A~ 4 Bt~

Taxoe ¢ (u cooTBeTcTByowee ) NO3BOARET PEIIUTh 3amady ¢ JIO-
GHIMH HadaJdbHHEMH @y H Iy,

*} B psne Teflopa MOAHO YIePHkaTh TONBKO [Ba WI€HA.
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Yopamaeans
1. Haftre ¢{t) ipu t =0, 9o =1, [y=0amm L =1, C=1, R=2;

" 9. Haftru oft) ana L=1, C=1, R =2; 4 npy ycioBUH, UTO OpH
t=0@=1L=1.

§ 11. Ilepemennntil TOx

B oranune oT paccMaTpuBaBIIMXCA paHee cXeM, Tenepb OyzeM
paccMaTPHBaTh CX€MH, B KOTOPDHX HCTOYHHK HANPSKEHHHA HMeer
3. I. C., MIEPHOAHIECKH MEHSIOIYIOCH CO BpeMeHeM, ¢ onpexefeHHOH
sajaHHol 4YacToTolt . 2TH sajauH HMeloT GoJiblIoe 3HaueHHe AJ
paguocxeM. YacTrora nepeMeHHOrO TOKA COBEPLICHHO MO-pPa3HOMY
BAMAET Ha NPOXOXKAEHHE TOKA Yepe3 HHAYKTHBHOCTb H €MKOCTh. YeM
Gosbmie uyacToTa, TeM OHICTpee MeHAETCS TOK, TEM e¢TpPYAHEe» OH
NPOXOIMT Yepes HHAYKTHBHOCTH, TeM GoAblle PasHOCTh MOTEHLHa-
JIOB, CO3KaBaeMad TOKOM flaHHoO# cuAu. Hamporus, Ha maacTHHaxX
KOHAEHCATOpPA PAasHOCTh NOTEHIMAJOB TEM MeHbllle, YeM GoJbme
yactoTa. [Ipy yBReJHYEeHHH YacTOTH yMeHblIZeTcs NepHOJ H, CAelo-
BaTe/IbHO, YMeHbIIaeTCA BPeMH, B TeueHHe KOTOPOro TOK, COXpaHss
CBOEe HanpaBJIeHHe, 3apsKaeT KoHEeHcaTop. [losToMy ¢ yBeaudeHneM
JacTOTH yMEeHbIIAeTcs 3apafl KOHIeHCaTopa, YMEHbIIACTCA PasHOCTh
NOTEHIUANOB HA €ro MAACTHHAX.

Mu yxe ormeuanu B §8, uTo ABHXKeHHe 3apAloB B KOHTYpe,
COCTOAINEM M3 MHAYKTHBHOCTH M eMKocTH (KoHryp L, ), MoxHOo
ynoao6uTh KoAeGaHMIO TeJa, NOABLIMIEHHOrO Ha NpPYXHHEe: €CJH NpY
KoJefaHHU Tesa NEPUOIHIECKH MEHAIOTCH €ro pacCTOAHHe OT Hagala
KOODAMHAT M CKOPOCTb, TO B KOHTYpe NEpHOAMUECKH H3MEHSAIoTCA
NOTeHUMAN ¥ CHJIA TOKA.

Yactora, ¢ koTopofi KoaeOaeTca Teno nop AeficTBHeM ympyroii
CHMAIH NIPYXKHHH (NPH OTCYTCTBMM BCAKMX APYTMX CHA), HashHBaeTcs
cobcrBeHHol yacToToll KosleGanni. [logo6Ho aToMy yacToTa Koaeba-
HHE noteHuHana B KoHType L, C HasupaeTcs cOGCTBEHHOA 4acToTOR
3TOr0 KOHTYpa.

PassuBas 9Ty aHaJOTHIO Zajiblle, MOXHO NPEANIONIOKHTb, 4TO
€C/IM KOHTYD BKJIOYEH B IeMb NepeMeHHOro TOKa, T. €. NepHOAHYECKH
MeHfAeTCH 10faBaeMHit Ha KOHTYp NOTeHIHaa, To GyieT HMeTb MecTo
fiBNleHHe pesoHaHca. OHO COCTOHT B TOM, YTO aMIIHTYAA KoseGaHHH
MAKCHMAaJlbHA MpH JacTOTe TOKA ¢, paBHOH COGCTBeHHOH yacToTe
KOHTypa &y. AMIIMTYZA O4YeHb Pe3KO BO3pacTaeT MpH NPHGIIKeHHH
(0 — wp) k Hymo. SArneHWe Pe3OHAHCA HA CAMOM fie/le HMEeT MecTo,
o”o Gyner paccMoTtpeno B § 13.
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Hdaa xkaxporo asyxnoaiocHHka (cM. c. 404, puc. 175), Brao-
YeHHOr0 B LeNb MEPEMEHHOTO TOKa, eCTh onpenefieHHOe COOTHOIe-
HHe MeXAY pasHOCTbK MOTeHRHanoBp M cultofi Toxa. HafimeM ero
COOTHOIIEHHE CNepBa A HauGojee MPOCTOro CAy4as OTHEABHHX
snementoB R, L, C, ¢ tem utobu motoM (B §§ 13 u 14) susacHuTh,
K@K HAXOEHTb 5TO COOTHOLIEHHE A4 G0Jee CHOMKHEX CXeM.

Bymem paccMaTpHBaTh nepeMeHHHH TOK ompemefieHHOH 4acTOTH
®; KaK M paHbiDe, YaCTOT2 ( CBA3AHA C [EPHOAOM COOTHOLICHHEM

Tak, HanpuMep, ¥ Hac LIHPOKO NpHMEHseTCA TOK ¢ 4acrorol 50 Ii:
T=yco=250=314c"

INpeacrapuM cebe cxemy, nokasanHylo Ha puc.20l. B uems
BKJIIOUEHB aMnepMeTp A, MoKAasHBAwIIME CHAY ToKa I, M BOJIBT-
metp V, HaMepawwiuii Hanpmxende (pasHocTb moTenusanos). Ho-
NYCTHM, YTO &MIEPMETD H BOIBTMETD HACTOANBKO GesHHEPIHOHHHE,
GHICTPOAEACTBYIOUIHE, YTO OHH IMO3-

BOJIAIOT H3MEPATh MTHOBEHHOE 3Ha- —O—

YeHHe TOKA B KaKAMH MOMEHT, H, I

CJIeIOBATE/IBHO, IOKA3AHMSA HX H3Me- ~ @4 _& T

HAIOTCA ¢ NMEePHOAOM, PABHHM MepH-

omy Toka. [IpakTHyecku Tako# OmIT | o]

NPOBOAMTCA € IMOMOWIBIO OCIMJIJIO- c
i

rpada, Tak HasbiBaemoro mhefico-
BOTO ocumagorpada ¢ ABYMH mIAeH-
¢daMi, HAH C TOMOIIBID KATOAHOTO Pue. 201.
ocuunorpada ¢ AsyMa aydamu. [To-
JIOXKMTebHOE HafpaB/ieHHe TOKa NOKa3aHo cTpeakolt. Boaptmerp V
H3MepaeT BeJIHUHHY ¢ = ¢4 — ¢p. BKJIOYAA TOT HIH MHOH py6HIbL-
HHMK, MCCAeAyeM NPOXOoXKAeHHe TOKA Yepe3 CONPOTUBJICHHE, HHAYK-
THBHOCTb HAH €MKOCTb,

IlycTb TOK MeHSeTCA CO BpEMEHEM 10 3aKOHY

I = Iycos (et + ). (11.1)

Ecnu 3TOT TOK MAET N0 CONpOTHBAEHHIO R, To mo sakony Oma
or = RI = Rljcos (at + o). (11.2)
Jan o6IMHOCTH 3aMMILEM 3TO DABEHCTBO TAK:

or(t) = prcog(wt + o), tre ¢ =R, o=aq.
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Iycte Tok (11.1) HACT yepes HHAYKTHBHOCTL L. Torma

QL= Lg = —Lolysin (ot + o).

TTonoxnmM
oz = 92 cos (ot + o). (11.3)

Torpa ¢y = Laly, o9 = a+ g JleficTBHTeNBHO, HSBECTHO, YTO

cos (B + g) = —sinp npu moboM B, nosTOMY

cos (o:t+a+;) = —sin (ot + a).

Taxkum o6pasoM, B cayuae NepeMEHHOTO TOKA COOTHOLIEHHE MeX-
AY aMnauMTyAo# TOKa J H aMNJHTYZON HANPAKEHHS ¢p B HHAYK-
THBHOCTH TaKoe JXe, KaK B CONPOTHBJICHUH, paBHoM Ry = L. Ilpu
3TOM ecsiM L BHpaXeHO B IeHPH, ® B OGDATHHX CeKyHAax, T0 Rp
BHpAXEHO B OMaXx.

Puc. 202,

OtaHuHe MHAYKTHBHOCTH OT CONPOTHBJEHHA NPOABAAETCH B TOM,
YTO KpUBasi HANPAMKEHHHA CHBHHYTA OTHOCHTEJbHO KPUBOH TOKa Ha
ueTBepTh nepuofia (puc. 202). B 3TOM MOXHO y6eAMTLCH M HENo-
CPe/ICTBEHHO 10 hopMyse

—gin (ot + a) = cos(mt+a+%) = cos [m(t+%) +a].
Tlyers dyHKuuA cos (wf + o), KOTOpol NPONOPUHOHANEH TOK, ROCTH-
raeT KaKoro-To OnpeNesieHHOT0 3HaueHHs B MOMEHT f):

cos (et + o) = a.
OyHKUMA cos (mt + o+ g) KOTOpO#i MPOMOPLHOHAALHO HaMpsKe-

HHe Ha HHAYKTHBHOCTH, JOCTHraeT TOro ke 3HaUeHHS o B HEKOTOPHHA
ApYrofi MOMEHT BpeMeHH 1, TaK 4To

coa(mt2+a+g) = a = cos (wty + ).
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MostoMy wis + g = wt), oTKYyHa fg = ¢) — % =¢ — %, T. €. Hanp#-

KeHHe onepexaeT TOK Ha YETBEPTb MepHOAA.
Pasymeercd, MoxHo mpuGaBuTE K %) JAl060e Iejoe YHCJAO Ie-

pHOHOOR, 'rax yTO MOXHO NHcath & = ¢ — % +T =44 + 3T HAH

=14+ < T B dopmyne HafiieH HanMeHblnuit (no aﬁcomomoﬁ

BQJIP]'-IHHE) CABHT MO BpPEMEHH, KOTODHH NepeBOAHT KPHBYIO TOKa
B KPHBYIO HaMpsXKeHHA,

PaceMoTpuM caydafi emxocrd. B atom cayuae I =C — deg , MO3TO~
dt
My ¥
=2 [rdt =2 [hoos(ot+o)dt = 2 sin(at+a). (11.4)
C c Co
3amucaB ¢c B BHAE P = @3 cos (6t + t3), NOayYUM
=1 I =g-=
P = Cm 0 o3 = 2'
ChezoBare/ibHO, B LieNH MepeMEHHOT0 TOKA COOTHOLIEHHE MeXAY
aMIAATYAON TOKA H aMIJIHTYAOH HampsDKeHHA Ha €MKOCTH TaKoe
e, Kak Ha CONPOTHBJECHHH, paBHOM Rg = 1 Buipaxas emkocTs

Cl
B (Japagax n yacToTy B OOpaTHHX CeKyHIaX, u;'IOJIY'-IHM H3 B omax.

Pue. 203.

KpiBasd Hanpa)eHHA B eMKOCTH C/ABAHYTA OTHOCHTENLHO KpH-
Bo#t ToKa gneped Ha uetBepTb nepuona (puc. 203). Takum olpasom,
KPHBasi HalIPAXKEHUA ¢c B €MKOCTH CABHHYTZ B CTOPOHY, POTHBO-
NONOXKHYIO KDHBOH @

Tlpu maHHOM ONMHHAKOBOM TOKE @z U Qo HMEIOT TIPOTHBONONOK-
Hbtii aHak. Ecan ke coBMecTHTh KpHBbIe ¢z H Qg, TO OKaXKeTcH, 4T0
TOK, HAYUIHA uepe3 eMKOCTb, H TOK, MAYIINA uyepes HHAYKTHBHOCTD,
HMEOT NPOTUBONOJOXHHE 3HaKH. JelicTBHTENBHO, Bee (OpMYIH,

*) MocroAHHAR HHTErPHPOBAHHS PABHA §c. B NepeMEHHOM TOKe Beerma §o = 0.
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BHpaKaIoKe ¢ B 3aBHCHMOCTH OT I, Jerko OGpaTHTh, T.€. Bblpa-
3uth I B 3aBHCHMOCTH OT ¢. HanumeM ux psipom:

I =Iycos(wt+ a), 9 = ¢g cos (wt + a),
¢r = Rl cos (at + o), IR=%cos(mc+a),
= Ll =% =
@L—LWIOOOS(OJ‘#+G+2) I meos(o)t-ka 2)
= — Lol sin (of + «), =%sin(mt+a),
1 n =
_E,;Igcos(mt+a—-§)— Ic—(ngmcos(mt+a+§)—
= %IOSiD(@‘FG), = —pgCosin (et + ).

[IporurononoKHuM cABHr (asd M MOPOTHRONONOKHHE 3HAKH
B opMyaaX, OTHOCAIIMECH K MHHZYKTHBHOCTH H @eMKOCTH, HMEIOT pe-
Hiaiolee aHaueHue npH paccMorpedHd L H C, BKIIOUEHHHX BMeCTe.

B onurtax ¢ nepeMeHHHM TOKOM YaCTO MOJAb3IYIOTCHA ORHOJNYYEBHM
KarogHuM ocuuaxorpagoM. Ilpu aroM Ha ORHY mapy OTKJOHSIOHIHX
naacTuH (OTKJIOHEHHMe MO OCH X) NOJAIOT HaNpAKeHHe, MPOMOPLH-
oHaJbHOe cuAe ToKa. Ha apyryio mapy naacTHH (OTKJIOHeHHe IO
OCH §) MOAAIOT HANpPsKEeHHe, MPONOpUHOHAJbHOE ¢. JIyd ABHIKETCH
N0 JHMHHM, ypaBHeHHe KoTopofi HMeer BHA Z = al, y = b¢; xo-
spPHIHEHTH a U b 3aBHCAT OT YYBCTBHUTEJBHOCTH OCLHAJOrpacda.
Tax xak I ¥ ¢ cyrb nepHomHueckHe (PYHKUHH BpEMEHH, TO JYy4
npouyepuuBaeT Ha 3KpaHe Bce BpeMA ONHY M Ty Xe JHHMIO. [Ipn
yacrore 50 kosne6aHHMA B CeKyHAY I71a3 He 3aMeyaeT ABUKEHHS Jy4a,
a BHAHT CIJIOUIHYIO CBETHAILYIOCHA JUHHUIO.

Ecau Ha nNacTHHKH BePTHKAABHOrO OTKAOHEHHS ocuuaaorpaba
NOAaeTcH PasHOCTb NMOTEHLUHANOB C COMPOTHBACHHS, @R, TO Ay4 ONH-
CHIBAET MPAMYIO; B CAMOM Jene,

z=eal =alpcos(wt +a), y=bpr=>bRIycos(wt+ «),

a
Hekaloyas £, HafneM y = ﬁm. EciiH Ha 3T™H MIACTHHKH TNOJaercs

PAsHOCTb MIOTEHUHAJOE C €MKOCTH ¢¢, TO MOAYIACTCA SJVIMIIC:

z=al =alpcos(wt+a), y=bpgr=>bRI)cos(wt+ a),
z\ y 2 a2 . 9 _

(GIU) + [bIo/(CG‘.I)] = Cos (Wt-'- U-) + 810 (Gﬁ + U.) = 1.

Touno Tak Xxe 3JAMOC NONYYaeTCs NPH BKAIOUEHHH ¢r. [IpH BKIIO-
YeHHH Qr + ¢r MAH Qg + ¢c OCH CHMMETDHM 3JJIHIICA YXKe He
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COBMAJAlOT C OCAMH T M ¥. TakuM ofpasoM, no ($opMe OCLHAJIO-
TPAMMEl MOMKHO CYAHTb, 4T6 BKMouyeHo B uenb (C, L uau R), ueM
«HauHHeH AWMK» (c. 404, puc. 176).

§ 12. Cpeanne BeaAMIHHBI, MOIIHOCTD A CABUT a3kl

B npeauaymem naparpade TOK H HanmpAKeHHe paccMaTPHBAAHCH
Kak ¢yHKUMH BpeMeHH. OJHaKO BO MHOTHX BOMPOCAX AOCTATOYHO
3HATh CPefiHHE 3HAYCHHA STHX BEIUYHH.

Kak nmpocrefilinii npuMep paccMOTPHM HarpeBaTeJbHHH npubop
¢ conmporuBiieHneM R. Mp 3HaeM, 4TO B LeNHW NOCTOSHHOTO TOKA
MOUIHOCTb (T.€. KOJHYeCTBO SHEpPrHH, BHAeJdiomleficd B eANHHLY
Bpemenn) papHa P = ¢f = RI?> = ¢’/R. B uenn nepeMeHHOro ToKa
MTHOBEHHAS MOLIHOCTH paBHA

P(t) = o(t)I(t) = RI(®)] = [o(t)]*/R.

P(t) = RI§ cos®(at + ). (12.1)

Ha nporskennn ogHoro neproia P(t) ZBaxknH obpaliaercss B HYlb
W IBAMCEN AOCTHTAET MAKCHMAJILHOTO 3HaueHHs, paBHoro RIZ. Tlpu
paccMOTpeHHHM HArpeBaTelbHHX NMPUGOPOB Hac OGHIYHO HHTEpecyer
KOJIHYECTBO TeIlia, BHAe/HBIieecs 3a BpeMA ¢, BO MHOTO pa3 mpe-
BHILAWEEe Nepuos, nepeMerrore Toka I. Ilostomy HafileM cpenHee
3HaYeHHe MOLIHOCTH 3a Goabllod mpoMexyroKk BpemeHu t. B cH-
ay (12.1)

P = RIZ cos?(wt + o) = RIJ cos?(wt + o) = RIZ/2,  (12.2)

NpuueM nociAefiHee PaBeHCTBO MPHOIHXKeHHOe, M OHO TEM TOuYHee,
yeMm Goablne £.

IpuunATo onpeaenaTh CpeiHee 3HAYEHHE CHJIbI IEPEeMEHHOTO TOKA
T kak cuny mocrosiHHOro TOKa, BHAEAAIOLIEro PABHYIO MOLIHOCTD Ha
CONMpOTHBJEHHH K,

IMosromy

P = % (12.3)
Hs (12.3) maxoaum:
T=-L . 5 =~071L. (12.4)

V2

Touno Tak e cpegHee 3HAUeHHE HATpHKEHHS § ONpelNeNfeTcd H3
YCAOBHA

=2 .2
P=%=l°- OTKyIa © = —=¢q. (12.3)
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[MpuGopu, HaMepsolUHe NepeMeHHNA TOK, — aMIEPMeTPH, BOJBT-
MeTPH — TpafyHpPOBaHH TaK, YTO CTPeJKH NOKasHWBAlOT Ha IIKaJe
HMeHHO cpefiHee shauenue I, §.

Hs dopmyn (12.4) u (12.5) caeayer, 4yTo MaKCHMa/bHue sHaue-
HHS CHJIH TOKA H HATPSIKEHMSH, NOCTHTaeMbie B LEMH NepeMEeHHOro
ToKa, B V2 pas Goxbie cpegnux. Tak, HAIpUMEp, B UENH CO CPefi-
HHM HanpsxkeHueM 220 B MakcuManbHoe MrHOBeHHOE HampsKeHHe
Jocturaer +310 B,

Hs coornomenu#i (12.2), (12.4), (12.5) u dpopmyan ¢y = Rl
caenyer, uto § = RI u P = ¢, Tak uro sakon Oma H cBASH MeXIy
MOILIHOCTDBIO, TOKOM H HaNpsXeHHeM Ha CONPOTHBACHHH ClIpABEAIH-
BH AJIA CPeiHUX 3HAYEHMH,

Ipn npoxokaeHUH NepeMeHHOTO TOKA Yepes eMKOCTb M MHAYK-
THBHOCTb MBI BCTPETHJIMCh C TeM, YTO CHJA TOKA H HanpmKeHHe
MEHMIOTCH N0 KPUBHIM, KOTOpHE CABMHYTH OZHA OTHOCHTEALHO ApPY-
ro#l, XOTs 4aCTOTa HX OJMHAKOBa. PacCMOTPHM MOILHOCTH B 0GIIEM
clly4ae NpoH3BOAbHOro cisura dass. Ilyets I = Ijcos(wt + B),
¢ = ¢pcos(wt+ p+ o). Torna

P(t) = Ippg cos (et + B) cos (et + B + a).
Bocnoabayesca usBecTHOH GopMysiol TPUrOHOMETPHU
cos (et + B + a) = cos (ot + B) cos a — sin (ot + B) sin a.
INoncraBasad, noaydum™
cos (ot + B) cos (et +p + ) = ‘
= cos ucos’(ot + B) — sin acos (ot + B) sin (wt + B).
Tak kax cos(wt +B) = 1/2, a

cos (at + ) sin (wt + ) =  ain (2% + 28) =0,

To = 1
P = Iypgcosa- 3= I§cosa.

TakuM o6paszoM, cpefHee 3HaueHHe MOIHOCTH B ofileM chyuae,
NPH HAJAMYMM CABHra (a3 o, NPONOPUMOHANBHO cOSc. B uacTHOM
caydae conpotuBAeHHA o = 0, cosa = | MH BoaBpamaeMcs K ¢op-
myae (12.2).

B cayuyae emkocTH o = —=n/2, cosq = 0, B cayuae HHAYKTHMB-
HOCTH @ = +x/2, cosa = 0. TakuM o6paszoM, B OGMMX cCayuasx
CpeRHAS MOIHOCTb PaBRHAa HYNI0. JTOT pesyAbraT BNoJHE NOHATEH
({uanyeckd. B eMKOCTH H HHAYKTHBHOCTH 3JIeKTPHUECKAs SHEPTHA
He NpeBpaliaercd B TEmO, 2 TOJABKO MOXKET 3anacarbesi. B nenm
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NepeMeHHOTO TOKAa Ha NMPOTSMEHHH ONHOA YacTH NMepHola eMKOCTb
3abHpaeT M3 LieNH 3JIEKTPHYECKYI0 SHEPrHIO U 3anacaeT ee, BO BpeMs
apyrofi yacTH HepHoja €MKOCTb OTHZaeT oOpaTHO CBOIO 3HEPTHIO,
paoTaeT Ha uenb, To ke caMoe OTHOCHTCS M K HHAYKTHBHOCTH,
BKJAIOYEHHOH B IeNb epeMEHHOr0 TOKa.

Ofuunufl TpaHCHOPMATOP, K KOTOPOMY He NOAKIIOYEHO HHKAKOH
HarpysKH, TipeAicTarysgeT cobofi YHCTYI0 HHAYKTHBHOCTL (ecau mpe-
HeGpeyb HeGOJABLLIHMH TIOTepAMM B npoBoiax). Yepes Takoh TpaHc-
topMaTop TeueT ToK ¢ aMmauTyEo# I = ¢/(L®). OnHaKo MOLIHOCTD
H3 CeTH, Kaxk yxe ObJIO cKalaHo, He oTOupaeTca GJaroiaps TOMY,
uTo dasa ¢ = n/2 u cose = 0. HuTepecHO OTMETHTDb, YTO CUETUH-
KH H3pacXOZOBAHHOM SJICKTPOIHEPrMH YCTPOEHH TaK, 4ToOH H3Me-
pATh HMeHHO BeluqHHY I@coso. [lo sTol npuuuHe TpaHcdopMaTop,
BKJIOYeHHHH $e3 HArpy3KHM, MPaKTHUECKH HUYero He npubaBaser
K Bamemy cueTy sa anekTposHepruio, a TOAbKO YBeAHYHBAeT NoJ-
HBHI# TOK, TEKyIIMi N0 NPOBOAAM.

Ecqn B ceTb napaliefibHO BKJIIOYEHO MHOTO HHAYKTHBHOCTEH
(rpancopMaTopl, 37EKTPOMOTOPH (€3 HarpPY3KH H T. A.), TO NOAHEH
TOK MOMeT CTaTh ZOBOAbHO GOJLIIHM, H TOTla CTaHYT 32METHHIMH
noTepH B 3JeKTponpoBoaKe. 3TOT 3hdeKT cTaAHOBHTCA BAKHHM AJSA
anexTpocerelt B Macumtabe ropoja.

§ 13. KoneGaTeabHslit KOHTYpP B IeNH NepeMEeHHOr0 TOKA.
PesoHaHC HanpsXeHu#H

Paccmorpnm Tenepp BRKJAWYEHHHE TIIOCACHOBATEABHO B LeNb
NIepeMEHHOTO TOK2 COHPOTHBJACHHE, HHAYKTHBHOCTE H E€MKOCTEh

I— L . C
—~— TR 15
1 23y

Puc. 204,

(puc. 204). OueBugHo, uTo B 3TOH cHCTeMe TOK, MAyuME uepes R,
L, C, onunakoB. 3anuilleM ero B BUIe

I = Iy cos (ot + o). (13.1)
Pa3HOCTh HOTEHUHANOE B LeNH ¢ = @) — 04 = Pr + ¢z + ¢¢.
IMpunomunan gpopmyau (11.2)—(11.4), momyanm

@ = Rlpcos (ot +0) — Loosin (at +a) + - sin (ot +a) =

= RIycos (ot + ) + Ip (E'la ~ Lo) sin(ot +0). (13.2)
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H3 stolt HopMyaH BHAHO, YTO PASHOCTH NOTEHIIHANOB HA MHAYKTHRE-
HOCTH H Ha €MKOCTH HMEOT pasHue 3HaKH, Oaaromaps yeMy Kosd-
¢uieHT npu sin (ot + o) ecTh pa3HOCTh EBYX YJEHOB. 3anuieM ¢
B BHIE

¢ = bcos (ot + o + B). (13.3)

Torza b ectvb aMOAMTYHA pa3HOCTH NMOTEHUMANAOB, T.¢, HaHOOJbLIeE
3HAYCHHE PA3HOCTH MNOTeHUHMANOB (HanpaxeHHs). Haa toro 4ToGu
Hafitk b, nepenumem (13.3) rak:

¢ = bcos P cos (ot + ) — bsin psin (af + a).
CpasunBan nociegnee Brpaxenue ¢ (13.2), Haxogum:
oo 1
beosp = Ry, bsmﬁ—Io(Lm—a). (13.4)

BosBons paBencTBa (13.4) B KBajpaT M CKJIaAbIBasA, MOAYIHUM

# = I} + I3 (Lo - %)2

0TKYyla

b=Io\/R2+ (Lo- %)2 (13.5)

U3 cdopuyau (13.5) BUAHO, UTO NPH AAHHOM 3HAYEHHM AMILITHTYOH
T0XKa Iy aMIVIHTYZA HanpsXKeHHA b MHHUMaJbHA. TIpH

Lo= (13.6)

1
Co’
3anucas (13.5) B BHae Iy = b , BHIHM, YTO IOpH

2

R2 + (Lm - &)
AAHHOM 3HAUEHHM AMIIMTYAH HaNpAXeHHd aMIJIHTYAa TOK2 Mak-
CHMAaJibHa, ecJaH BhnodHeHo yciaoBHe (13.6). Ycaoeue (13.6) moxHo

3arHCaTh TaK: @ =

. Ho 370 ecTh Kak pas co6CTBeHHAd YacToTa

KoHTypa ¢ AaHHeMM L, C. [loatomy ycaoeue (13.6) ectrp ycao-
BHe Pe30H2HCa, YCJOBHE COBMaJeHHs COGCTBEHHON YacTOTH KOHTYpa
C 4acTOTON TOro MepeMeHHOr0 TOK2, KOTOpHH MH nofiaeM. OTMETHM,
4TO MPH pesoHaHCe HampsKeHHe B LeNMH PaBHO

¢ = Rl cos (ot + o). (13.7)
IMonwayace (13.1), HaxoauM, uTo NpH pe3oHaHce
¢=RI (13.8)
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Mepefinem k cpeaHuM sHadeHHAM. CpeqHMe 3HAYEHHS BEJMUYHH TOKA
¥ PaSHOCTH MOTEHIMANOB ONpefie/sieM B COOTBETCTBHH C (HOPMyAaMH
(12.4) u (12.5). Uz ¢opuyns ¢ = Lalysin (w0 + o) Haxonum

9= =59 (13.9)
AHanornuHo U3 GopMyaH ¢ = 5’[3 Iy sin (ot + o) noayqum
- _ 1= 9
%= Co’ ~ Cak'
Popmyan (13.7)~(13.10) HMelOT MECTO TONBKO B CAyYae pe3oHaHca,

-

(13.10)

T.e. IPpH & = . Ioncrapags sto sHaueHHe B dopmyas (13.9)

H (13.10), noayuum

INosToMy B cAy4yae pesoHaHCa HanpsKeHHe Ha HHAYKTHMBHOCTH M Ha
€MKOCTH Tem GoJbllle, 4éM MeHbIle CONPoTHRJIEHHe K, a BeaHUHHBI
P M $c MOTYT BO MHOTO pa3 NpeBHIIATh HANpAXKeHHe HCTOYHMKA
TIepeMeHHOTO TOKa .

IIpu mocneppBaTeNbHOM CONHHEHMH CKJIAIBIBAIOTCA CONMPOTUB-
aAexus. Ho <compoTHBAEHHA» €MKOCTH H HHIYKTHBHOCTH HMeEIOT
TIPOTHBOTIOJIOXHBIA 3HAK H I0-pasHOMY 3aBHCAT 0T dacToTH. [lpu
Pe30HaHCHOH YacToTe OHH PABHH N0 26COMIOTHOH BENHYHHE H, CJe-
HOBATEJbHO, B3AHMHO YHHUYTOXKAIOTCA.

Takum o6pasoM, cHCTeMa M3 TOCASAORATENLHO BKMOYEHHbIX K,
L, C umeer npu pesoHaHCe, @ = @y, MUKUMAAbNOE CONPOTHRIEHHE,
nponyckaer HauGOAbIIHA TOK NMpH A2HHOH AMIIHTYAE NepeMeHHOro
HanpAXKEHHA 110 CPABHEHHIO ¢ TOKOM NpH TOH e aMIAHTYAe Hanps-
KeHMA, HO YaCTOTe He B pe3oHaHCe, ® # .

HurepecHo ncelefopath nofpoGHO, KaK MEHAIOTCHS aMIIHTYAA
HanpsXeHHA H aMILIMTYAA CHJH TOKA, M Mbl o-rxozmm OT TOYHOTO

pesoHaHca, T.e. €ClIHM MBl pPACCMATPHBaEM © # —— ‘/_ Ina roro

yTofH CAeNaTh 9T0, MOCTYNHM caeaylomuM obpasom. Iloabsysichk

dopmynoft (13.3), Hafinem, uro § = b/v/2, otkyna b= \/_ 2%. oa-
cTarJsAa 310 sHayeHHe B (13.5), noaydaem

$=%\/R2+(Lm—é;)2,
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no Iy/v2 =T, nosromy

_ 132
Haxons orciona I u nopcrasnas ero B (13.9) u (13.10), moayuum:
- Lo _ 1 1 —

" ‘/R2+(Lm—%)2 " %=CTB‘/R2+(LQ—-@‘;)2 ’

OG6osnaunm uepes p COGCTBEHHYIO HacTOTy KOHTypa. Tornma ef =

= % INocneanue GopMynL MOXKHO 3altHCaTh B BHAE

L = - i 3 ®c= - o $. (13.11)
B+ (@}-aty L

B rtaxkom BHJE ACHA 3ABHCHMOCTE AMINMHTYAW OT TOrO, HACKOJABKO
6aH3Ka co6cTBeHHAf 4YacTOTa KOHTYpa @y K 4YacTOTe MepeMeHHOro
TOKA . _

L

OrHowenne "p B SGBUCHMOCTH OT ® BO/IH3H ® = @y TOKa3aHO
Ha puc. 205. I'paduk mocTpoeH Aaa caydan % = 0,05. Ha rpacdmxe
BHIEH THNHYHKHA TaK HA3WBaeMHH PEe30HAHCHMHA XOX KPHBOH.
%',
20

10

0 0,9, @ Limy ®
Puc, 205.
(73 Pc

R
Ecnu Ta < 1, TO 3aBHCHMOCTh ry H 5 0T @ omnpefeAnercs

IZIABHBM OGPa3soM BTOPHIM 4YJIEHOM TONKOPEHHOTrO BHWPAMEHMS, T.e.
BesunHol (0§ — )2, TIpu @ = ay 3TOT useH oGpamiaeTcs B HYIb,

H NPH CheNaHHOM IpeAlloJOXXeHHH (% -4 l) 3HaMeHaTeNr HMe-

€T MHHHMYM, a BeJHYUHHA AMINIHTYAH MaKCHMaabHA. AMHJIHTYIL&
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2
cocrasaser 70% MakcuManbHolt npH (0f — o?)% = R;? , T.€. IpH
Ro
o —a? = :I:T' OTKYyAa
o) — 0= :I:E 2 + R

Lop+o T A

To HameHeHHe HACTOTH, NIPH KOTOPOM KBajApaT aMIIMTYAH Tafia-
eT BABOE [0 CPAaBHEHHI0 CO CBOMM MAKCHMANbLHHM 3HaueHHeM, Ha-
aLiBaeTcA IUMpHHOA pesoHaHca. Ecan aMmiauTyAa cocrasaser 70%,
T.e. 0,7 Oor MakcUManbHOH, TO KBAZPAT aMILIMTYAM COCTABASeT
0,72 ~ 0,5 or makcumambHoro. [loaToMy WHpHHA PE30HAHCHON KpH-
Boi @ — ey ectb R/(2L), T.e. WHpHHA paBHa BeJH4HHe, XaDaKTepH-
SyIOmEl CKOpOCTb 3aTyXaHus KojieGaHui B TakoM KoHType (cM. § 9).

ClenoBaTesbHO, 4eM MeHbIIe CONMpoTHBJAeHMe R, TeM MeHbile

IIMPHHA Pe3oHAHCa, TeM Kpyde uieT Kpubas B6aHsH @ = ag. s dop-

mya (13.11) BHAKHO, YTO BeJIHYMHA MAKCHMYMA %"‘ Tem GoJblle, uem

menblle R. [ToaroMy siBjleHHe pesonanca ocoGeHHO CHABHO, ecnn R
MaJIo,

§ 14. IlapaanennHoe BK/IIOMEHHE NMHAYKTHBHOCTH
H eMKOCTH. Pe3oHAaHC TOKOB

PaceMorpuM cxemy puc. 206, omanualomyoca oT cxeMul puc. 204
teM, yro L w C BxaioueHH napaasenpHo. ConpoTHBieHHe Ile-
N4 CYATAEM BecbMa MaJbM H npeHeGperaeM MM. B stom cay-

—€

~
|_' L

Puc. 206.

uyae ¢c H @r OJHHAKOBH H DaBHH HANPAXKEHHIC B lenH (T.e.
B HCTOYHMKE NepEMEHHOTO TOKa) ¢, a ToK I cknaasiBaercsl U3 TO-
Ka Iy, Tekymero uepes C, u Toka I, texymero uepes L. Ilycts
oL = ¢c = 9 = ¢g cos (et + «). [Tonbaysace dhopmynamu § 11, naiinem:

Io = ~Cogosin (wt +a), I = F=sin (et + o).
IMoatomy

I=Ia+IL=q:g(ﬁ—-Cm) sin (ot + o).
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1
Orcioza, nosaras wg = —

vVIC'

T=¢(le-0m), WH 9=

I _ ol
ﬁ—C@ C(mﬁ—mz)'

B sToM caydae Takke NpoABJAAETCH THNWYHAA PesoHaHCHas 3a-
BHCHMOCTB: OPH JAHHOH cHJe ToKa I HampaXeHHe § TeM GoJblue,
HeM OJHXKe 0 K ay. Jlerko y6eiuThbes, YTO NpH ©, GIH3KOM K w9, fr
u I ropasno Goabwe, yeM I nenw, T.e., MO CymecTBy, B KOHTYpe,
cocroameM H3 L u C, npoHCXOoAT CHAbHHE KoneOawud. Ilpu srom
JIOCTATOYHC MAJIOTO BHEWIHEro TOKA OAs TOro, YyTolbl MOAMEPKHBATD
ropaago Gosice CHJIbHBIE TOKH B KOHTYpe.

Ilpn napasnesbHOM COSNMHEHHH, KaK H3BECTHO, CKJAAALBAOTCH
TIPOBONMMOCTH, T. €. BeJMUMHE, 0GPaTHEIE CONPOTHBJICHUSIM:

1 l l l
R_R1+R2+R3+""
IMpoBoguMocTH (T. €. OTHOWEHHA TOKA K PA3HOCTH OOTEHIMANOB)
Y €MKOCTH H MHAYKTHBHOCTH HMEIOT [IPOTHBOIOJOXKHHH 3HAK H MO-
pasHoMy 3aBHCAT OT 4acTOTH. IIpH pesoHance (® = @g) OHH B3auM-
HO YHHYTOXKAIOTCA H 06mas MPOBOEMMOCTL HAHMEHBIUAd, T.e. TOK
HauMeHbIUHA [pU NaHHOH PAsHOCTH NOTEHIHAJOB, a cJefoBaTeb-
I HO, PaSHOCTh NMOTEHIMAJIOB QAp HAU-
4 2 ﬁO{lbﬂ.laﬂ npu JAHHOM TOKe BO BHelll-
|—-~'— "C He#l 1enH.
i B ynpomenno#t cxeme Oe3 co-
NPOTUBJICHUA aMNAHTYHa KojeGaHuii
Phc. 207. HEOrPaHHYEHHO pacTeT NpH NpuGIU-
KEHMH ® K @g. B JefCTBHTENLHOCTH BKJIOUEHHOE B CXeMY COTIpo-
THBJIEHHE TIPHBOJHMT K TOMY, YTO AMAJMTYIA KOHEUHa TNIPH & = ax).
Ecau BkAwunts R napamneasHo L u C, To Bce pacuyern cTa-
HOBATCA OYeHb MMOXOXKHMH HAa pacueTnl IPeAHAYIlero mnaparpada.
Ho sToT cayuafi pesko BerpedaeTcs B NpakTHKe., B neficTeH-
TeNILHOCTH HHAYKTHBHOCTb OOBYHO HMeeT 3aMeTHOe CONpOTHBJe-
HHEe, [OSTOMY TUMUYHOR ABAseTca cxeMa puc. 207. B stom cayuae
pacueTH HecKoJpKo 6ojlee NJHHHH, YeM B NpelbiymeM Naparpa-
¢e, ¥ MH He GygeM NPHBOIMTb MX B mompoGHOcTsX. Pesyaprar
pacueroB [mpH o, Gnngxom K &g, H npd Maiom R/(Lw)] nmaer

Emf= 20 . Takum 06pasom, oKasbiBaeTcs,

Tl B/ + (- oy
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YTO YCHJAEHHE TOKa NPH pesoHaHCe B [IeNH € NapajiielbHEM BKJKO-
YeHHEM IIOAUHHACTCA TOMY K€ 3aKOHY, UTO H YCHJEeHHE HaNpsKeHHS
NPH MOC/IEAOBATENLHOM BKJIOUEHHH, PaCCMOTPEHHOE B npefHAyileM
naparpage.

B npemmaymem naparpade MH noayqunu dopMmyay aAs M-
PHHH pe3oHaHCa ® — oy = R/(2L), KoTOpas moKa3WBaeT, UTO YeM
MeJIJIeHHee 3aTyXalwT KoJeGaHus, TeM MeHbIUe IDHPHHA pe3OHAHCA.
3TOT (HaKT WMEeT MeCTO He TONLKO AJIfl JEKTPHYECKHX KoJeGaHuil.
PaccmorpuM /0GYI0 CHCTEMY, B KOTOPOH MOTYT NPOHCXOIMTH KOJe-
Gannsi. [IycTe HekoTOpas BHeLUHAS CHJAA BH3Baja KoaeGaHMA B Ta-
KOl CHCTeMe H Tocqe nepecrasa feficrBosars. CHCTeMa oKasanach
npenocrapieHHoH camoli ceGe, [locse sToro xose6aHusa HayuHHAKOT
3£rlxa'rb. Ipu aToM ecau aMnauTyna KoneGaHHN NPONOPUHOHANBHA
€~%, TO CKOpPOCTb 3aTYXaHHA MOXHO XapPAaKTePHIOBATH BENHYHHOA Y.
Sra BeMUNHA MMeeT pasMepHocThb 1/c. 3a Bpems t = 1 /y aMnauTyna
yGHBaeT B € pas, T.e. Ha 63 %.

Teneps paccMOTPHM DAacKauyKy TaKoH CHCTEMH nepHOAHYecKoH
BHeIIHeA cuAod. AMIIUTY#a KojeGaHHA B JAHHBHA MOMEHT ecTb
CYMMa aMIUIHTYH, TPHOOGpPeTeHHHX 3a Bce BpeMs packaukd. [Ipm
HAJHYWHM 3aTYXaHHS aMIJHTYIa, NPHOOPETEHHAA AaBHO, CJHIIKOM
PaHO YCNeBaeT 3aTYXHYTh, He MIDaeT PoJiM, He BHOCHT 3aMETHOTO
BK/aja B aMITUTYLY KoJle0aHUM B JaHHHN MOMEHT.

Bpemsa aaTyxauus, oueBHAHO, paBHO l/y; 3a 910 Bpems amman-
TYAa cBOGOIHHX KoJieGaHHH yclieBaeT YMEHBUIUThCA B € pas, T.e.
Ha 63%. CremoBatesbHO, JaXe B TOM CJYdae, KOTHA pacKauyMBalo-
mas cHAa AeACTBYeT HeNPephiBHO, 0T L = —00, BCe PaBHO aMITUTYAA
KoJeGaHuli onpefiefisieTcs JUIIL WHTEPBaJOM BpeMeHR OT t — l/y
o t, rie ¢ — MOMEeHT HaG/oeHus; NeilcTBHe CHIIN B Golee paHHUMA
NepHoi ycrieBaeT 3aTYXHYTh.

Jng Toro uTOGH CHABHO NPOABHJOCH DasfiHuHe MeXAY ABY-
MfA TIeDHOJUYECKHMH CHJIAMH ¢ HECKOJbKO PasjHYHHMH nepuoja-
MH, Fysinaegt ¥ Fysinwf, HyXHO Takoe Bpema HaGmiogenus T,
3a xoropoe HX (asel PasoHAyTCa NPHOIMSHTEILHO HA K €AHHHIL:
oI = @gT + x, TaK uTo |o — wp| = n/T. CnegopaTesbHO, €CAH KOJE-
GAHHS CHCTEMB! «IOMHAT» TOJbKO IeHcTBHe cHJH 32 Bpema T = 1/y,
TO Y TAaKO¥ CHCTEMH pa3jiHuKe B YacTOTaxX BO3GYKIAOIMEH CHIH,
MeHbiwee | — wp| < ®/T = my, Mano moBAHger HA amnauTyay. OT-
ciofia BHJHO, UTO IUMPYHA Pe3OHAHCHOH KPHBOH NPONOPLHOHA/IbHA
3aTyXaHHIO .

C zmpyrofi CTOPOHH, TAK KaK CHCTeMa <NOMHHUT* H coGHpaer
BOSAE/CTBHE CHJIH 3a BpeM# 1/y, To caMa aMIUIMTYAa B pesoHaHce —
a 3HAYHT, ¥ BHCOTA Pe30HAHCHOH KPHBOH — 06PaTHO NPONOPLHO-
HanbHa y. PacueTnl mogTBepAKIAIOT 3TH COOGparXKeHHM.
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§ 15. Tok cMemeHus H MEKTPOMATHMTHAA TEOPHA CBETA

Bume pease MN mouTH Ges OrOBOPOK PAacCMATDHBAAM TOK, HMAYWIMH
yepes KoHAeHcaTop, JleflcTBHTENbHO, ECHIH BKAKYHTL KOHJEHCATOP B LENb
TnepeMeHHOTO TOKA IMOCJAENOBATE/BHO C aMIIEPMETPOM, TO aMIepMeTp Io-
KaXkeT BIIOJIHE onpegeneHHyio cuny Toka I = Cwy. C npyrofi cTOpoHM,
Yyepea KOHIEHCATOP TOK He MJET: INIACTUHH KOHAEHCATOpa pasfeseHbl H30-
JAATOPOM (HanpuMep, MeXXAY HHMH MYCTOTA), MOSTOMY T€ HHAMBHAYANbHEE
HOCHTENH 3/IEKTPHUYECTBA — 3/ICKTPOHH, KOTOPHE HAXOEATCH B JEBOM MpO-
BOZe H HA JIEBOE NAacTHHE, HHKONAA He MONAAYT HA MPaBYK TAACTHHY
u npaBuifi npoBop. CAefoBaTeNbHo, B NPOCTPAHCTBE MEXKAY MAAaCTHHAMH
He ABHXKYTCH 3apAXEHHHIE YaCTHIE, T.e. HET SJEKTPHYECKOrO TOKA B TOM
cMHCHie, KaKk MH NOHHMANH TOK B0 cHX mop. B atom mpoctpaHcTBe ecTb
TOJABKO SJEKTPHUYECKOE Nofe, KOTOPOe U3MEHAETCS, KOTAA MeHHeTCA 3apsy
NAACTHH, T.€. KOTfla B JIEBOM H MPAaBOM MPOBOAHHKAX TedeT Tok. Temeps
BO3HUKAIOT ABE BO3MOKHOCTH:

1) au6o Hazmo M3BHHHTECA NepEX YHTaTeNeM, CKa3ae, YTO Besle, TIe
TOBOPHJOCh O TOKE Yepe3 eMKOCTh, Mbl BHPaXKaMuCh HETOUHO, HAa CaMOM
HeJle TOKa HET, TOK TEYeT TOJLKO B IPOBOJAX CJIEBA H CNIPABa;

2) nubo Hafo NPHHATE CeIyWLHe Jonylwends. Korga g nposogax che-
B4 H CMPABA TEYRT TOK, TO B NPOCTPAHCTRE MEMAY NNACTHHAMH o6A3aTesb-
HO MEHSETCS 3JEKTPHUECKOoe MoNe. 3HAYHT, NepeMeHHOe eKTPHYeCKoe
NONe HYXHO PaCCMATPUBATh HAPABHE C OOKMYHLIM TOKOM — ABHXXEHHEM
3apAMEHHBIX YacTHL. MakcBens, BEICKa3aBIIHA STy TOUKY 3pEHMHA, CyMen
H3 Hee NMONYYHTb TPAHIHO3IHLE CJACNCTBHS.

JaBHo GrO H3BECTHO, YTO SAEKTPHYECKHH TOK, T, €. HBHKEHHe 3a-
PAXEHHWIX YacTHL, BHSHBAET NOSBJEHHMe Mmaznumruozo noas. Ho ecam
nepeMeHHoe IEKTPHYECKOe noye MoAolHO HMeKTPHYECKOMY TOKY, TO Iepe-
MeHHOE 3/IeKTPHYECKOE NoNle B MYCTOTE TOXKE AOMKHO CO3AABATh MATHHTHO®
noxe. 3ta runoresa MakcBenna NpHBeJa K 3aMEYATENLHON CHMMETDHH
MeXIY 3JeKTPHYECKHM M MarHUTHEIM monamu. Papagefl sxcnepuMeHTaNb-
HO OTKpPH WHAYKUMIO, T.€. TOT (akT, uTO H3MEHEHHe MarHHTHOTO NOJA
BHI3HBAET NOABJALHHE SJEKTPHYECKOro nons. Makepeut yMo3pHTeALHO NIPH-
mwea K NpeANoAoKEHHI0 O CYIECTBOBAHWH AHANOIWYHOTO ABAEHMS, TPH
KOTOPOM H3MeHeHMe SNeKTPHYECKOro MOAf BHIHBAET NMOSBEHHe MarHHT-
Horo moast. Toneko Mocne TOr0 NPENNONONKeHHA TeOPHA MEKTPHYECKHX
H MarHUTHHX noJjieil npuoGpesa coBpeMeHHH BHA,

MareMaTiHuecku Teopusi MawcBeana sanuchiBaeTcs® B BHEE Auipe-
pEeHUMANLHEIX YPaBHEHHI, KOTOpHE CAMIIKOM C/AOKHbL EAA HAIIeN KHWUIH,
H MH HX NPHBOZHTL He OyzeM. PelmeHHA STHX ypapHeHHH ONHUCHIBAIOT pac-
NpoCTpaHeHHe B NYCTOTE SIKTPHUECKHX H MarHHTHuX nofed. Ilpu stom
06A3aTeNEHO AOMKHE HMeThb MecTo 00a MoJs: H3MeHeHHe JeKTPHYLCKOTO
NONA BHALIBAET MaCHHTHOS IIONE, H3MEHEHHE MArHHTHOTO NONS BRISHBAET
SNIEKTPUYECKOE MO,

Ko ppemenu, xorza paGotan Makcsens, yxe OuIH cleNaHil ONBITH
®apages, H3BecTHA SHJAA CBA3L MEXOY NEPeMeHHHM MArHHTHHIM NOJEM
H HHEyuHpyeMoft uM 3. &, ¢. MapecTHo GHAC MarHuTHOE NMone Toka. Hako-
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Hell, H3BeCTHA GblIa CBASH MeXKAY 3apANOM KOHIEHCATOPa U S/eKTPHIECKHM
noJieM MeXIY erc IVIaCTHHAMH. STHX AaHHLIX SOCTaTO4HO JAA TOTO, YTOGH
HATKCaTh YPaBHEHHA RJA NoNell B mycToTe.

Makcpeasl Hallle CKOPOCTH PacnpocTpaHeHus nofedl B mycrore. Jrta
CKOPOCTb OKasajnack paBHOM ckopocTH cmetal OTciofia, ecTecTBEHHO, Cle-
ACBaJIO NPeANoJOXKEHHe, UTO CBET H eCTh He UTO HHOe, KaK VeKTpoMar-
HUTHHE kKoAeOaHuA. [anee Teopua NpefcKa3sHBada BOIMONKHOCTD Cymie-
CTBOBAHUA SNEKTPOMArHUTHHX KoMeGaHuB MoGoR JINHHH BOMAHM, B TOM
YucAe H PeHTreHOBRIX Ayueft (LaHHA KOTOPHIX B THICAYH Pa3 MeHbllle AAHHE
CBETOBOM BOJIHBI) H PajHOBOAH ¢ Goublioft navHo#i BoaHu. Tak paGoThl
Dapanes 1 Makcpeana HayaNH TOT NYTh, KOTOPHH 3aPePIIHACH OTKPHTHEM
paguoBode lepueM H M3oGpeTeHHeM pajfuo Kak CPefcTBA CBA3H HAIHM
cooTteyecTBeHHHKOM A. C. TTonosum.

§ 16. HeauneiiHoe conpoTHBienHe W TYHHEJIbHbIH AHOA

PaccMOTpUM ABYXNMOMIOCHHK — ¢ALIHK», NOXOXUHA Ha COMPOTHBJAEHHE
B TOM OTHOIUEHHH, WTO CHJIa TOKa3, NPCXOASILErO 4epe3 AMIMK, 3aBHCHT
TOABKO OT MTHOBEHHOTO 3HAYEHHA PasHOCTH MoTeHUWanos. B sToM oTHo-

dl
IIeHHHY AMHK He NOX0XK HH HA HHAYKTHBHOCTL, TEe ¢ 3aBHCHT OT E' HH

Ha eMKOCTD, TEe ¢ 3aBHCHT oT | I df. Oanako or OGLIMHOIG CONPOTHBACHUA

ANAK OT/IHYAETCA TEM, YTO 3aBUCHMoCTh (9) oTaMyaerca ot aaxona Oma,
I =¢/R; y «auukas sapucuMocts I(p) Gonee caoxuan, dra pyskuus I(p)
HasklBaeTCH xgpaxmepucmurxoll auuKa.

Exuncrsennoe ofliee yTBEpXASHHE, KOTOPOE MOXKHO clenars npo I(e),
yTo ¢ ¥ I He MOTYT OGHITh PasHOrO 3HAKA, £CAH BHYTPH <AINHKA» HE CIIPATa-
Hul Garaped HAH ApyrHe HCTOUHHKH SHeprud. Ecau ¢ u I onxoro sHaka, To
NIPH NIPOXOKACHHH TOKA SHEPTHSA BHYTPH «SALIHKAY NO2A0L4EEMCR, ALHKS
OTOHpaeT SJEKTPUYECKYIO SHEPrHIO OT TOM LENH, B KOTOPYIO OH BEJIOUEH;
B ¢fAlIMKE» 5Ta 3HEPrHA NpPEBPAIlaeTCA B TEILIOBYIO
H paccenpaercd. Tak xak ¢ HenpepuwiBHO H ¢ < 0 mpu I
I<0ue>0mpuI>0,Tonpu I =0 ¢=0. B ocrans-

HoM 3aBHCHMOCTD I{p} MOmeT 6mTh M0Gof. Hanpumep,

B KA4uecTBE BHNPAMUTeNeNl TOKA NMPUMEHAIOTCS <SIIH-

KH», XapaKTepHCTHKA KOTOPHIX NMoKasaHa Ha puc. 208:

B OfHY CTOPOHY TOK TeueT JIeTKO NpH MaJofl pasHOCTH Prc. 208.
MOTRHUHANOB, B APYTYI0 CTOPOHY TOK IOYTH He HAET

KaK BUAHC M3 rpaduka, fake mpH Goapmich OTPHLATENLHOH PasHOCTH
NOTEHUMANOB TOK Man, Taxumu cpoificTBamM o6/NafaloT TaK HasbBacMule
AMOAbl, U3TOTORJIAEMEIE M3 IBYX moaynposoaaukoB. B 1958 r. B Anoxun
YLaJAOCh CEEJIaTh M3 CRELHaNbHO OAOOPAHHHX MOJNYIPOBOEHUKOB ¢SIHKY,
TAK HA3WPAEMHH TYHHeJALHHN AuoA (B AeflcTBHTENBHOCTH STOT «ALIHKS
TpeACTABAseT ¢OG0of MUHHATIOPHEN LUIHHIPHK, ZWAMETP U BHICOTA KOTO-
POTO HECKONBKO MHJLIHMETDOB), ¢ HeOSHUHON KpuBoil f(g) ¢ MHHHMYMOM
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{cM. puc.209, Ha KOTOPOM OaHH THNHYHbE 3HavyeHHs ¢ H I). Taxasa
KpMBas He MPOTHBOPEYMT BHICKA3AHHOMY NPMHLUMY, 3HAK ¢ Be3fe TOT
e, UTO W 3HAK I, TAK YTO <AlMK» TONBKO MOTNOILAET 3HEPrHio, Mu ue

GymeM BXOZUTH B paccMoTpeHHe GUaHIecKux
H NMPUYHH Tako#l CTPAHHOH KpHBOM, HO 3aTO
PACCMOTPHM CANEACTBHA [OA4 UenH, B KOTo-
PYI0 BIJIOYEH TYHHeABHHH Anon. s xpar-
KocTH 8yAeM HA3HBaTh ero H Aajbklle IPOCTo
6MA ALIHKS.

Haunem ¢ Haubonee npocroft uenu, co-
crodulelt U3 Tpex 4Hacred; Garapes c 3. 1.c.
IMA & — conporupsnenne R (06uMHOE, MOAYHHA-
0,04B 02B ?  omeecs sakoHy Oma) — eamuks {puc. 210).

BHyTpeHHee CONpOTHBJIEHUE GaTapey BKJIO-
quM B B,

YpaBHeHHe, onpefendwllee TOK M pac-
Pue. 209, npefeneHue NOTeHUWaNa B LeNH, UMeeT BH
—&+ Rl(p) + ¢ =0, rie ¢ — pasHoCTs
NOTEHLHANOB Ha eAluKe», I(@) ecTh QyHKuUHA, onpefenseMas CBOACTBA-
My esmuKa» (cM. pHc. 209). Tox uepes R paBeH TOKY uepes <AIIHK»,
noatomy 9 = RI = RI(p). D10 ypaenenHe yoo6HO PelIHTh TpadHYeCcKH.
3anumem ero 1ak: ¢ = & — RI{p), H mnocrpoum
& R 1A B IAIOCKOCTH @, I nipamyio ¢ = & — RI. D1y npamymwo
r‘H':'_:'_I MOXHO Ha3path «HarpysouHo#t AuHHel» cHCremu Ga-
) Tapes — CONpOTHBJeHue. Pelexue 3agaun nae‘rcn

‘P

Puc. 210,

nepeceucHHeM npamoit ¢ = & — RI (npn I=

¢ aunnedt I(p) — xapaxreprucTHKol «Amukas. Ha puc. 211 nokasano 'raxoe
rpatpmecxoe pellleHHe 3afayH, NPHTOM A OZHON GarapeH H TpeX pPasHHX
conporuBnenufi: Manoro Ry, cpefderc Ry
¥ Gonbinoro Hs.

Hs rpaduxa sugno, 4TO NpH ZOCTA-
TouHO GonbuioM & MOXHO Momo6paTh Ta-
Koe R — He C/MIIKOM MaJoe H He CJIHII-
KoM GoAbllioe, NMpPH KOTODPOM €CTh TPH
Toukn nepecevenus A, B, C — Tpu pe-
menus!

Heo6xomuMoe ycaoBRHe AJA Cylue-
CTPOBAHHA TPEX pellleHHE — HaJAHYHe Ma-
Hawlero ydacrka Kpuso#h I(e). fcHo,

YTO JIHHHA, HAa KOTOPOH Besge s >0,

MOXET TOJBKO OIHH Da3 nepecedbed ¢ Ha-
Pue. 211. rpysouHoll npamoil, KakoBd GH HM GH-
mEuUR>0.
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PaceMoTpHM Tenmeph HECKOJbKO YCIOMHEHHYI) CXeMY ¢ eMKOCTbIO,
BKNOYEHHOR mapainedsHo eAmuxy» (puc. 212). Jins Takoit cxeMm moay-
YHM, YTO TOK uepes esuluks I(p) H TOK

uepes emkoctTs C d—q’ B CyMMe pamm TO- rﬁ_:._ﬁ_

Ky uepes conpotupente I(p)+ c%® =

_E-9 dp _11€—9 Puc. 212
- Orcmadt—c[ ) I(q))]. c. 212.
Touku nepecedyeHHs XapaKTEPHCTHKH «AMUKas I (@) ¢ HAMPY30UHOH AUHHEN
8}; ¥ COOTBETCTBYIOT pelleHHAM g = const, d_ 0. IMocMoTpum 3HaK %
OKOJO STHX ToueK. Jlerko yGenuthes, ians Ha puc, 211, uro
TIPH ¢ < Pq z—:>0, IIPH 95 < ¢ < D¢ %>0.
IpH @4 < ¢ < O %<0, TIpH @ > o¢ %(0.

Ha puc. 213 nokasaHo cTpeixaMu HanpapieHHe U3MeHEHHA ¢ CO Bpe-
meHeM. CliefoBaTeqbHO, cpefiHee pelieHHe B HeycToHuMBO: CTOMT OT Hero

HEMHOrO OTOHTH BJAEBO WJIM BNPaBO, H MOABASETCH —- TAKOTO 3HAKE, YTO
OTKJOHEHHE ¢ OT @p yBeAuuHBaercal

b R A
% 0% 9 r*'—':'-c,ﬁq

Puc. 213. Puc, 214,

dt

A ¥ C npezcramasior coGoft Asa YCTOHYMBEIX pelleHHA, KOTOPEIM
COOTBETCTBYIOT YCTOHUHBLHE COCTOAHHS CHCTEMHI,

Hanuuue apyx ycrofiuMBeIX COCTOAHHI MO3BOMAET MPHMEHSTH TAKHe
«AIIHKHY B MATEMATHIECKHX MALIHHAX, KAK AYeilKH NAMATH; CEENAB MHOFQ
TAKHX uenell W mepeROAA BHEIIHUM BO3NEACTBHEM OfHH B COCTOSHHE A,
IpyTHe B COCTOAHHE C, MBI MOXKEM ¢3aNTUCATLY, ¢3ATIOMHATLY KAKOE YTOAHO
YHCJIO HAH Apyryw HEdopMaumio. C NoMoOIBi TaKHX cHeTeM N6y HH-
tdopManyio MH 3anKcoipaeM wudpom Buga AACACACCO.. ., rae xaxnada
dyxkea A unu C' o3Ha4aer CoCTOAHHE, B KOTOPOM HAXOOMTCA COOTBETCTBY-
1omas cuctema (1-aB 4,218 A, 398 C, 498 AHT.0).

PaccmoTpum Teneph cucTemy (pHc. 214), cocrodmyio H3 HHLYKTHBHO-
CTH H eMKOCTH, BKJIOYEHHHIX NapalNe/IbHO «AMUKY». CHOBA 0603HAYAEM ¢
PasHOCTb MOTEHUHANOB HA esimkKes, J(9) ero XapakrepuCTHKY; TOK, TEKy-
mui yepes L u C, oBosnaunm Ij:

8- dI
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PaccMoTpuM npoliecc B XOHTYpe, KOTAa TOK H NOTEHIHAN B <AlIHKEs
61u3KkH K cpenHedt Touke nepecevenus B (puc. 211). IMyets

o=ws+f wo=estg I=Iea)+f5|  =Is)+kf.

dr
re k ecTe COKpamEHHOe 0G03HAUCHHe TPOUIBOAHOMN p npu ¢ = @g. Cuay

TOKA MBI MpeZCTAaBHJAH NMEPBHIMH ABYMA 4neHamH paka Teitmopa, cpeanuft
NOTEHUMAN EMKOCTH PaBeH ¢g, NpHYeM ¢p H J(pp) YEOBIETBOPAIOT yCiao-

&—vs
R

Buio I{pg) = . [ToficTaBasa 3TH BHPAXKEHHS B YPABHEHHA, [IOAYUHM

nocae CoKpameHui:

=_1 g _ _p=r1%h

kf+-rl— Rf: Cdt—Il, f g—Ldt‘ (16'1)

N T A 1_1

M3 X ypapHenuf moayuum f = ml}- rl, mer—R+

R

_1,d &L _dh _dg _

+k_§+d¢,=,,,' W3 ypaenennit {16.1) naiigem L il
=—rﬂ - l1’ H OKOHYATENLHO

dt C l!

&L, rdh | 1
—_— ==+ —=5=0.
#® TT® TIoh
Iocaennee ypapHeHHe NpefcraBaseT cofoit ofuuHOe ypaBHeHHE Kone-
0aTeLHOrO KOHTYpa ¢ eMKoCThI0 ', HHAYKTHEBHOCTBIO L H cOnMpoTHB/ACHH-
eMT.
ConpoTHRJEHHE ¥ COOTBETCTBYET TOMY, YTO EMKOCTh H HHEYKTHBHOCTh
3aMKHYTH NapajJieNbHo NEYMA LeNAMH: Lensi0 6aTaped ¢ CONPOTHBJCHH-
eM R H «AIHKOM» C CONPOTHBJICHUEM = Tak KaKk STH ABe LenH

BKAI0UeHH MAPANASALHO, TO CKAAAKIBAIOTCA NPOBOIHMOCTH, T. €. BENHUHHH,
oGparuie CONMPOTHBACHUAM, OTKYAA H CAELyeT BHPaXKeHHe AN T.

Toku U NOTEHUMANH B CHCTEMe PACMABAlTCA HA CYMMY ABYX CJara-
EMBHIX: IOCTOSHHOTO CAaraeMoro ¢g, J(ps) ¥ Kone6aTeNbHOTO CaracMoro
Li(t), f(t), g(t). Tlpu sToM fAs KONEGAaTENbHOIO CIAraeMoro poflb Conpo-
THRAEHHA «AMKA» WIPaeT NMPOH3BOLHAS %, B3ATAA 110 XaPaKTEPUCTHKeE
efiluEKasr. Bynb B sAlMKe OGLMHOE OMHUECKOE CONPOTHBAEHWe, ¢ = RI
(:—}’ = ), TPOM3BONHAA H paBHAJACh Oul BEAHYHHE COTPOTHBJAEHHS,

K ueMy npuBOZut HeoGLIUHaA XapakTepucTHKA I(g) eAmuka» — TyH-

HeawHOTO fAuoma (puc.211)? B rouke B npouspogHas = <0, r.e. mo

OTHOIIEHHIO K KONeGAHHAM «HAIIHK» UMEeT OTPHLATEJBHOE COI'IpO'l‘HBJ’IeHHB!
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Boaee Toro, us puc. 211 BuaHo, uT0 B TOUKE nepeceucHus |k| = |%| > }l%,

TAK K4K = — 3T0 KaK pas yriopoH kosdupuuWeHT HarpysouHolt npamoii

R
I= 8;", nepecexaiomeif XapakTepuCTHKY B Touke B, CaegopaTebHo,
CYMMapHoe CONpOTHRIEHHE KosedareNbHOTO KOHTYpa

r=é+k<0.

¥papneHue A xoAeGarenpHoro xourypa ¢ L, C, r npu v > 0 gapano
saryxaiomie xkone6auua. Ilpu v < (} 370 YpaBHeHHe JACT pPacKauHBaOLIHe-
i, YCHIHBAOLIHECA ¢ TeUeHHEM BpeMeHH KoneGaHud,

TakuM o6pazoM, ¢ MOMOILLIO TYHHEJBHOrO EUOAA MOXHO MeHEDUDOBATh
(po3Gyxnarh) B KOHTYpe KoneGaHHA,

CnocofHocrs K BO3OYXKIEHHIC KOJNeGAHHE HBAAETCS CACACTBHEM
HeyctoiiuuBocTH TOMKH D). 3Heprus xoJebGaHwWil uepnaercA oT GaTapeH.
AMnnutyaa xode6aHull pacTeT co BpeMeHeM IO NOKasaTeJbHOMY 3aKOHY
JULL OO TeX [Op, NOKA MOXHO CYHTATh €e MaJofk M noAb3oBaThew
pasioxeHneMm B pap Tednopa xapaktepucTdkH I(p) OrkoMo Touru B,
MakcHMmansHas aMnaAWTyfa, rpyGo TOBOPS, OrpaHHUHBaeTcss TOuKaMu A
# C puc. 211, ¥Yxe K 1961 rony OmJAH HCOHTAHE TEHEPATOPH ¢ K. I.
1o 25% npu mowuocrd 0,5 MBr mpy wacrore 7500 MIu (gnuHa BoaHH
4cm). Ina Hac umenmu ¢ TYHHeNABHWM JHOOM MHTEPECHHW C TOUKH
3pEHHA MATEMATHUECKOTO PacCMOTPeHHA HenWHelHON 3ajaul, BOMPOCOB
MOIIHOCTH, YCTOHUMBOCTH pellleHHii M NpefCTaRJIEHHS TOKOB B CHCTEMe
KaK HaNoXeHUd NOCTOAHHOTO pellieHuA U KoneSauui.



JOBABJIEHUE
SAMEYATEJBHAA AEJBTA-OYHKUHNA THPAKA

§ 1. Pasanunnie cnocobul onpeneaenns (pyRKIUH

Te GYHKUHH, KOTOPHE MK H3y4aAM A0 CHX HOP, 0O0LIMHO 3aZABANHCH
¢ noMompl GopMysn. 3TO 3HAUAT, uTO 33J4aBANCA CHOCOS BHYHCACHHUS
3H@4YeHMH (QYHKUHM OpH JNioGoM 3afaHHOM SHaueHHH HesaBHCHMoOH mepe-
meHHOA. Takoe 3agaHHe MOXHO Ha3BaTh AJTOPHTMHYECKHM (QJTOPHTM —
enoco6 suumcaenns). Beap y = f(z) = 2% + 32? 3HauMT: «BOIBMH I,
YMHOXE Ha 2, BO3BeIHM & B KBaJpaT, YMHOXE Ha 3, CJIOXKH JBa MOJNYYeH-
HHIX YHCJIa, MONMYYHLIb 3HaYeHHe ¥ MpH NaHHOM Te, HHave onpelensnnchk
TPHrOHOMeTPHYeCKHe (YHKIHH — ¢ NOMOMmMBIC TeOMETPHYeCKHX MOHATHH,
H3MepeHHA AYT 4 OTPe3KOB B Kpyre.

Hamejt sagaseil panvine 6uao usyveHHe croficTs QyHKIUH, 33aHHEIX
TakMM 0o6pasoM, H3yueHHe 3aKOHA HX BO3PaCTAHHA M yOHBAHHA, MaKCH-
MYMOB H MAHHMYMOB H T. . HayueHne »THX cso#icTB NPHBOAHT K HOBHIM
cnocobam onpegeneHua GyHKuMA. Tar, HanpuMep, pyHKLHIO f = e® MOXKHO
onpefeNdTh KaK Takylo yHKIHIo, NPOH3BoAHAaA KoTopol paBHa caMoft

GYBKUAH:
2.

NpH JoNOJIHATEAbHOM ycnioBud f(0) = 1. Cunye, T. e, OyHKUHIO ¢ =sing,
H KOCHHYC, T.€. Y = COBZ, MOXKHO ONMpEeJEAHTh KaK (YHKIHH, YAORIETBO-
PAIOLIAE OMHOMY H TOMY e YPaBHEHHIO!

& d

_: =-9, _: =¥

dx dx
HO PasAHIHBIM HaYaJAbHHM YC/AOBHSM:

_n 9 _ .. —1 % _
#(0) =0, 5L)_l, vo =1, & =0

OT1H onpefeneHHA OKASKWBAIOTCA BO MHOIMX OTHOWIGHHSX 0ojiee ¢mo Cy-
ImecTBys, GoJiee TeCHO CBA3AHWLIMM C TPMMEHEHHAMH NCKa3aTelbHoR
GyHKUMH H TPHrOHOMETPHYECKHX (YHKIOHH KO MHOTHM 33jadaM (pH3H-
KH, HanpHMep, K 3ajataM KoaefaHufi, N0 CPABHEHHIO C ONPEACACHHAMH

e= nl_l{l;g(l + ;) H onpefeneHHAMH CHHYCa M KOCHHYyCa B Kpyre.
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Jlio6onuTHO, YTO OmpeAeacHHA €7, sin, cosz C NMOMOMLIC ZudpepeH-
UHAABHHX YpPaBHEeHHA OKa3WBAlTCA YIOOHHMH A5 SJEKTPOHHHX BHYHC-
AuTeabHbix MamvH, Ecan mo xoay pacdera BEMHCAHTENB AQJIKEH TMOACTAB-
J4Th B GOPMYAYy 3HAUEHHA e NpH PasMHYHLEIX ¥, TO OH KNafleT mepes
coGoif TabAHLY M BHIMHCHBAET H3 Hee HyXH:ule €. IpK paGoTe Ha MamuHe
OKasHEBaeTcs Jerde M GHCTpee He OOPAIATbCA K TAGMHALE, a BHMHCAATH
Ha MallyHe 3HaueHHs (YHKUHA € mWar 3a WaroM nc npuHinuxenHod
dopuyne e*t4% — ¢%(1+ Ag) B cooTseTcTBHM ¢ ypapHenueMm (HAH NoO
Gosee TOUHEIM (GOPMYAAM, OCHOBAHHHM Ha TOM e ypasHeunu). To xe
OTHOCHTCA H K QYHKUHAM SINT H COST; HX YAOGHO BHYHCAATL 3A0LHO *):

gin(x + Ar) =sinz + Axcosz, cos(x+ Az)=cosz— Azxsinz.

Hrak, ogun ofmp#i noAxXod K NMOHATHIO (DYHKUMH 2aKNCYaeTCH B 3a-
JaHHH crocofa ee BHYACAEHAR H MOCJeAyiOmeM Hcc/efoBaHHAH Takof
¢yuknHH. BoamoxeH H Ipyrod mozXoA: MOXKHO HCKATh (DYHKIHIO C Ompe-
AgJeHHBIMHA OGIMMH CBOBCTBAMH, ¢ TéM YTOGH MOTOM Ha OCHOBAHHH 3THX
ceolcTE NONHTATRCS HalTH TY GOPMYNy, KOTODAS ONMHCHBAET HHTEpecylo-
myio Hac ¢yHKUMIC, Takaa npoleaypa Bcerfia NpuMeHseTco npH o6pafioTke
SKCHEPHMEHTANBHHX NJHHHX M MPH NOAGOpe SMIUpHYecKUX (T. €. OCHOBaH-
HHX HA OoNHTE) GOpMYN A/ ONHCAHUA SBAEHHA. JAech Xe Hallla Leab —
TOCTPOHTE TAKHM CHOCOG0M OAHY 3aMEYaTeNbHYI (YHKIHIO, NOJeIHYIO
H BaXHYIO KaK AAA caMoil MaTeMaTHKH, TaK H AJS ee NpuMeHeHHH.

§ 2, npak u ero (pyHEUUA

[Tone Aapmen Mopuc Hupik — rpynHeMmmft anrnubickulfi dusdx-
TeopeTHK — npocnasuaca & 1929 roxy. OH cTPOHN TaKy®0 TeOPHIO, KOTOpas
onHchiBana Gbl ABHKEHHE SJAEKTPOHOB B BJIEKTPAYECKUX H MATHHTHHIX MO-
JAX ¢ Aio60i CKOPOCTLIO, BIJIOTh A0 CKOPOCTH, GNH3KOH K CKOPOCTH CBETA.
Peur HpueT 0 KBZHTOBOH TEODHH, KOTOpaA OUBACHAET TAKKe TOT dakT, UTO
B aTOMe IEKTPOHH MOTYT ABHTaThCH TOJABKC MO OmpejeseHHHM opSHTaM,
¢ onpefeieHHHMH 3HAYEHHAMH sHepru#H. JIMpak aHaJ, uTo 3/1eKTpoH 06na-
BaeT onpeleNeHHHM MOMEHTOM BpAIIEHHS, T.e, MOAOGEH BpALIANIL{EMYCS
BOJMKY, H YYHTHBAJ 3T0 NpH coaagHHM cpoefl Teopuu. Korna xe Teopus
6Hna MM CO3AAHA, OKA3aN0Ch, YTO U3 Hee JieAyeT elile M BHBOA, He
npeaycMOTpeHusli JIUpakoM: BOAMOMXHO CYLIecTBOBaHHe YACTHL, ¢ TAKOH
e Maccofl, KaK 3J€KTPOHL, HO C NPOTHBONOJOKHEM (NOJOMHTEILHEIM)
3HaKOM sapsaa. B TeueHHe ABYX Jer cuATand, uTo TeopHsa JIHpaka xopowa
A5IA ONMCaHW# JBUKEHHS] 3JEKTPOHA, @ BHBOH O MACTHLAX C NMOJOKUTENb-
HHM 33pSIOM OWHGOYEH, H KOTAA OT HEro yaacTcfi H30aBHTHCHA, TEOPHA
CTaHeT COBCEM OTIHYHOM,

Ho B 1932 rogy 4acTHUH ¢ NOOKHTEALHEM 3apaioM — MOSHTPOHH,
HJH, KAK HX elie HA3HBAIKT, AHTHYACTHIHN EKTPOHA, GbaH OTKPHTH! HX

*} TipoaymaiiTe, oTKYZA MOAYHAKTCA 3TH GOPMYAH, H NPOBEPLTE, COTMACYRTCA
/K OHH ¢ YPABHEHHEM AJTA BTOpolt NPOHSBOAHOH CHHYCA W KOCHEYCA.
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NOABJIEHHE B TEOPHH H3 HOHOCTATKA NPEBPATHAOCE B TPHYM®, B IiaBHOe
IDOCTHXEHHe TeOPHU: OTKphiTHe JAupaka GHnC MepshIM NMPHMEPOM MosBne-
HUA HOBLX 9YacTHIL, «Ha OCTpHe Iepa TeopeTHKas. ITOT NPHMEp NOYyUHTeNeH
¢ TOYKH SPEHHA B3aHMOCTHOUICHHA ONLITA H TEOPHH: TEOpPHA OCHOBHBA-
eTcq Ha ONpefeNeHHHX MAHHHX ONbITA, HO MOC/EAOBATeJAbHOE JIOTHYeCKOe
H MaTeMaTHHECKOE Pa3BHTHE TEOPHH BHBOIHMT 3a Npefiesil TOTC MaTepHana,
KOTOpHIH GBI NOJIONEH B ee OCHOBY, NPABOMHT K HOBBIM NpeACKasaHHAM.
Hupax Gna He TONBKO OFHHM H3 JYYHIHX (PHIHKOB-TEOPETHKOB Hamlei
IJIaHEeTH, HO M 3aMeyaTeJLHBHM MaTeMaTHKOM. B cBoeM KaaccHuecKoM Tpy-
Ie «[IpHHOANH KBaHTOBOR MexanHKH» JlUpaK BBeJ U WIHPOKO HCMOJ/IBIOBAJ
HOBYIO (YHKIMIO, KOTOPOR OH Aan ofoanave-
Y HHe 3{(z): uMTaeTcsl <AenbTa-QYHKUHA» HAN
3 «nenpTa-pyHKuns Jupaxas *).
JenvTa-pyHKIHA oHpeleNnAeTc CAenyio-
muM o6pasom: §(x) = 0 npu awbom z # 0,
e npi 2<0unpr x>0 Tlpu =0
§(0) = co. Kpome Toro, 3anaerca ycnoene

+00
J 8(z)dz = L. @.1)

— —x
Puc. 215. Haraszuo moxHO mpefcTaBnth cebe rpaduk

GyHKUHH, noxoxeR Ha §(x), Kak MOKa3aHo Ha
puc. 215. Yem Gonee y3xofi MH cenaeM NMOJGCKY MEXIy JeBOH H npaBoi
BETBBIC, TéM BHlle AOJKHA OHTbL 3Ta NOJIOCKA, AJIA TOTO YTOOH maoliaik
noaockH (T.e. HHTErpaa) coXpaHsja CBUe 3afaHHOE 3HAYeHHe, paBHoe 1.
TIpH cyseHHH DOJOCKH MBH NPUGAHAAEMCA K BHIOJHEHHIO YCJA0BHA 8(z) =
=0 npu z # 0, dyukuus npubmkaeTcd K AensTa-QyHKUHH. B omHOM
H3 caepylomux naparpadob 3TH coolpaxeHus OyayT HCNGIB3OBAHKW AASA
MOCTPOSHHA OPMYyJ, JAIMHX AeNbTa-QYHKUMIO. 31ech Ke NPOAOMKUM
AccAefoBaHMe ee o6IIAX CBOMCTE.

Baxuefiman dopmyna uuTerpana c 3(x) uMeeT BHR

+00

[ #(@)5(z) dz = £00). 22)

-0

B camom nene, Tak kak §(x) =0 npH z # 0, To anaueHHe HHTerpana He
3aBucHT oT 3HadeHHR f(r) Hu npH kaxom T # 0. CymecTBEHHO TONBKO 3HA-
uenne f(z) Tam, rae 5 # 0, T.e. npu & = 0. Buaunur, B TOH yaKoH o6nacTH,
rae 8(z) # O (cm. puc. 215), 8(x) ymuoxaeres na f(0). Crnenosatensto, U3
yenosna (2.1) nonyuaetcs gopmyna (2.2). Bee 3TH paccyXAeHHA MOXHO
MPOBECTH B OOpaTHOM MOPSAKe, T.e. MOXKHO CKa3aTh, 4TO 8(z) ecTe Ta-
Kas GyHKLHS, 109 KoTopol TpH JioloM BHAE BCMOMOTaTeAbHOM (GyHKUUH

*) Marenatiueckoe 06OCHOBAHME TAKHX TAK HASHBAEMHX 0GOGIIEHHHX QyHK-
uuh gan axagemuk C.JI, CoSones.
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F(z) ameer mecto dopmyna (2.2). 3To OAHO ycnOBHE NPUBONUT KO BCEM
3aKJIOYEHHAM 0 Buze §(z), KOTOpHe GHJAH paHbIIe HCTONLIOBAHH AJA ee
onpeaenenus. Ma dopmyan (2.2} caenyer ¥ 10, uto &) =0 mpu = # 0,
H TO, 4T0 *) Ja(m) dz = 1, u 7o, uro 5(0) = co.

[lpupenen elle HeCKONBKO OYEBHAHKX CAenCTBUI Ha onpexeneHus §(z).
TTo ofimemy mpaBHAy 2aMeHH MepeMeHHEX (0COGeHHO MOAPOSHO OHO GHLIO

u3amxeno B raase IV, § 7) dynruma §(z — 6) cMelueHa Ha 4 eAUHUN BIpa-
BC IO CPAaBHEHHIO ¢ §(2), T.e. 8(z — a) = oo npH = = a. CoOTBETCTBEHHO

+o0
[ 1@z~ a)dz = £(@).
Janee, nerko y6epurhes, paccMaTpHBas CIepBa KPUBYIO BHAA pHc. 215,

yro b3(z) B b pas puue, uyeM 3(z), a §(cx) B |c¢| pa3 yxe, wem 5(z), Tax
YTO MIomazb noA kpusofl 8(ck) B |c| pa3a MeHollle, Yem maowans 5(x).

Tostomy:
[ 1(=)05(2) az = 100, 23)
If (z)8(cx) dz = ﬁ 1(0), (2.49)

M MOXHO CKa3aTb, uT0 &(cx) = T-l-ﬁ(z). ®opmyna (2.3) cosepiieHHO Ove-

BUAHA, HO MUMCHO HAAEATbCH, YTO AJA 4YHTAaTeJd, NpOmeAIere uepes
HCTILITAaHWE BCEMH NPeAWAYLIHMH MaBaMH KHATH, GyZeT cpasy NOHATHa
K dopmyna (2.4). Ee nerko moayunts $popMasbHO 3aMeHON MepeMeHHBIX

= =1
y=lce, dz= i dy.

3nech MH HCTIONb3yeM emme TOT dhakT, 9To 5(x), ompeneaseman dopmy-
ao#i (2.1), saBnsierca yeTHoR QyHKumeR cBoero aprymenra: 8(z) = §(—=z).

YnpaxHenud
1. TTokasartk, 4To aAd BYHKOUH ¢(Z), MMeIOmed eNHHCTBEHHEH HY/b
29, Tak uTO (Zg) = 0, UMeeT MecTO dopmyna 3(p(z)) = L 8(z — zg).

' (o)|
Jas yHKuEM y ¢ HecKONbKHMM HynsaMu 5(y(z)) paBHO cyMme TaKux
BHIpaXEHUH 0 BCEM HYNSAM.
+00
2. Yemy paneH [ w(z)5(sin z) dx?

—00

*} HuTerpan Ges 0GosHAueHHA MpeZesioB HHTErpHpOBAHMA Sfech GyNeT Beerma
MOHHMATECA PAclpOCTPAHEHHHM MO MHTEDBANY HSMEHEHHs IepeMeHHOR WHTerpH-
pOBaHHA 0T —0OC AO +00.
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§ 3. Paspusanie ¢yHEKDHEM B HX NMPOH3IBOJHLIE

PaccMOTPHM HHTerpaa GYHKIUHH 8§(Z) B 3aBHCHMOCTH OT €r0 BEpXHEro
npefiena, T.e. QyHKIHIO

o(z) = j 8(z) dz. @3.1)

-0

Jlerko yGeguthes,, uT0 rpadHK STORA (QYHKUHH HMEET BHJ <¢CTYNCHBLKA»
(puc. 216). IToka £ < 0, ofnacTs HHTErpUPO-
7Y BaHUA B Qopmyne (3.1} meaMKoM HaXoAMTCA
TaM, rae 8(z) = 0. Caegoparenbuo, 8(x) = 0
(z < 0). Ecau xe > 0, To npu HHTErpupo-
BaHUHA BKJAIOYAETCH OKPECTHOCTH Hayaja Ko-
S0 1 5%  opnumatr, rae 3(0) = co. C apyroft cropo-
HH, Tak kax npH z > 0 Taxxke 8(x) =0, TO
Puc. 216. 3HzyeHMe MHTErpajia He H3MeHAETCHA, KOrAa
BepxHHM npezen Mensercs ot +0,1 go 1, pan

1o 10, und o oo. Crenosarensho, op z > 0

o(z) = T 8(z)dz = +J?°8(m)dz= 1,

KaK d MOKa3aHo Ha puc. 216,

Takum 06pasoM, ¢ MOMOLIbI0 ANETA-PYHKIHH CKOHCTpYHpOBAHA NPO-
creflias paspueHas ¢yHxkuuA 6(z), Takas, uro npH z <0 o(z) =0,
a B obuactu £ >0 6(z) = 1. Acuo, uto mpr =0 @ TepnuT paspus ot O
Ao 1. 314 npocTHe coolpaikeHud NO3BONAKT Godlee MOCASTOBaTEAbHE, 63
KaXYIAXCA HCKAOUEHHH H MHOTOCJACBHHX OMOBOPOK MOAOHTH K BONPOCY
0 NpousBOAHOA OT GYHKLHA, MMEIOMEA pa3phHIBH.

He znan ZDenbra-thyHKUMH, NPHXOAATCH TOBOPHTH, UTC NPOHSBONHHE
HEJb3S HAXOOUTh TaM, rAe QYHKUMA paspuBH4. Ho BOT MH DOCTPOHJAH
paspuBHy0 $yHKuA0 8(x). Obliee NpaBHAC 0 CBAIH MeXAy HHTErpancM
H TPOHIBOAHON HMeeT BHI:

ecan F(x) = ]Eg(z) dz, 10 gx)= %
Ty

TprMeHHM ere k Bupaxenuio (3.1), monyunm

() — a(a). (3.2)

3HaqHT, 214 Npou3BOAHON paspuBHOH QYHKUHH He Hai0 JefaTh HCKJIK-
yeHuHi: MPOCTO B TOYKe Pas3phiBa MPOMSBOAHAA PaBHA «0COGeHHOH» (yHK-
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UHH — feabTa-pyHkuud. Hayuusiuncs crnpasaaTees ¢ MPOHSBOIHOR mpo-
crefimefi paspbiBHON (DYHKUHH, MOXHO 3aTPOCTO HAXOAHTh MPOHM3BOAHEE
B Gonee cAoKHHX cnydasx. [IpuseseM Heckosbko mpuMepos. Ilyers

y=a, z<; y=x-2, x>\ {3.3)

I'padpuk dyHknuu cm. Ha puc. 217. PaspHs umeer mecTo npu © = 1. Be-
anunHa paspuBa ¥(1 4 0) — y(1 — 0) = —2. Mu noassyemcsa sgecs ofo-
anavendeM y(1 + 0) — sTo mpejenbHoe 3HaueHHe Y NpPH NPHOAMMKEHHU &
k 1 copasa (co crTopoHm =z > 1),

y(1 — 0) ~ 10 Xe cnesa (cM. puc. 217). Y4
Orcioga nonyuaem, uTo it
dy
—_— = l —_ 28 —_ l N 3.4 1 1 | -
@ -1 G4 4 1 M-
Takas 3anmHch JAydllle YHEJIOTO YTBEp- -1t
HIeHUA, YTO g = 1 Bespe, KpoMe TO4-
Pue. 217,

Kd £ =1, rae YHKUHA TEPUHT PaspHs
H HE MMEET NPOH3BONHOA.

Jeawra-pyHrmua — 310 THmHYHOe AuTs XX peka, XIX pexy ceofi-
CTBEHHO GHJIO NpHCTpacTHe 06JeKaTh MHOTHE CBOH CYXJIEHHA — H Ipa-
BUJAbHHE, H JOXHbBE, H He COBCEM NPaBHAbHHE — B (OPMY ¢«HEBO3MOXHO-
creii». HeBoaMoxkHo H306pecTH BeUHHH ABHraTenb, HeBO3MON(HO AOKA3aTh
peasbHOE CYLECTBOBAHHE aTOMOB, HEBO3MOXHO ONPEAENHTH COCTaB 3B,
HEBO3MOXHO HAHTH MPOHIBOAHYW paspuBHOf dyuxmuy. XX Bex Hamen
MHOrO KOHCTPYKTHBHHX petlieHdlil Jifd TOr0, 9TO K43aJ10Ch HeBO3MOKHEIM
B XIX BeKe; TaK, B HaCTHOCTH, JEAbTA-(GYHKIUA PElLIeT BOMPOC O NPOH3-
BOZHOM B TOYKe paspuiBa (BO BCAKOM CAyuYae, JNA Pa3phiBa, HMEIOIIErQ Bup,
KOHEYHOro ckauka). B camoM gene, Beab B 3amucu (3.4) B ogHoll cTpouke
yxe copepkuTcd W $akT paspuisa (pas Bowaa 8), M MecTo ero (z = 1),
¥ BeHYHHA [Koad¢uunent (—2) mpu §).

Hurerpupya (3.4) ¢ yenosraem =0, y =0, MOXHO NMOJHOCTBIO BOC-
cTauoBuTh rpadux y (z). [Ipasna, B cayyae dynkuuH (3.3) naM enoBesnos,
APYTHMH coBaMH, SHJ BHGpaH cnelHasbHO POCTOH cnydal, Koraa ciesa
H clipaBa MpoH3BO/iHAS BHIpaXaeTcA ofHoR dopMynoll, 310, KOHeUHO, He
06fi3aTeAbHO — ¢ 4Yero OW NpousBoAHOH GWITL HeNpepHBHOR, eclMH cama
(YHKUHSA TePIHT pPa3pslB.

PacemoTpiM GoJee CNOXKHHIA npuMep: y = -2z <l y=z2 x>l
Opuz <1 3 =22, npu 2 > 1 y = +2x. Paspuey coorsercTyer §f =
= 28(z — 1). Tenepe MH O NPOHIBONY MOMNKEM TOUKY & = | IPHCOENUHHTD
K Jesofi o6yacTH ¥ Torga HankcaTe ' = 22 +28(z — 1), < 1; ¢ = +2x,
z > 1. JIu6o — apyroi BapHaHT — MOXHO NPUCOSAHHHTE ¢ = | K mpasoli
0651acTH M TOTrZa € PaBHLIM NpapoM samumeM ' = -2z, < 1; ¢ =22+
+ 25(x — 1), = 2 1. O6paTHTe BHHMaHWE HAa TO, KAK PacCTABAEHH 3HAKH
< (Mennine) H € (MeHBIIE WAH paBHO), > (Goubwe) H 2 (Goablie HAH
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panho) B dopMynax, HyxHo criefdTs 3a TeM, U4TeOH He 3anHcaTes AeMLTa-
DYHKIMIO ABAX AL *), MOXHO HANMCATh TAKXKe

¥ =op(z)+28(x—1), rae ofz)= {"222 Ez : 3

UroSH mpOBEPHTH 3aNHCh, NPOHHTErPHPYiTe BEIpayKeHHe NMPOUIBOTHOH U
NOAYYHTE CHOBA HCXOAHYIO PaspHBHYI0 DYHKUHIO,

Pue, 218, Puc. 219.

HHora NpHMERsIOT TaK HASHBAEMYIO 3KAK06YI0 Gynkyuo **) Sgn (z).
Ona onpegensercs Tak, 4ro Sgn(z) = —1 mpa = < 0 u Sgn(x) = +1 npu

z > 0. Mox#o sanucars Sgn(z) = : , Tie |T| — moayas, T.e. abcomoTHo
sfavente z. [papux Sgn x noxasau ua puc, 218, Jlerko yGequrncs, uTo

Sgnz = —14 20(z) = —1 4 2 j 5(z) d. (3.5)

PacemoTpuM panee camy dyukuHwo |z| . [papuk ee — Ha puc. 219. Hafinem

MpOUSBOAHEE 9TOH (YHKIHU: d: =-1, z<I; i‘dJ:TI =41, z> 1, uan
KpaTKo, ¢ MOMOMIEI0 HOBOH HYHKIHE, KOTCDYI MH Y3HaJH,

dlz| _

5 = Sgnz.

JHanee, u3 dopmyan (3.5) caexyert, uro

%ﬂ = 25(z).

*} Maa caméh paspuBHOfl QYHKIHM HET CMHCHA CMPANIHBATH, 9EMY OHA PaBHA
B caMof TOUKe pa3phiBa; BO BCAKOM CAyHae, STOT BONPOC ABAAETCA SecCMEICNeHHEM
MOYTH BO BeeX MPHKJIAZHBIX safavax.

**} Sgn — coxpamienHoe 0603HAYEHHE JATHHCKOTO CJAOBA SIENUM, SHAK.
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2710 odeHb BaXXHAA GOPMYJA, KOTOPYIO HAfl0 MPOYYBCTBOBATE. Beab Mu
SHAEM, YTO BTOpas MPOMIBONHAS CBA3aHA C KPUBH3HON JMHHH Ha rpaduke
u pasHa mymo Ana npsmoft. Kasanoch 6u, ecam rpaduk |z| coctont Hs
JBYX NPAMBHIX, Ha KaXaoH % =0, nouemy He Cka3aTe MPOCTO, UTO 7::[%[
paBHO Hymio Besne? [ToHATHO, uTO AENO TYT B H3AOME B Touke z = 0, rae
cxonArces Ase npamule. Ho xax ySefuTnCs B TOM, 4TO H3NOM COOTBETCTBYET
MMEHHO BHpPaXKeHHI0 BTopo#l mpouasognol 28(zx)?

Jdaa atoro nasafite CKPYIIAM  H3JIOM: BO3bMEM  (GYHKIMIO
¥ = +VZ2 + a2 . Dra GYHKIHA TeM GHKe K NOMaHOH y = |z|, yeM MeHb-

2
me a (em. puc. 220). Jlerko Haftnem W ___= ﬁ = a

da R ra 2 = &+

Ha puec. 221 npencrasnen rpaguk % (o6a puc. 220 w 221 moctpoeHH

Yy jd;

J’1=W

Puc. 220. Puc. 221,
ans e =0,5). Jlerko yGeanThcd, YTO STOT rPapHK CTAHOBMTCHA BCe Bhlle

H ¥¥Ke IpH YMeHBIIeHUH @, HHTerpan I% dx = 2, oTKyza B npeaese npu

6 = 0 # monyuuTCA BHpaXKeHHe %‘ﬂ = 25(x), npuBeAeHHOE BHILE.

YopaxHennd
1. Hamucate nepshie ﬂ]JOHSBOILlI-}He pa3puBHEIX OyHKUHi: a} ¥ = T,

z<l;y=z—l,z>1;ﬁ)y=m.

§ 4. IlpencraBaenue peabTa-(PpyHKIHE GopMyIaMu

B konme npepsipyigere § 3 nemsuauaff Guna moaydeHa dopmyna —
BHpaXkeHHe GYHKIIUH
2
a
=— __—, 4.1
RETEFwOTE @n
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KoTOpai B mpefese mpH a — 0 npuGauxaerca k*) 3(x). PaccMoTpum
CHCTeMaTH4ecKH 3TOT Bonpoc. BospMeM ¢yHkumio ¢{x), or xoropo#i Tpe-
6yeTcst ToNbKo cofpamieHHe B HYAb IPH £ = 100 M OTIHYHE OT HYyAS

uHTerpasa I = | ¢(x) dr. Beeraa MOXHO CAEJATH 3TOT MHTEI'PA] DABHHM
1, yMHOMXAA @ HA COOTBETCTBYWWLYID KOHCTaHTY. [Ipeanonoxkus, uroe 3T0
yXe caenaHo, Tak uto | o(x) de = 1. flcuo, 910 @ HMET IIe-TO MeXIy —o0

n 400 maxcHMyM. [Ipocrefimme npEMepn mpencrasasior cobolt GyHKIHH
Be3ze MOJIOKHTeAbHHE H YeTHHE, T, &, CHMMETPHIHBE OTHOCHTEIRHO OCH ¥
[nocnennee osuauser, a0 ¢(z) = ¢(—z)]. BOT HECKONBKO KOHKPETHHIX
MpHMepOB:

1 1 1 1 _
¢l(3)=m')y§. IP2(3)=;1+—$2. qra(:c)=$e .

Ilpadur Kaxaol u3 9THX OYHKUHA HMeeT KONOKOJNOOOPasHHRA BHA
(cM. puc. 222); ecaM MX NpHBECTH K OJMHAKOBOA BhicoTe (CM. HHXKeE),
TO HA IJIa3 HX JaXke He Jerk0 OTIHYHTh. DBrOpoueM, nocieaHAs

3 -2 -1 0 1 2 3
Puc, 222,

(3KcrioHeHIHaNbHAA) QYHKIUS NpH GonblMX |z| BAAAHM OT MaKCHMyMa
TOpA3z0 TeCHee MPHOMMKALTCA K OCH aGCLHCE, YeM OCTambHke **), Tenepn
BCTIOMHHAEM, KaK HYXHO NOCTYNaTh AJA TOro, YTOOH YBeAHMUHTh B N
Pas BLICOTY KOJOKONA H YMEHBUIHTh B 1 Pa3 elro LIMDHHY: Anfl STOrO
BO3bMeM figp(mx). EcAH HyXHO COXPAHHTE IMIOIKAAB MOA KOJCKONOM,
10 Hano BHGpaTe n = m. Hrax, ¢yuxuua ne(nz) — 3(z) npu n — oo,
Wi uHase 8(z) = nli__:’gonq;(n:c). Jierko npopepHTh H (HOPMAJBHO, 4TO

Im(m) dz = Icp(z) dz= Jq:(m) dx = 1, myTeM NMOACTAHOBKH z = N,

TakuM 06Pa3OM, TPeM BAPHAHTAM O{T) COOTBETCTBYIOT C/eAYIOUIHe TPH
BapHaHTa MpeOCTABJeHHA AALTA-PYHKIIHHA:

Hm —2 . im —2_ lim e ™%, 42
nesoo 9(1 4+ n%2%)Y2’  noco x(l +0%2%)’ noo Vi “.2)
*) 3amernTe «2» 5 sHamenaTene (4.1); Ges sToft Apofikn noaydanocs 25(x).

**) Iepecedelne BeeX Tpex KpHBHX @1, 92, ¢3 MPGIHSHTEABHO B OZHOR TouKe
ABAAETCA, NOHATHO, CAYIARHOCTDIO,
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TIpoBepHM, YTO TOT peuenT, KOTOPHA OHA NPENACIKeH PAHbLIE,

2

lim __L_m,
a0 2(z* + a*)
TIOAXOAMT NOZ STO ONpPeAeNeHUe; JJIA STOr0 MepermnIlem
al = al _ 1
2a? 4 a%? T aea N2 ca? | N2
26 (5+1)  20(G+1

H ot(ioe.zr;atmu 7 = 1/a; noAyYHM Nepeslil BAPHAHT NpeACTABACHHS § cornac-
HO (4.2).

Hrax, net ogHofi onpepesenHO#f npocroft Gopmynr, xoTopas AaBaja
6n 3(x): acHO, YTO omHHX ¢a0B 5{0) = 00 Man0; YTOOH ONpeAenHTDb 8, HAxO
eme CYMeTh MOKa3aTh, YTO 3TO KaK pas Ta GECKOHEUHOCT, KOTOpas HyXHa.
OnHako 3(x) MoxeT OHTh MONMYYeHa KaK Pe3yAbTar NPEJENbHOro Mepexoja
(n — 00) na BroNHe AOGPONOPANOYHLIX XOPOILIO ONPEASNeHHHX PyHKIMN &,
B KOTOpHIe BCIIOMOTATe/IbHAS BeJIHYHHA 72 BXOAMT Kak napametp. [lpu stom
0CO6CHHO HYXXHO NOAYEPKHYTD, YTO § MOXHO NOJNYYHTL TAKHM NpERebHLIM
NepexofoM H3 pasHHX (yHKuMA ¢. [lo Tex nop, Noka 12 KOHeUHO, QPYHKIHH
ne(nI) OTAHYAIOTCA APYT OT APYTa U, B 4aCTHOCTH,

I=| f@)ne(na) ds # £10), .3)

H TOMbKO B Ipefiefie OpH 78 ~— 0O BCe PasAuyHHe no(n) cTpeMarca K
oRHOMy mpeaeny 8(z) u cooTBeTcTBYloImMe HHTErpaAH *) (4.3) — x F(0):

lim I = f(0). 4.9)

=400

Iponsson, aMeiclAl MecTo B BuGope mepBOHaYaabHOH @(z), HS KoTopo#
noayuyaeTcss 8(x), MOJHOCTBIO COOTBETCTBYeT CYTH jeja. B crexyiomux
naparpadax GyZYyT PACCMOTpeHH NpHMepH npumeHeHus 8(Z) K ¢usHKe.
Onucante kaxoro-auo BoageficTusl, T.€. KaKkoH-TO KOHeYHOH QYHKUAM
w(z) ¢ nomompio penbTa-PYHKIHH BOSMOXKHO M LeJecO06pasHO HMEHHO
TOTAQ, KOrAa AeTaybHanA (opma BosAeHACTBHSA, T.e. HCTHHHAS 3aBUCHMOCTD
€ro 0T T, HeCYMECTREHHA, a BaXeH NUIb HHTErpas.

TIpuBeAeHHLE BHIUE NPUMEPH, KOHEYHO, BOBCE He HCUEPNLIBAIOT PA3HO-
o6pasHue ¢{z), H3 KOTOPHX MOXHO ¢H3rOTOBHTE# 5(z). MOXHO OTKa3aTeCH
OT CHMMeTPHH ¢(Nn): NPH Nepexofie K no(ne) H YBeJAHYEHHH 7 COKpalaeT-
Cfl ¥ PacCTOIHME MaKcuMyma oT & = 0, T, e. Jaxke acHMMeTpHYHas QyHKIAS

*) Crporo rosops, ecan f () — 60 MPH KaKHX-TO SHAYECHHAX & HTH IIPH & —» 0O
HAH T — —00, TO He BCAKHE ¢ (Z) ronArca and noaydenusn (4.4). Nanee, pynkuns
f (z) ne monmna Geirh paspuBHOf UMM NO K e#f Mepe ee pA3PHBH HE AOGNIKHH
IpUXOAHThCH HA TY TOUKY (& = 0), rae 5(z)} = 00, HHaYe KAK pas H BOIHHKHYT
GeccMECNEHHEEe BONPOCH O SHa¥YeHHH (YHKUMHE B TOYKE paspHBa.
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nprGauxaercs K 8(x). Ipuamep sromy: 71;- e~ nepexomnr B dyHKHIO

n - —13®
— e~ (=) makcuMyM KoTopoil AieXUT NpK z = 1/n. MoxHo oTkasaThes
T

ot anucd ¢{x) mpocToli enuHoR dopmyaof, oGecneyrpalomed IMagKOCTb
o(z). Tak, MOXXHO BanThL caMy QYHKRUL o(z) paspuBHO:

p=1/2, —l<z<l; ¢=0 z<-1luz>1 (4.5)
Mpeneasunt nepexos, sakmoyaerca B TOM, 9T0 GepemM

m=n/2, -1<nz<], 1e. —lfn<z<l/n,

=0, z<-1l/n, z>1/n, } (4.6)

H ycTpeMAsieM n — oo. [Hapucyfite rpaduk ¢{z) coraacxo (4.5), a Taxme
oa(2) 50 dopMyne (4.6) npp n =3 u n=10.]

HakoHel, MOXHO OTKA3aTbCH M OT YCJOBHSA NONOKHTEAbHOCTH ¢{%).
Ouenn moGonuHTHHE H BaXHEA npuMep npencTaBaset coboli pyHKLUs

l+w
Rz)= ;. [ costode =

—t

A -

 WT
sin —.
z

Ilpu samauHoM o rpaduk R(z) noxasan Ha pmc.223. 3navenwe R(0)
paBHO ©/x (HeonpeReNeHHOCTb, CBASAHHASA ¢ OAHOBPEMEHHHM ObpaleHHeM
HHCAHTENA M 3HAMEHaTeds B HyAb NpH
z = (), pacKpuBaeTcs 3JeMEHTADHO).
R(z) npoxomuT depe3 HyAb H MeHseT
3HaK fpK z = +x/0, +2x/0, +3x/w, ... .
Konebanus R(zx) saTyxanT ¢ yaaneHHeM
or £ =0 3a cuer snamenatens, Kpu-
Bas He BHJe3aeT 3a npefens JHHAN

y = £1/(x|z]) (nynx‘rn;l Ha pHc. 223).
MoxHo npoBepuTh, 410 J R(z)dz =1

npK AK6OM ©. -

Puc. 293 OkaskpaeTcd, YTO NpPH o — 0O MOX-

HO paccmaTpuBath (2} Kak Aenbra-

¢yukumo! 310 mpaBEononoGHO MOTOMY, YTO C YBEJHYEHHEM o PacTeT
BHCOTA ©/% IMIABHOr0 MAKCHMYMa, NPHXONSLIErocs Ha ochb R, # yMeHb-
IaeTcA UIKPHHA STOR NOJYBOIHH —x/® < % < x/w. Ho kak GuTb ¢ Tem
(haxTOM, 4TO NPE YBeJAHYEHHH © He YMEHbBIAeTCH AMNOAHTYHA KoaelaHwui,
no-npexseMy R nocTeraer +1/ar, nyHKTHpHHE JHHHH He CYXalOTCA?

Paccmotpum J f(2)R(z)dr. Yem Sonbiie o, TeM vame KoxeGaHMs, TeM

TOUHee KOMOEHCHDYIOT IPYT ApYTa NOJOXKHTENbHHE K OTpHUaTeAbHHE Fo-
NYBOMHH, MEXIY TeM BKAAN nepeoil nonyBoJHH H O/HXKARIHAX K Hell Bee
BpeMA ofHHaKoB, IlosToMy oOKa3mBaeTcH (fOKA3aTeAbCTBA 3AeCh MH He
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MPHBONKM), YTO .lJ_J':EJ F(@)R(z) dz = f(0), a 310 1 3Ha4HT, 4TO al_i_.rEoR(z)

HMeeT CBOHCTBA JeNbTa-pyHKLUHH.
HnrepecHa ananoruuHan ¢yHKHHA

P(z) = i(% +§mm).

C noMompio (OpMYS NMEMEHTIPHOA TPHIOHOMETDEH MOXKHO NMOMYYHTH BH-

paxeHue
p 1 sin q+-l-)x
(=) =5 J—-zz-—

EIII.E

Tpapuk P(x) npu ¢ = 10 nokasan Ha puc. 224. [lpu ¢ — o0 P(z) Beger
ceba B6usH £ = 0 COBepLIEHHO Tak e, Kak R(z) npH @ — 0. Otawune
P(z) sagnouaercsa B ToM, 4T0 ¥ P(Z) BHCOKHe MAKCHMYMH MOBTOPSIOTCH

P(x)

=

Pnc. 224,

meproarueckn npu £ =0, £ = £2x, £ = +4x 1 1. 4. Hpyrume claopamu,
P(z) npesicrapaser cobolt cyMMy nensTa-tyHKURA:

P(z) = 8(z) + 5(z — 2x) + 8(z + 22) + 5(z — 4n) + &(z + ) +... .

Gyukupn R u P u cBa3b HX ¢ nenbTa-QyHRUHel — 8TO He Ma-
TeMaTHYeCKHe Kypbesu, BenomuuM, kak moctpoeHnl R u P: R — aro
HHTerpaa KOCHHycoB, P — 3T0 cyMMa KocuHycoB, Ecan Mz kocuuycos
MOXHO CJIOeHHeM *) nocTpouth 3(), TO 5(z — a) MOXHO MOCTPOHTH H3
cos ot — &) = cos mx 8inma — 8in X Co8 @a, T.€. U3 KOCHHYCOB H CHHYCOB
€ NOCTOAHHBIME Ko3dupunpentTamu. Ho B TaxoMm cayuae u awlyno dyHKIHIO
f(z) MoXHO NpeAcTaBHTL B BHIE CYMMH K 0B H CHHyoB. Jlobyio
(GYHKIHIC MOXXHO 3aMeHHTDH cepHell CTymeHek f:a:,-)A:::,-, a4 Kamgas Takas
CTyneHbKa — 370 B CywHOCTH 8(z — ;) f(2:)Az;. TakuM obpasoM, ¢ no-
Mompro R ¥ P, T.e.,, 00 CYLIECTBY, 4epe3 NOCPEACTBO AeAbTa-GYHKLHH,
JICKa3HBAETCH BO3MOXHOCTD paajomeHHs (yHKunéi B pag Pypbe (ecan
$YHKIEA nepHoRrdHa) U HHTerpant ®ypre (ecnn ¢yHrHHA HenepHOAHYHA).

*) AiKTerpHpoBaHHe — STO PASHOBHIAHOCTb CAOXEHHs!
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Tlepeuntaiite sror maparpad, xorma Ha 2-m mam 3-M Kypee Gyaere
Hayuate pagu ®ypoe. OOHUHO B yuUeSHHEAX HE YNOMHHAETCH HeAbTa-
$yHKOH? — MHOTHE MATeMATHKH NPeAHOYHTAIT BOIMOXKHC LOMBIIE He
SHAKOMHTL YUalMXCH ¢ Tako# ¢HakuecKoit epechkd, nopolHO TOMY Kax
WKOALHEKOB o0eperanu or Monaccana u Ecenuna. [lorumanue Toro, 4to
B [OK33aTeNbCTBAX B JICACTBHTENBHOCTH HCMOABIYETCH AeALTA-DYHKUHSA,
noMoxkeT BaM NoHATE CMHCA 3THX ROKA3aTe]bCTB,

§ 5. IIpuMeneHns ReJbTa-(PyHKIAH

TMokaxeM npexae Beero, KaK AensTa-QyHKLIHS HO3BONAET COKPATHTH
H cfieAaTth Gonee yaoOHOi 3ankch YCAOBHA PO MHOTHX sSajavax.

m8(x-x)) md(x-x)

px)
: | .
0 'xl '& X
m nh
ozl el 2
Pnc. 295.

PaccMOTpHM cTepxeHb FepeMeHHOTO CeueHHs *}, K KOTOpOMY NpHKpen-
JIEHO HECKOJBKO OTHENBbHMX TOYedHHX rpysoB (puc.225). IlycTs Macca,
ApUXOAALIAACS HA eAHHHLY AJNAHM cTepx(;m, BHpaxaerca $yHKuHeR p(x).

Macca Beero crepxHs Ges rpyaos pasHa J p{x) dx, a BMecTe ¢ rpysamH
-3
b
M= [p(a:)d:v+2m.
a

IMoaoxeHHe HEHTPA THKECTH:

X= -;?(sz(m)da:+22:¢m).

MomMeHT HHEpPIHH OTHOCHTENBHO HaYana KOODAKHAT

I=Jzzp(z)d:t+z.t§m.

*) Iepen pasGopom sToro mpHMepa noetopute § 15 raanu VI,
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Ho ¢ noMombic eabra-GyHKIHH MOXHO BKAYHTH OTAEAbHHE MACCH
B 06o0mennyi0 QyHKUUK naoTHocTH, OGosHauum HoByio dyHKDHIO n{z).

OHa Bhipaxaercs (Gopmynoht
n(z) = p(a) + >_ medlz — z:).

B camom aene, paccMarpupan ofiee pacnpemeieHHe MacCH IO CTEIKHIO,
MOXKHO CKa3aTh, YTC B TeX TOUKAaX, rae HAXOAATCA TPY3H, MJOTHOCTDL
HMeeT GecKOHeUHble NOACKOKH. C NoMoIbX HoBoH PYHKIWH BCe BeJHUHHLI
3aMHCHPAKTCA egHHooOpasHo H Golee KparTKo:

M= Tn(:c) dz, X= %Jzn(z) dz, I= jaﬁn(z) dz.

Tonnatee AeabTa-PyHKIEA NoSBOJAET O0LEARHHTL HENPePHBHO pacapene-
JeHHHe B TOYeUHBe MAcCH B ONHOM o6IeM BRIpaKeHHH.

JIpyrof npuMep npHUMeHeHUs neNbTa-QYHKUNHA OTHOCHTCH K ABHIKEHHIO
MaTepHaNbHOA ToukH, HanoMHEM OCHOBHOE YpaBHeHHe

Nepeuntaiite B mase VI, §5, ¢. 308 paccyxnenne o6 HMmyabce cHAK
H O ABHXEHHH YACTHUH NOJ BAHAHHEM KOPOTKOrO WMNYAbCA CHJL, HATIPH-
Mep, ToJ, BARSHHEM ynapa. BeromHHTe coolpaXkeHusa o ToM, 4To neficTBHe
HMNYAbCA CHJIH He 3aBHCHT OT 3aKOHA H3MeHEHHA CHJH, eCJH TOABKO CHAA
HACCTATONHO KDATKOBpeMeHHA. JTH coOUpaxeHHA AHANOMHYHH DACCYXae-
HHEAM HOpemuayiierc §4 o ToM, 4T0 AeAbTA-PYHKIMNIO MOXHO MOCTPOHTD
H3 pasAHwHbIX GyHKUUR @(z), 06 YCAOBHAX, KOFMA MOXHO KOHEHYIO
¢yHruE0 () 3aMenaTh oboGlueHHoH, ocobenHoN QyRKuped 5(z).

Ecar xoukperas ¢opma KOMH CHAN HeCyLIeCTBeHHa B 3apaye
of yaape, 3To 3HauMT, uTo F(f) MOXHO 3aMeHHTb Ha JeabTa-bYHKIHIO

F(t) — J5(t — ¢}, roe © — MoMeHT yaapa, a J = I F(t)dt — uMnyabe cumu.

ITpoeeaem ¢opmMantHO No BCeM NPaBPHAIAM HHTErPHPOBAHHE YPABHEHHA JBH-
XeHHA non AeACTBHEM eJHHHMHOMA genbTa-cHAH. [lycrs Ao yaapa wactuma

MOKOHAACEL B Hauase KOOPAMHAT: £ = —00, £ =0, v = i 0. ¥papuenne
HMEET BH] s i
mg =mE = 5(3—1:).

HHurerpupya, noayuuM
t
=1 —dar=Le(t—
)= & j 8t <) dt = - o(t ).
—a0
CropocTb BHpaaeTcst CTyneHuatoli ¢yHKuped Bpemenr (puc. 226): v =
=0, t<s v= w t > ¢. CleayOIni mar 3aKMoYaeTCa B OnpefeNeHHH
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KOOPAMHATH dYacTHnW. H3 v = % noayyum oteer £ =0, t <1, x =

= l(t — 1), £ > ©. 3aBHCHMOCTb KOOPAHHATH OT BpEMeHH NpeACTAB/eHA Ha
cocenHeM prc, 227,

w4 x(7)
| | —_— _
m £
0 T T (] T K}
Puc. 226. Puc. 227,

Dan rpacdura z(t) XapakTepeH usnoM B Touke £ = 1. 37eCh elle pas Mu
y6exxjiaeMcs B TOM, 9TO BTOpad MPOHIBOAHAA (YHKUMH, HMelLIeH H3/OM,
COepKUT AenbTaA-GYHKUMO: DYHKIEA () HMeeT HSJIOM; CONIACHO YpaBHe-

HHUI0 ABHXEHHA CHJA MPONOPLHOHANBHA %, 3aBHCHMOCTB Z(t) ¢ H3NOMOM
ToJiydeHa KaK pas NpH cufle, NpONCPUEOHANLHON 8(#—1:), TAK 4TO NOpH

HAIMYHH H3/I0MA % COEPKHAT 8, YTO H TPe6oBANOCh AOKA3ATE.

Tenepe cfesaeM crepyiomud mwar, 3agaya o ABHMEHRU Tesa nojg Aefi-
CTBHEM 33JaHHOH CHJIN JHHeHiHA. DTO 3HAYUT, UTO €C/H €CTh ABA PEIHeHHA
z1(t) 1 2(t) nox peficTeeM xByx pasnux cua Fi(t) r Fo(t), To cymMma
petenuit z3(t) = z1(2) + #2(t) ABAseTCH pelIeHHEM, COOTBETCTBYIOLIMM
meficteuio cymmul cun Fi{t) = Fi(t) + Fa(t). Taxoe cBoiicTBO ecTh ciea-
CTBHE TOTC HPOCTOrO (PAKTA, YTO BTOPasd IPOH3BOAHAA CYMMBl (DYHEIHHA
€CTh CYMMA BTOPHX NPORSBOSHEIX KAXIOA GyHKLUMH:

&z _ d@itm) _da  In
=

MputuMas Bo BHHEMAHKEE, 4TO

dszl i Fi(t) dzzn - Fg(t)
a2 m @ m’

MOAYYHM
dz _ Flt) | BE) _ RO
di? m m m
4YT0 H TpefoBajoch, — CYMMAa pellleHHA 3 OMHCHBAeT ABHXeHWe non

IelicTBHEM CYMMBL CRJ,

HyxHo cpeqaTh TOJBKO OAHY OTOBOPKY: pellleHHS YpaBHEHHS ABHKe-
HHA 3aBHCAT He TOJADbKC OT 3AKOHA CHJH, HO H OT HAYAJBHHX YCJIOBMH, T. €.
HAYAALHOrO MONOKEHHA H HAYAABHOH CKOPOCTH pacCMATpHBaeMOH MACCH.
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Ecau Mu BufepeM 3TH yClOBHA Tak: £ = —oo, 2 =0, % =0 t = ~00,

z2 =0, % =0, To H cyMMa pellieHHIi 23 OyAeT YAOBACTBOPATh TOMY e
yeaorHw: ¢ = —00, 3 =0, % =0.

Tenepn coeuHHM coofparkeHHd O JKHeRHOCTH B HSBeCTHOE pelleHHe
IaA fenbTa-PyHKEHE, ¢ TeM YTOOH MOJYUHTh 00llee pellleHHe YPaBHEHHA
JAnA CHJH, MPOH3POALHO 3aBucAmell ot ppemens. PasoGheMm rpadex cHan
F(t) Ha noaocka wuprHoRt A« (puc. 228),

Yro cofoil npefcTamifeT OTAeAbHAT HO-

J10Cka, PACTIONOMEHHAN MEXAY © i T+ At? FO) m
Mu sgech nepemenuM 0G60SHAYEHUS!, UTO- T ﬂﬂ“h}

OH OCTABUTL OGO3HAYEHHE L 34 ¢TEKYIIHM»
BpeMeHeM, MeHRIOUMMCS 0T —o0 AD +00,

TOrAA KaK T OTHOCHTCH K AaHHol Mabpan- 0f £ t+Ar t
Ho#t nontocke. Mtak, BrcoTa notocku F(t),
WeEpHHA At, NAomAAL (T.e. HMOYALS CH- Puc. 228.

Au) F(t)Ar. Tak Kak mofocka pacnono-

JHEHA MpH { = ¢, TO, ONERHAHO, &8 MOXKHO 3aMeHHTh JenbTa-pyHKIHeH ¢ KO-
stpdrurenToM, paBHuM HMnyabcy F(t)Atd(t —<). PelleHne ypaBHeHHA
ARHEHUA 0Aa JenbTa-GpyHKIHE MH yXe 3HaeM. O603HaUHM ero ) (t, ).
Pewenve Kak ¢yHKOMA BpeMeHH ! 3aBHCHT OT MOMEHT3 NMDHUIOKEHUS CH-
IH 1. HamoMuHaeM, uto

nt)=0, t<g mb)==(t-1), t>x (5.1)

Oznga 43 MONOCOK, HA KOTOPHE PasjioNeHa Cuna, OT ¢ Ho t+ Ag mpeactas-
aser coboit 8(t —1) ¢ kosdpuumentom F{x)Ar. Bnarogaps ammefinocTu
YPaBHeHHf pellleHWe ANf CHIH B BUAe TAKOH NOJOCKH MOMYYHTCA YMHO-
HEHHEM ) Ha TOT xe koopuupent: F(r)Avrx (2, 1). D10 ecTb pelleHne,
OTHOCAIIeecs K AeficTrii0 onHoll nonockH. Teneph UCNOgb3YeM JHHEHHOCTD
H BHNUIIENM pelueHue fas ¢yHKnMH F(f), KOTOPYIO MM pacCMaTpHBaeM
KaK CyMMY nosocok. flcHo, uTo cyMMEpoBaHKe 3AeCh B AeACTBHTENbHOCTH
C/leNyeT 3aMEHNTL KHTerpanoM. Urak,

+ao
2(t) = [ 21(t, ) F(x) dr.

-0

Ha mepenii Bsrasfm, HamHcaHHas ¢opMyAa HMeeT CTPaHHBEIR BHA: Koop-
IOWMHATA T B MOMEHT [ BHPA)KEHA MHTErpaioM 00 T OT —00 A0 00,
T.€, B BHPAXEHUE BXONHT CHJAA BO Bce MOMEHTH BpeMeHH. Mexay Tem
AICHO, 4TO 3aKOH CHJAH ACCle MOMEHTa { He BJMAeT Ha Mpelbayilee
asuxenne. OfiHAKo B BHpaxeHHr z(f) Her HHKakof owmbkue. CofcTsa
tbyukuum z)(f,1) obecneunpaloT pasyMHue CBOACTBA pelleHHs. B camom
mene, z1(t,t) = 0 npu ¢t < 1. CrenoBaTeJbHO, NPH HHTETPHPOBAHHU MO T
B AeHCTBUTEALHOCTH He HYXKHO 6paTh 1 >» {, TaK KaK TAM TOXJeCTBEHHO



478 Jamegamessnar Gesvma-Pynxuun Jupaxa

paBua .mo MOAKHTErPaibHAA BENHYHHA 33 CYET PABEHCTBA HYJI0 MHOXH-
t,1). BeomuHan Buipaxetue x(t, 1) (5. lganonyqnu

a(t)=1 J (¢ — ) F(s) dv.

Takoit cnocol noAy4eHHA pelieHHS HMeeT odyeHb Gonblioe obllee 3Ha-
yenue. PesioMupyeM: ecan A JAMHeHHOA CHCTeMH H3BECTHO pelneHwe,
OTHOCALUeeCH K BOSHEHCTBHI AeabTa-QYHKUHK, TO pelieHHe, OTHOCHIICECH
K Bo3aeACTBHIO Npor3Bo/ibHoil dyHKumu (F(t) B npHMepe), noayuaercs
ApPOCTHM CYMMHEDOBAHHEN HAH HHTErPHPOBAHHEM,

Hnaeu nuHeliHOCTH M C/ioXeHUA (MO-yUeHOMY — CYNepNo3HIIHH)
pellleHH#i OTHOCATCA HEe TOJbKO K TAKHM MpPOCTHM 33aAauaM, Kak
ABHXeHHE TOYKM; 3TH HIOEH CNpaBelJHBH IJA OTPOMHHEX o0Ja-
cTelfi MaTeMaTHKM, (H3MKH, eCTecTBO3HAHMA, DHIBaeT M TaK, 4To
CHCTeMa CJA0XHA H PElIUTh ypaBHEHMSA HeJb3s Jaxke JJisi CaMOro
NPOCTOrO BO3NEACTBHA meabTa-QpyHKuHedl. Penenne, cooTeeTCTRYIO-
Iiiee AeNbTa-QYHKLUHH, HHOIAA MOXHO MOJMYIHTh ONHTHHIM MyTeM.
B zpyrux cayuasix Takoe pellleHHe MOXHO MOJYYWTb U3 Gusnye-
CKuX coobpaxkeHnlt (cM. Huxe 3agavy). Jaablie BCTYNAawT B CHAY
coobpaxeHnss O JHHEHHOCTH, M MH MOJyuYaeM OTBeT AJa ool
BoaneficTBylome#i ¢yHkuun. PenleHHe, COOTBETCTBYKINee NeAbTa-
¢yukunu (T.e. 21{t,7) B npHMepe BbiGIe), CTONb BAXHO, YTO OHO
HMeeT clielHaJbHOe HaspaHMe — ¢yHKuus I'puHa 3afaun, 3abasHo
TO, 4TO aHrAHickuiét mMatematTMK ['puH, MMeHeM KOToporoe Ha3paHa
byukuus, xun B XIX Beke u, ecTeCTBeHHO, He 3HaJN O JAeJbTa-
bynkuan. Ho Tosbko BBefieHMe AeNbTa-PYHKIHH NO3BOJHKJIO ACHO
H KpaTko 0GBbACHUTL ¢yTb pyHkuuH I'puna.

Takux npumepor B MaTeMaTHKe HeMaJio: BeAb M JI0 H3006peTeHHA
NPOH3BOAHLEIX M HMHTerpaoB OLLIO H3BECTHO MHOrO pe3y/bTaToB,
OTHOCANIHXCA K KacaTeJIbHHM, NJOIEAIM H ofbeMaM. l{BixeHue
HayK¥ 3aKJio4aeTcsi He TOJBKO B 3aBO€BAHHM HOBEIX BHICOT, HOBHX
pesyibTaToB, HO H B MONYAAPH3ALMU U YNPOMIEHHH BHBOJOB, NOJIY-
YeHHHX paHee. Jagauell KHUTrM, uTeHHe Kotopo#i Bum cefiuac s3akaH-
4HBaeTe, Kak pas W ObLI0 ofjerdeHHe NMOHUMAHHMA KJACCHYECKOrO
Hac/ieliA — OCHOB BHICIIEH MaTeMaTHKH.

Ynpamnaesns

1. PaccMoTpeTs CTpPyHY, HATAHYTYIO CHJOH k, ¢ KOHNAMH, 3aKperlieH-
HHME B TouKax x = 0, = [. CUHTAA OTKAOHEHHE MAJILHIN, OOpPEelieNHTh Mo
3aKOHY mapafjieqorpaMmMa CHA GOpMY CTPYHH HpH ReHCTBHM eRMHHYRON
HArpy3KH B Touke ¢ = &; (puc.229). IMoayuurs dopMyny OTKAOHeHHA
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CTPYHH 10A AeHCTBHEM CHJH, pacnpenefeHHOH No ee AJAHHE MO NPOHIBOJDb-
HoOMY 3aKoHy f(z) mum/cM (puc, 230).

MF

0 Y
Puc. 230.

2. HaiiTu geixeHHe MAATHHEA Nof AeficTBHEM CHJIH, BHpaxalomefica

meabta-pyHKumKedt, T.e. PelIHTh ypaBHeHHe mﬁ = —kz + 8(t — <) npn
ycnoBHH £ = —oo, £ =0, % = 0. C nomouslo sTOTO pelleHHA HaliThH

JABHIKeHHe MAATHHKA NOA AeHCTBHEeM CHJIHN, 3aBHCAINER OT BpeMeHH no
NPOK3BOJIBHOMY 3aKOHY,



3AKJIOYEHHE
9TO0 JAJBIIE?

«Buicnias MaTeMaTHKa» — a TouHee, Au(pepeHIHaNbHOE H HHTE-
rpajJbHOE HCYHUCHEHHE — LaeT BOSMOXHOCTBb PelllTh GoJbIlol Kaace
3aAav, He NOAJAIOIIHXCS pellIeHHIO METONAMH apu(MeTHKY, aareGphl
H reomeTpHd. OTpoMHOE 3HaYEHHE HMeeT caMa (GOPMYAHPOBKa HOBHX
NOHATHH, T2KHX, KaK MTHOBeHHa#d CKOPOCTh, YCKOpPEHHe, HMMYJAbC
CHJIBl — STH MOHATHA (M MHOTHe ApYyTHe, U3 ApYrux obaactefi) dop-
MYAHPYIOTCS TOYHO TOMBKO Ha S3HKe TPOH3BOAHHX H HHTErpasioB.

3nanus, nosy4deHAHe BaMu npH uTenuH <Bucimefi MaTeMaTHKH
AJ1S HAYUHAKINHX», COCTABJAIOT TOMBKO MaJylo YacTh Bcell MareMa-
THYECKOR HAayKH, MaJIyl0 4acTb TeX pasfesioB MAaTEMaTHKH, KOTOpHE
NpUMEHAIOTCH B QU3UKeE.

3nech 6yAyT HaMedeHH Te 06/12CTH PHSHKH H CBA3AHHLIE ¢ HUMH
pa3meNul MaTeMaTHKH, KOTOphe BaM mpefcTOMT HM3ydHTh B Aajb-
HefinIeM.

lpegmpymmft Texer SR HaNMCaH KaK yueGHHMK, TaK 4To, MpH-
JI0XKHB JOCTaTOYHO BHHMAHHS H TPYAa, MOXHO OHJO MONHOCTHIO, BO
BCex feTa/lfiX MOHATL HamucaHHoe. IIpuxoauTes npemynpeauTh YH-
TaTeJs, UTO HUXKe, PacCKasuBas 0 TPYAHLIX BONPOCAX, HAM NMPHACTCH
OTCTYNHTb OT CTHAA YdyeOHMKA. B KpaTkoM 3aKJIOYEHHH HeNb3f
H3JIOXHUTb co0epocarue MaTeMaTHdecKoN (GH3MKH, MOXHO TOJILKO
HONBITaTbCA HaTh OOllee MpeACTaBjeHHe O 3afauaX STofl HayKH
H 3aWHTEPecOBaTh YHUTATEJA.

Yro6e Jyunie NOHATE HHUXKECHeAyOlee, nonpodyeM BKpaTle
copmyarpoBaTh obillee CBOACTBO 3a1a4, KOTOPHIMY Mbl 32HHMAJHCh
BHINE. 3T0 OHAH 33fa4H O ABHXEHHH OMHOMR HacTHUH — B Me-
RaHHWKe, 3a7a4yH o0 HM3MeHEHHH CO BpeMeHeM OAHOHR HAH ABYX
BeJIHYHH: KOODAMHATH M CKOPOCTH TeJia MAH 32pffia B KOHAEHCaTope
H TOK2 B uend. Mul UMeaH Aeno ¢ GYHKUHAMHE ofHOA nepemeHHON —
BPEMEHH; YHCAO PacCMaTPHBaeMEIX (yHKLHI MOTRO PaBHATBHCA eNu-
HHle (CHaa ToKa KaK (QYHKUMA BpeMeHM) HAM ABYM — IOJOXEHHE
Tena X (t) u ckopocTh Tena v(t).

Hanpanipaerca ecTecTBeHHOe YHCTO KOJAH4YeCTBeHHoe 06o6ime-
HHe: Aajblle NOMAYT 33424 0 ABUNKEHUU ABYX TeJ, TPeX TeJ H T. .
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3a 5THM «H Tak JAajee» BHIHA W 3aAa4a O ABIDKeHHH rasa HJAH
sxunkoctH. Bexb 11 Bogopona — 510 3 - 10%° mosexyx, 1.e. 3 - 1023
OTAGABHEX Tel, He (oJiee TOTO.

3nech CTAHOBHTCA fICHO, YTO HYXXHH HOBHE METOAH: HE TOJIBKO
HesMbas pewuth 3 - 1022 ypapuenuil, Ho H NPOCTO BHMHMCATh BCE STH
YP2BHEHUA He XBaTHT HH OyMar, HH BpeMeHH.

Bo3nHKa0T HOBHE HAyKH — THAPOAHHAMHKA M Ta30iHHaMHKA,
B OTJAHYHE OT MEXAHHKH TOYKM, M HOBHIi Cl10c06 MOCTAHOBKH M pe-
IeHuda 3afiad. MBl cnpalIHBaeM, CKOABKO MOJIEKYJ B TOR HJIH UHOM
HACTH paccMaTpuBaeMoro ofbema.

PelneHne 3afaud 3aKJAIO4aeTCd B HaXOXJEHHM pacnpefefeHHA
TUIOTHOCTH Tasa B npocTpaHcTee p(, ¥, 2), AaBjeHus rasa p(z, y, z),
CKOPOCTH rasa B PasfAMYHHX TOYKAX MPOCTPAHCTBA, 3Aech HANO
A00aBUTh, YTO BCe STH BEJHYHMHH 32BHCAT TaKXKe H OT BpeMeHH,
HanpumMep, p(z,y, z,t). KpoMe Toro, cKopocTb rasa ectb BEKTOpHas
BefIMYHHA, T.€, B KaXAOH TouKe 3afiaHH abcoJloTHAasA BeAMIHHA
H HanpaBieHHe CKopoCTH. MHHMH CJIOBaMH MOXHO CKasaTb, 4TO
3aJIaHB TPH COCTaBJAIOUINX BEKTOpa. TakHM o0pasoM, OT 3ajadH
0 HeCKONIbKHX (YHKIMAX ONHOH NepeMeHHOH MPOHCXORMT NEpPeXon
K QYEKUMAM HEeCKOAbKUX He3aBHCHMEIX NepeMeHHbIX.

CooTBeTcTBEHHO NPH HOPMYAHPOBAHHK CAMHX YPaBHEHHH NOAB-
JASIOTCA TIPOH3BOAHLIE IT0 BpeMeHH M MO NPOCTPAHCTEEHHHEM KOODPAH-

HaTaM, Hanpumep, L . HanoMBuM, uTo Kpyrabie GYKBH

ot Oz’ &y 0z
0 nHmyTCs, KOrda MH MME€EeM feJI0 ¢ YacTHHIMH NPOWSBOAHLIMH,
T.€. KOTAQ paccMaTpPHBAaeTCA H3MeHeHHe (QYHKUMH NpH H3MeHeHHH
OO M3 MepeMEHHWX H NPH HEeH3MeHHHX 3HAYEHMAX OCTAJBHEIX

nepeMeHHHIX: HalpHMep,
8p lim 9(2?, y+Ay 2, t) - P(xt ¥z t) X

By~ Ay—0 Ay

Baxneiimmit pazaen mateMaTHuecko#t GHUIMKH COCTaBARET HMEH-
HO HCCJefOBaHWe ypaBHEHWH B YACTHHX NMPOHSBOAHEIX. YPaBHeHHS
B YaCTHHX NMPOHSBOAHHX ONHCHBAIOT ABHXEHHE XHAKOCTell, rasos
H TBepAHX TeJ, pPacnpocTpaHEHHe Tellla B 3THX Cpefax, fBJIeHHS
o dysHH aTOMOE H MOJIEKY.

Bo Bcex 5THX caydaax, Kak yXkKe FOBOPHAOCD, B NIPHHIIHMNE MOXHO
60 6Bl NO-MpeXXHEMY PacCMATPHBAaTh OTAEJIbHBE YaCTHLH M MHOTO
$yHRuuA onpofi nepemeHHOA — BpemeHH. Ho ecTh M apyrde ¢u-
3MYeCKHE TEOPHH — MpexAe BCEro TeOpHA 5MREeKTPOMACHETH3MA, rie
9TO He TaK.

Ilycts paceMaTpHBaIOTCH fABAa MOKOALIMXCH TOUEYHHIX 3apsia.
CHna, neiicTBYIONIAA MeXNY HHMH, 3aBHCHT OT HX MOJIOXeHusi (0T
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PACCTORHES MEXAY HHUMH); K23aa0ch OH, 9TO 3a7a4a 0 WecTH ¢yHK-
wasx (Z), Y1, 21; Tg, Yo, 22) OAHON nepemenHoit — BpemeHu. Bu-
eHHe SapAfoB B NepBoM NMPHOIHIKEHHH MaJ0 MeHSeT Heno, Hayo
TOJIbKO YUHTHBATh, T BOSHMKAeT elle MATHUTHOe B3aHMoJelicTBHe
MeXIy 3apsllaMH, 3aBHCALIMMH OT HX CKOPOCTH.

Baxneftwnit ¢daxr, Tpebyommsi NpHHUMNHANBHO HOBOIC NMOAXO-
A2, 3aKAI04aeTCs B TOM, YTO CYIIeCTBYeT 3anasAKNBaHHe B3a-
HMOZIefiCTBHA, Nepe/iaya B3aHMOAEHCTBHA CO CKOPOCThI0 cBeTa. Heii-
CTBHE OHOIO 3apfAa H2 APYIOl 3aBHCUT OT MOJIOXKEHUs (H CKOPOCTH)
NepBOro 3apsfa B HEKHA NpefnAyILHH MOMEHT BpeMeHH. TeopHs,
B KOTOpOR BCe, 4TO NpOH3oHEET ¢ 3apafaMH K MomeHTy i -+ Af,
MOJIHOCTLIO OTpefie/ifieTcA 3aflaHHeM COCTOfHMSA B MOMEHT ¢ — 3TO
TEOpHA 3JEeKTPOMarHHTHOro nodsi. B atolt TeoprH Hapaxy ¢ OTHeb-
HHMH 3apAfiaMH pacCMaTpHBaeTCs 3JAeKTpHuYeckoe noje K u Mar-
HHTHOe noje H, KoTophe 33faHH, 32MNOJIHAIT BCe NPOCTPAHCTBO.
Beanwuund E u H — 39T0 BeKTOpH H B TO e BpeMs (QYHKIHH
KOOPAWHAT B BpeMeHU; MaTeMaTHYecKH TEeOpHS 5JIeKTPOMAarHHTHOTO
noJafi — 3T0 TeOpHs YpaBHEHHA B 9YaCTHWX NPOHSBOOHHX, HOXO-
®asd HA TEOPHIO YNPYTOCTH, aKYCTHKY HJH rasofHHaMHKY, PasHHLia
JHIIL B TOM, YTC B MNOC/AGAHEM CAy4ae YpaBHEHHSA MNOJY4aloTCA
OyTeM HIEaJH3ALHH: O [JIOTHOCTH rasa MH TOBODHJAH, OTBJEKAsCh
OT OTAeALHHX MoJeky/a. TobKo B 3TOM MpHOAKIKEHHOM CMBICAe ra3
MOXKHO pacCMaTpUBaTh KAK HeNpPEpHBHYK Cpely, XapaKTepHIyeMylo
HenpepulBHOA (yHKIuel p(T, Y, 7, t). DeKTpHYecKoe NoJe JeHCTBH-
TeJIbHO ABJACTCA HeNpephBHOH QYHKIHeH,

I'mpponunamMuka, passutas B XVIII peke, noarotoBnaa Matema-
THYECKHHA annapar nja saeKTpoMarHdTHoH Teopuu. He ynusutennHo
NOSTOMY, MTO BHauaJje NHTAAMCh NEPeHECTH B 5JeKTPOMArHHTHYIO
TEOPHIO M HieH MeXaHWKH — JAYMajd, 4To ecTh ocofioe BemecTso,
adup, Takoe, YTO ero ABHIKeHHe OTBETCTBEHHO 3a 3NEKTPHYECKHE
H MarHuTHHE siBJeHHS. MH 3HaeM, yTo MaTeMaTHYecKas aHaJOTHSA
0CTazach, a (PH3HYECKHH CMHCA 31eKTPOMArHHTHOH TEOPHH OKasal-
¢Sl IPYTHM, He CBOASAUIHMCA K MeXaHUKe,

ToBOpst 0 MaTeMaTHIeCKOH TeophH, 0643aTeAbHO HYIKHO CKA3aTh
He TOJNBLKO O MOCTAHOBKE 3aflaYH H MCXOFHHIX YpaBHeHHAX, HO H O
XapaKTepe pesy/abTaTOB.

Jlns ypapHeHHEA B YaCTHHX NMPOHSBOZHHX MOXKHO BHIESNHTbL ABa
tHna peitieHuit. OAMH THN, XapaxkTepHHH /i OTPaHHYEHHOTO 06b-
eMa — 3T0 coGCTBeHHHE KoJleGaHHSA ¢ OnpefieleHHHMH HacTOTaMH.
Teno manHo# opMH HMeeT HeKMH Habop 4acToT.

BcnoMHHTe MafTHHK: Yy HEro €CTh onpelefeHHas 4acToTa Ko-
aAebauufi, [Ips gelicTBuv BHemHefi CHNHW H2 MAATHHK NOJYYaloT-
Cfl XapaKTepHHE SIBAEHHS! Pe30HAaHCA, KOTHA YaCTOTA BHEWMHEH CcH-
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AR 6auska K uyacrore KoaeGaHuit masarnuka. Bce sto nosyua-
JOCb B TeOpUH OOLKHOBEHHHX AM{(epeHLHANbHEX YpaBHeHuE:

d’z
m i —kx + f(t). B Teopuu ypaBHeHw#i B 4aCTHEIX IIPOU3BOAHHX
OKAa3HBaeTes, YTO TeJIO UMeeT MHOr0 YacToT H BefeT cels Kak HaGop,
KaK COBOKYTHOCTh MHOIMX MAATHHMKOB C PASHEIMH YacTOTAMM, HMeeT
MHOro pesonancoB. Ecam y Bac aoMa ecTh posiih MAH DHAHWHO —
npoBepbTe CKazaHHoe. MepsieHHo, Ge33ByyHO ONMyCTHTE KJaBHIIY,
9T00H TONBLKO OCBOGONMTHL CTPYHY, He ydapAs ee MOJOTOYKOM. Te-
nepr KOpPOTKO yAapsaiiTe No IPYrMM K/AaB4ilaM M caymiaiiTe, Kak
OTKJIHKaeTCH CBOBONHAA CTPYH2 ....

Jna BelecTBa, 32NOAHAIOIIEr0 BCe MPOCTPAHCTBO, XapaKTepeH
ApPYrof TUN pelleHWsl YPABHEHWI B YACTHHIX NPOUIBOOHHX — pac-
npocTpaHeHHe BOJH. B uacTHocTH, TAKUMH BOJHAMH B 3JeKTPOMAr-
HUTHOI TeopHM ABJAIOTCH PafHO M CBET, B YNPYrHX CpeAax — 3BYK.
3ameuaresnH2 cnocOGHOCTh BOJIH MEPeHOCHTh UHGOPMALHIO: AaBJe-
HHE WAH JEKTPHUECKOE mojie B ORHOH Touke (BO/JMSH MpHEMHHKa)
KK yHKIH BpeMeHH OKa3HBaeTcH NoAOGHKIM KPHBOK 3aBHCHMOCTH
OT BpeMeHH TOH XKe BeJWYHHH HUCTOYHHMKA — MepeAardyuKa.

MOoXHO NOCTPOHTR peilleHHs! YpaBHeHHH, ONUCKBAKIIHE HANPaB-
JAeHHHA Jyd npoXekTopa HJW JAasepa. Bpocaercss B raasa cxop-
CTBO MEXJY JAY4YOM NpOXKeKTopa M cTpyell M3 Gpanacnofita. 3HaHue
CBOHCTB pellleHMA 3afay PA3HHX TUINOB MMEJO H MMeeT BaxKHeidmee
3HaYeHHe AJI PAsBUTHA (PHIHKH.

CnexTpe aTOMOB ROATO COCTABASNM 3alrafiKy ANA (PUSHKOB; 3a-
ragKo#l GHJIM Jaxe He CTOJBLKO KOHKDETHHE 3aKOHOMEpHOCTH H YHc-
AeHHHE 3HAYEeHHS] YACTOT, @ caM (aKT, YTO OAHH M TOT XKe aToM
HCOYCKAaeT WM Pe30CHaHCHO IOTAoMIaeT KoJe6GaHua HecKOJAbKHX pas-
AMYHHX, HO BNOJAHE OmpefedeHHHX 4acToT. CXOACTBO ¢ KoseaHu-
SIMH YIIPYTHX TeJ MO3BOAUJO NOAOHTH K POPMYAHpOBKe YpaBHEHHH
KB2aHTOBO# MeXaHHKH, CXOACTBO MEXAy CTpyell 4YacTHI W peille-
HUAMHM JAJI1 BOJH TaKKe HAIIIO CBOoe NpHMeHeHHe B KBAHTOBOH
MexaHHKe.

B npunimMne MaTeMaTHKy MOXHO pacCMaTpPHBATh KaK PasHOBHA-
HOCTh YTOUYHEHWH, YCOBEPIIEHCTBOBZHHONA MOTHKH. 3aMeuareibHo,
uTO, NOCTPOMB MPABHJA STOH JOTHKH U BHYYHB UX, YeJ0OBeK NOJy4YH
opyaue Sojiee MolIHOe, YeM OSHKHOBGHHHE «3fpaBHlit CMHCI,

Uenopexk pyKaMH CO3AAeT NPOCTHE OPYAHS, C MOMOIILI0 KOTOPHX
CTPOHT CTaHKH, C NOMOMIbLI0 KOTOPHX CTpOMT eme Gosee coBep-
IIeHHKWE U CJA0XKHBE MEXAHH3MH, U ¢ NOMOIILI0 3THX MeXaHM3MOB
OH CROCOSeH cieNiaTh TO, YTO HeNOCTYNHO FoJIlM pykaM. Bor Tak
Xe TOYHO W MaTeMaTMKa, PasBUBasA Bee GoJiee CJOXKHBIE TEOPHH
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M Cco30aBast HOBEE MOHSATHS, NaeT BOSMOXHOCTh HOHAThL H OBJAfETh
CaMHMH HeOOWYHHIMH ABJICHHAMH NPHPOAH.

Buiine 4 npHpes TONLKO HECKOABKO NMPUMEPOB, OTHOCAIKHXCA K
TEOpHH YpaBHEHMH ONpeAefeHHOr0 THNA,

Jlpyroit sameuaTesbHHI NpHMEp AaeT reoOMeTPHA.

Becb noBcesHeBHHI ONHT YYUT HAc, 9T0 B NPOCTPAHCTBE YAOG-
HO BBECTH TPH KOOpAMHaTH %, Y, z. Kaxercs, yro jmaibHefiinue
XHTPOCMJIETEHHA He HYXKHH, «OT JyKasoro», Mexnay teM MOXHO
Belb H HHaue BBECTH KOOPAHRATH, Tak YTOGH KoopAHHaTa § = const
COOTBETCTBOBAJA OH KAKOM-TO KPHBOH NOBEPXHOCTH (MeXAY TEM
Kak & = const npd A0OHX ¥ M z — 3TO ypaBHeHHe IJIOCKOCTH,
HepneHAMKYJSPHOH ocH Z).

Hrak, MOXHO BBeCTH KpHBOMHHeHHHE KoopauHath &, mn, §
H € TPYAOM, MYUHTENBHO HAYUHTHCA BRYMCIHTE PACCTOSHHE MEXAY
TOYKAaMH H APYrHe BEeJHUYHHE ¢ NOMONMIbI) HOBRIX KOODAWHAT.

Ha nepewit Baraan 310 cky4HOe MajononesHoe sanate. HyxHo
o6/apaTh OYeHb chnelUH)UYECKMM CKJ3JoM yMa («HacTofliHe re-
pom JOGAT TPYAHOCTH» — CM. KHHOGUALM <AfiGoaur-66s), yTo6H
YBHAETE KPacOTY B MPeoAOACHHH TPYAHOCTEH, B DASBUTHHM TEOPHH
¢ AIOOKMH, CAMEIMH OCLIHMH KOOPAWHATZMH.

A 3areM, kak ynaap rpomMa, mosasercss ofiias TeopHst OTHO-
CHTeNnbHOCTH (MoXeT GHTb, Teopuu JloSaueBckoro, Bosmnan, Pama-
Ha OnAXM Ge33BYYHHIMH BCTIBIIKAMH MOJHHHA, NpezileCcTBOBABIIHMH
3TOMy rpoMOBOMYy yAapy). OGoflueHHHe KOOPAMHATH OAMHAKOBO
YAOOHE (MNM OZMHAKOBO HeyHOOHMW) OJsi OMHCAaHus OOHYHOro mpo-
CTPaHCTBa, B KOTOPOM BepHA reomerpus Eskauaa, H AN onHCaHUA
KpHBOr'O NMpocTpancTea. [IpAMoyrosnHHEe KOOPAHHATH &, ¥, 2 YA0G-
Hbl A OOHYHOrO NPOCTPAHCTBA, HO AGCONIOTHO HENPHUTOAHH AJAf
OMMCAHHA KPHBOrO NPOCTPAHCTBR;, STH KOODAMHATH (T,¥, 7) Aaxe
He AA0T HAMEKA HA CaMy BO3MOXHOCThb CYIIECTBOB2HWS KAaKHX-TO
ApPYTHX NpPOCTPAHCTB.

3aHATHA KPHBOJHHEHHHIMH KOOPAHHATAMH, Ka3aBillMecA HeHYX-
HHIM OCJIOKHEHHEM, MOATOTABJAHBAIOT HAC K BHXOAY B 061acTh H3Y-
YeHWS! TAKHX NPOCTPAHCTB, 0 CAMOM CYILECTBOBEHWH KOTOPHX MH
He 3Haau. IloToM okastiBaeTcst, 9TO CHJAA BCEMHDHOr0O TATOTEHH
cBsi3aHa HMeHHO € TeM, 9TO MPOCTPAHCTBO HeMHOro kpHeoe. Bnpo-
4yeM, 3TO ¢HEMHOI'0» OTHOCHTCH K YCJAOBHAM Ha 3eMJe, B COJMHEY-
Ho# cucreMe. B siBAenuax Goseiero Macwrala (KaTacTpoduuecKkHx
B3pHBAaX 3BesA, B 3BOMKLUMH BcesienHofl) mpocTpaHCcTBO MOXKeT OHTS
H CHJIbHO HCKDHBJeHHHM. B HccsienoBaHHM NIPHPORH Npeopo/eHHe
MATEMATHYECKHX TPyAHOCTeH, BJafieHMe MATEMATHYECKMM anmapa-
TOM H (H3HYECKAn HHTYHUUs, HAeHam CMEeNOCTb, 3KCIepPHMEHT
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# HaGniopeHue -- BCe STH OYeHb PA3HHe NOAXONR HYXKHH, TOJRKO
CNAaB UX BEAET K MPOABIKEHHIO BRepen,

BepHemca Kk MaTeMaTHke M jaxe Goslee y3KO — K MareMaTuye-
CKOH (pu3sMKe.

CywmecTeyer GaHankHOe BHCKasHBaHHe: ¢Martematnka — 53T0
MeJIbHHMIIA, KOTOpad NepeMaJIkBaeT TO/bKO TO, YTO B Hee 3aJI0XKeHO».
Tax onpaBELIBAIOT NJIOXHE Pe3YALTATH NpPHMEHEHUs MaTeMaTHKH
K HeMpaBHJIbHHM HCXOAHEIM NpeAnofoXKeHHAM,. B neACTBHTENIBHOCTH
3Ta MeJbHHI2 uacTo BHpzeT OoJblie TOro, Yro GHJO 3aJI0XKEHO,
BHJAeT To, 9T0 He 0XKHAAN0CH!

B koHume Kypca MateMatHuecKOH (H3HKHM cHOBa MOXHO Oyaer
HaNHUCATh [VIABYy NOA HA3BAHHWEM ¢a 4TO €lle Jajbilies, HO He HAHO
0TYaMUBaTHLCA, IOTOMY 4TO 3Aech YKe OAH30K TOT pybexk, 32 KOTOpHM
NpofBHXeHUe BNepes NpeacrTaBjfer cobofi He Tonpko yuely, HO M
TBOPHECTBO, PaSBHTHE HOBWX TEODPHIA.

§l nuTaoce npefcTaBUThL cefe CBOero YHTATeAs, KOTOpHH uye-
pe3 HECKOJABKO MHHYT CO B3ROXOM 00JerdeHHs 32KpOeT 3Ty KHUTY.
Hasepno, GonpiinHeTBo H3 Bac craplume IWIKONBHHKH MIM NEpBO-
KYPCHHKH, KOTOPHIX B MOAHOIl Nhece H3 XUIHH CTYACHTOB Ha3biBANH
¢ORHOKJIETOYHEIE, HAN NpOCTeHmnes.

ITycte MaTeMatHka Ans Bac naBcerna ocTaHeTCd TOYHKRIM M Npe-
KPAaCHBM SISHIKOM, Cr10co60M BEIpaXKeHUA MECJIEH ¥ crnoco6oM MHIII-
ACHWS, NYcTh MaTeMaTHKa He OyAeT NpPeAMETOM, KOTOPhIA HYXKHO
BeCh ¢cHaTh U HHYero ceSe He OCTaBHTh». JI06HTe MaTeMaTHKy —
H mo0oBb OyneT B3anMHOA, MaTeEMaTHKA NMomoxeT Bam.
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Tnasa 1
§3
Layamt Aom (04 5) - (- §) =2 an 22— r B2 gy
6) z=1 Az = (t+%)3—( -4 3=3t2-At+-(NT)3; %§=3t3+

2
+ __(A;) , % = 3t2 PesynbTaTh coBNagaloT ¢ BHYHcAeHHeN B § 3; obpatuTe

Az
BHHMMAHHE HA TO, YTO B CIy4ae z = 2 oTHOEHMe — He SaBHCHT oT At,

At
a B cayuae z = £3 oTHOmEHHE % conepxur Tonbko (At)d 2. yf = 4zP
= =-2 =_2 =1
sy=m+24v=-36y=--26 y=71
§4

1. Hafizem (1,2)% Paccmorpum dyuxnio z =13 myctb t = 1 u At =
=02; 2 =2; 2(1) = 2; nostomy Az=2-02=04; (1,22 =12404=
= 1,4. Tousoe suauenye {1,2)? = 1,44. Qmubka cocrannser npumepso 3%.
(1,12 = 1,2; Tounoe snayenue 1,21. Qunbka npamepso 1%. (1,05)2 = 1,1;

TouHoe sHauenre 1,1025. Omutka npumepso 0,2 %. (1,01)2 = 1,02; rousoe
snagende 1,0201. Omnobxa npumepso 0,01 %. 2. Cm taba. 1.

Tadauna 1l
Ouméxa B %
¢ Z Zct OKPYTAEHHO
1,1 18,0 17,5 03
1,05 17,5 17,4875 0,07
0,98 16,8 16,798 0,01
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§5
1. Cw. puc. 231. 2, Cm. puc. 232. 8. Cu. puc. 233. 4. Cm. pHc. 234.
5. Cwm. puc. 235. 6. y—3/4x—’/4, (3,0, (0, —Y4); y =3z -2, (*/3,0),

(0, —2). 7. Hdas xpusoli y = ax? KacaTenbHas B TouKe (Zg, zp) Mepecexaer
er
81420
¥, 203
39
[P *
Pme. 231. Puc, 232 Puc. 233
FY g
(IIpubmoxeHEo!)
o
3 45 x
Puc. 234. Prc. 235.

OCH KoOpAHHAT B Toukax (zo/2,0) u (0, —gw) (cM. c. 28). Han xpusoit
¥ = az® ypaBHeHHe KacaTesbHOH B Touke (To,30) ¥ = 3azjz — 2yp. Touxn
nepecedenns KacareabHON ¢ ocamu xoopauuar (%3 x,0), (0, —2z0).

§6

1. £ =0, munuMyM TpH a > 0, uaxcuuyu Hae<0 2 z=-1
MakcHuyM, £ = | muuHMyM. 3. 2 = —/a (a > 0) makcumyw, z = \/a
(¢ > 0) muHuMym. TIpH @ < 0 HeT HH MUHHMYMa, HH MaKCHMyMa. 4. ¥ =
= —— M3KCHMYM, I =

= ﬁmmMSa)a>0 z = 0 MHHMMYM;

6) ¢ =0, £ =0 MuuMyM; B) a < 0, £ = 0 MakcHMyM, & = —/—a/2
MHHHMYM, T = 1/—&72 MHHHMYM.
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§8

2. B raa, 2 npusefieHH 3HAYCHHA CYMM IPH pasOHeHHH OTPeska HA m
yacredt, rae m = 10, 20, 50, oo, BugHo, uto yxe aas m = 50 ofie cymmul
MAJI0 OTAHM2I0TCS OT MpPEAARHOTO SHAYCHHA HpH 1M — 00,

Tatbanma 2
m 10 20 50 oo
At 0,1 0,05 0,02 0

S8, At 2,18 2,26 2,30 2,33
T AL 2,49 2,41 2,37 2,33

§11
b

15 20110338 ;. 4 2v3-1). 5.8 = [v(z) dz, e
0

y = y(z) — ypasHenme rumoredyshl. BoabMeM NPOH3BOJBHYK TOUKY A

€ KOOPAMHATAMH Zz, Y HA runoreHyse. Uepes Ty TOUKY mpoBemeM BEp-

THKaNbHYl0 npAMyio (cw. puc. 19). M3 nogo6us TpeyroibHHKOB z

ol

b
b b
_h_ e _fh_, _h _hZP_1 1
O'rcmay—Em,S—isxdz—sizda:—z-z—| = 3bh.7. § = zom0.

8. §= %zoyo. 0. §= [ ViT=2% dz. 10. 0.7837 mna m = 5; 0,7850
o m = 10, 11, Cw. puc. 236. 12. Cw. puc. 237.

A\F WF WF
0 0
x : ;
Puc. 236. Puc. 237.
§13
2
- Ldz PP 1 4

- 2 — — O — LI — ] = = 4
1. =2 _g . 3|D s=3 290 =0 42 =4
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WOL9® _ 5 y)=1; y(1) =1 <7 =133 < XOI¥A _,

b
— 1 2 -1 2 1
8. §=gvO+ 59N+ 592 =5+5-4=133 4 [yda: =
b a
( +1P@‘2+q®')| =lf(b‘*—aa)+;p(b2—a’)+q(b—a)=

={b- [3 r(8® + ab+a?) + p(b+a) +q] Tlo dopmyae (13.2) nomxuo

WI

fydz (b~ o) = - a)[5u@ + 33(*5") + 50

[oactasaasa y{a), y(a;b) H yb) ¥ cpaBHHBaA ¢ TNOJYYEHHBIM

BHLIE BHPaMKEHHEM, yﬁe}xnaeuca B TOM, 9YT0 OHM TOXAECTBEHHH.
1 A, 1¢f A\PR_ 1y A A\ _ A A
min | 4o ACA - R - -0k
Cpejmee 3HaYeHHe CHAH Ha 3TOM YYaCTKe BABOE MeEHbINEe CHAR Ha
nosepxnocry 3eman, F = 05F. 6. F(R) = Fp, F(2R) = %Fo;
F(R)+ F(2R) _ R+2R\ _ pf8p) _ 4

s = 0,62151-}. > 0,5F. 7. F( 2 ) F(2 R) =3h

ZF 216Fo—-0505F0 Omutka 1 %!

5. F=

1 2 4 1
ghtz ght+g:

Inasa II

§3
1. Halinem npoussoanyw z = (ax +b)2 packpus npeaBapuTeAbHO

CKOOKH: 2 = a?%® + 2abx + ¥, 2’ = 20%x + 20b = 2a(ax + b). Hafinem
Tenepb STy e NPOH3BORHYI0 10 NpPABRAY HAXOKAEHHS TPOH3BOAHOR

cnoxkeoli QyHKUMH z = 3% ¥ = az + b dz _d2dy _ o, — 20y =

dz  dyde
_ ___a = - 2¢ = 1
=2(6z+5). 2. 7= @@t 2 (az +b)*' 4 (=+1)*

§4
Ly=at=olsh ¥ =202+ 2 =40 2. = (2 4 1) x
XVE + (2 +a)gm 3 = (32 + 102)(a + ) — (@ + 521 _

(z +1)°
2zga:’+4z+5 y,=—z2+2m+2
(z+1) 4 (2+2°
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§5
1. ¥ =524 — 122% + 32% + 142 - 2. 2. 2(m3+z+1)(3x2+1)
$.y=4z—-2+13%22-1).4. ¢ 10(3z2—1)96:c 5.9 =

P—1
8. Yno6HO 3anMcaTb y TpH TOMOWH ApoSHOH cremend y = x5 Temeps
HaxoHM no obwedl GopMyie WA NPOU3BONHOH cTemeHH: y = %z—s,*s.
7. a) Ecan z uamenserca Ha 1%, o Ay =n-0,0ly;, nostomy mpH
HaMeHeHHH = Ha k% Oyaer Ay =n-0,01 -y - k. B naHHOM caydae z uaMe-
naerca Ha 10%, Ay =n-0,1y. Tak kak n = %, 0 Ay = % - 0,1y = 0,05y.
Mosromy y{11) = %(10) + 0,05 - 5 = 5,25; y(9) = y(10) — 0,05 -5 = 4,75.
Tloayyrm TouHOe pemente. O603HAYMM KOIDPHIMEHT MPONOPLHOHANLHO-
cr yepes k; Toraa y = ky/x. Tak Kak npH z = 10 AoxxHO SHTH ¥ = 5, TO
5 = kv/10, otkyna k = 1,58 (BuuHCACHHA BeAeM C ABYMH SHAKAME noCie
aanaroil). Tlostomy y = 1,58/7; y(11) = 1,58/11 = 5,24; y(9) = 4,74.
6) IpuGanxeHHbe sHadenus y(11) = 4,50; y(9) = 5,50. TouHwie 3HaveHuH
y(11) = 4,54; y(9) = 5,56. B) IlpuGaumenHne sHaveHua y(11) = 6,00;
y(9) = 4,00. Tounrie snauenns y(11) = 6,05; y(9) =

§6
Ly = 32" — 1Y +4° - A~ )20 = 22 - 1(T=? - 3).
2. y’=3a:2\/55_+a:+w. 3. ¥ = 5AYE—I(2— 205 +

pAVE Y
+-::.- Loe. 25(2® — 22)'/% + ;L%L - B YE 1.
4.y’=(———)\/53—+(m+ )2\/_ 5. y = 2z x

\/v—rzﬂ”v" 8.y =5(5+ )(35— =)o

2/ ¥ +=

138 z + 1 . 1—zt
t(Erg) Y Ehy ’-’”m-
2 +25+5 --l2z+5 ) 3(3¢ 1) -
(F-1)vVzi-1 T Tr1 3t ir Y+

2
13,y’=_““_‘tﬂ—”__ 4, y = JETTs + B tVE

wfe ez 622+ ¥z
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= e gy G WIS gy TR 4

- 61/2;24_% (t+ 2)3
+

4 = 372 T
333(23_]_3)' 17. y’zzz vz ~1 + ———— \/_._ + +
27° - z+9 p _ jz+l 1
= BT S R ey
_ 4@3—102:2—2%—11_ 21 - —z‘+2zs+2¢’-1_
3z~ 2z +1) @+ 1222 -1
_lafr 341 N24+2 _ — 3
2.7 =3 (x*+a:+1) (@+1)* 2. ¥ = Vo -1Ya4va +
£ 3 (1422 )zt =1 —8/7
+ + .24,
+v‘:r:2—1 axd 5\/;\3/(3+‘/E)2 ¥= 7( v;_) X
1 1 \/7 _ 35/3_ 1
x(l—2@)32+2z(m+7_;) . 25, ¢ = 7t 3 X

¥z -2 _ 1—6\3/?—4:::5’?.
@E+DVE+T 34 1) e+1)

§7
1

— . Bx+l
575 . 8.y =23Ig5 .55t

1. =23. 107

4.y =-23 lgz(%)’.

§8
1. y’ = 2 y = 2ze*. 8. y = (322 — 3)e* 3241,
4.y = e‘/_Sy’ eT — 332,

§9

1. 2,3026; 4,6052. 2. log; 15 = ]T‘}Tl; = 1,6825. 3. Hudpdepenns-

r
pya ofe uacTH, HaXOmHM % = % + ;. Orcropa (uwv) = u'v + uv'.

By = 1 (2z) = -:? 3roT XKe peay.ub-ra'r MOKHO no.nyquu. H Tak:
1

—_ —_ [P / [ — = =
y=l2z2=mIn2+Inz;y =(In2) + (lnx) = B ¥y = $+3 7.y =

2 6z — 1 3 2 2
8 V=g Y=g '°‘”"(x+1)(z—1)‘x2_r
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11. y'-%( ey 12 ¥ =z +1 18, ¢/ = 3:::21n(3+1)+

14. Jins HaXoXASHHSA NPOU3BOAHOI BO3EMEM JioTapH(PMEL OT 0Genx ‘IaC'l‘eﬁ
paBeHCTBA (OCHOBAHME JOrapu()MOB MOXKHO Gparh JIOOHM, Gyaem OpaTh
HaTypaJbHEe Jorapudmu} Iny = xlnz. Teneps Bo3bMeM NPOHIBOAHYIO OT
ofeHX uacTell 3TOTO paPeHCTBAa, YYWTHIBad, 4YTO ¥ ecThb (PYHKIHA OT Z

H lny, crefoBaTeNbHO, CACKHAST PYHKUHS! %y’ =Ing + 1. Orcoaa Haxo-

aum f = y(lnz + 1), wan oxoruareasno ¥ = z(Inx + 1). Anasornuno
shng + vai—1 )
Va2—1 z

Aenaetcs caeAyiownfi npumep. 15, y = zV® “(

§ 10

L.y =2c08(22+3). 2. y =—sin(z—-1). 3. ¢y =—(22—-1) x
x sin{z? -z +1). 4. ¢ =2sinzcosz. 6. ¥ = 3cos 3z cos®x — 2008 X

x ginzgin3z. 6. ¢ = (sm2:c)’(ln gin 2z + %mgzh) (cM. pemenue npu-

mepa 14 u3 §9). 7. Y =tgz+ ——. 8. ¢y = ——¢'8%2. 9, ¢/ =
11 oos’ cos” 2z
- Em.
2
§u
2
1. . 3. - . 4 =
- 3 — 2z —1 _ 1 vE
_Qz,-———_'_s”z.s.y' ;——4_233”24_1.6.;{ ———2\/5(1+z)emx )
§12
1. —1;1. 2. —1.
§16

1. Jlan BHNOJNHeHHS HHTEIPHPOEAHHA pPacKpoeM CKOGKH; NOJyqHM
MHTErpaj OT MHOrOU/JEHa jz(z —1)%de = jz(a:” -2z +1)dz = J(:t:3 -

4
— 222 + 2)dy = % - %zs + %xz + C. 2. 3anuieM NOAHHTETPALHYIO
$yHKIHIO TaK: fii—m:ﬁ =g+ 2- g Teneps HHTErpHpOBaHHE

BHIOJIHRETCA JIETKO: J’z—"'if_—sdz= %2+2:c—31nz+0. 3. Cnhe-

Jaem 3ameHy nepemeHHofi 3z — 5 = £ dt = 3dx, ]oos(3:t: -5)de =
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3

npeauaymemy. [Moayuaem —%oos(2a: +1)+C. 8. %\/(33'-2)5 +C.

6. cosz + xsine +C. 7. z{lnz — 1) + C. Tpumepu 8-11 MoxmHo

AeJaTh TMpH NOMOMM (opmMyIn HHTErpHpoRaHMA noe uacTAM. Onma-

Ko ynobGHee NpHMeHHTh cHoco6 HeonpeAeNeHHHX KosthpHIHeHTOB.
1

. 1 1 -
8. yzsin2z - (53:2— I)mszz+c'. 9. (—z% — 322 — 6z — 6)e~= + C.

10. 2z + 1)cosz + (2 + z — 1)sinz + C. 11, j(2x2 + 1) cos3zdz =
= (@12% + b1z + ¢1) 0083z + (@27® + box + cg)sin3x. BosbMeM npoma-
BOAHYW OT ofemx uactefi pasencrsa: (272 + 1)cosdz = (2a1z+ &) X
x 0083z — (3a12* + 3byx + 3¢1) sin 3z + (2azx + by) sin 3z + (3agx? +
+ 3bex + 3c2)co83z, nma Tak: (2%% + 1)cos3z = (—3ayz? — bz —
— 3¢ + 2027 + bo)sin3z + (3asz? + 3bax + 3¢z + 241z + by)cos 3z.
MMosroMy momkHo Obth 222 + 1 = 36922 + 3wz + 3¢ + 2612 + by,

= —3a;7% — 31z — 3¢; + 2a9% + by. Jas Toro uTo6H GHLIAH PaBHH
IlBa MHOTOUJeHA, Haz®, 4TOGH OHH paBHH HX KO3(GHUHEHTH NPH

ORWHAKOBHIX cTeneHAx 2. [IpHpasHnBas kO>{PHUNEHTH, NOAYIHM: a2 = 2,
3bo+2a =0 30+h=1 -3a; =0, -3b;+2a,=0, _3c}l+b2 =50.

Ha sroif cucteMu naxomuM: a1 =0,b0=0,¢1 =0, a3 =

= %Jmstdt: %sint+0= lain(3:.-:-5) + C. 4. Pemaercs aHalOrHYHO

svbl =§,02=§-
ostony (222 + 1) cos3zds = gz cosds + (%w’ + %)sm&'c +C.

9
T A B
2. == ~7-2

+ =3 [Ipueona Kk obmeMy 3HaMeHaTe-

a0 W orépachiBag ero, nodyuaem: A{z —3)+ Bz -2) =z, wm
z{A+ B) — 34 — 2B = z. [pupasHuBas KoodHUHEHTE NPH OAHHAKOBHX
cTemeHax &, noayuuM: A+ B =1, -34—-2B =0, otkyaa 4 = -2,

B=3% [ = | +:5)% - 2he-2+

z+1 z41 _ A B
+3n@-3)+C 18 T = T = S =
Alx —2)+ Bz — 1) =2+ 1. B noclegHeM paBeHCTBE MOJOXKHM
z = 2, noayynm B = 3; sareM nosokum z = 1, mouyunm 4 = —2,
]ﬁEdz= 2z — 1) +3ln(—2)+C. 14, —ln(z—1) +
+In(z—2)+C. 15, Monoxum /z = z. Torna z = 22 u dz = 2zdz;

J zdr [ 2°%2dz Zdz =2Izg‘l+]dz=2”(z—l)+

z+vz ) 2y =2 142 142

+ o de =2 -2 +2Im(142) +C =2 -2/ +2ln(1 + &) + C.
16. V&¥=5 +C. 1. —jo’c + ooz + C. 18, —— +

sin ¥
+ = +C. 19. —Incosz +C. 20, 2arcigZ +C. 21. arcsin % + C.
T @ 43 a
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22, zarcsinz + vI-z¢ + C. 23. zarcigz — %ln(a:z + 1)+ C.
24, BHnoNHHM HHTErpUpOBaHHe mno 9acTAM, novarad [ = sin3ax,
dg = e dz. Tonywm [e*sindzdz = 5 e sindz — 3 [ cos3zd.
B nocaezHeM HHTErpaje ONATH BHNOJHMM WHTETPHPOBAHHE IO ya-
crsaM, nonaras f = cos3z, dg = ¢®dx. Tomyuum .I.e’”‘sin3mdx =

= %eg’sin% - g(% % cos3z + g Jez”sin3a:dx). Paccmarpusas
nocxefilHee PpABeHCTBO Kak YpaBHeHHe Aad ]e’“ sin3zdx, nHaxomgHUM

€**(28in 3z — 3cos 32) o5 €(co827 +28in2z)
13 5

Iezzsin3mdx—

§17

1.y= aa:3+bzz+cxo+d+(3ax2+2bmo+c)(w To) + (3azo +
+ b)(z — 2o)? + a(z — 20)%. Caenyionne uneHH Bce paBHN Hymo Cymma
BHITHCAaHHBIX YETHpPEX WIeHOB paBHa Muorouaedy. 2. ¢(0) =0, ¢ (0) =1,

#0)=2, ..., y™(0)=n,y= a:+a:2+2; —x(l+m+§+ )

= ge®. 3. ;,t=.<z[l+(:.."--l)+§T(:.l:--l)2 ﬁ(x-l)3+...]. 4. Iep-
shft cmocol: y(0) = 1, Ay = y(Az) — 1.

Az 1

Ll
-
o

w(Az) | 2.7183 | 1,6487 | 1,2840 | 1,1331 | 1 4 A(z)
&Y 11718 (1,297 | 1,136 | 1,065 1

Bropo#t cnocob: Ay = y(%’-’) - y(——A—n-:).

Az I T R 1 lAz—0

y(%) 1,6487 { 1,2840 | 1,1331 | 1,064494 | 14 22

y(—% 0,6065 | 0,7788 | 0,8825 | 0,930412 1 - =
Ay | 1,042 |0,5052 02506 |0,125082| Az

Ay
v 1,042 | 1,010 | 1,002 | 1,0006 1
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din(t+r) _ 1 dJ&l(i4r) _ 1
dr 1+7’ dr* (1+7)*
«er - SHAUCHHA STHX NMPOHABORHHX NPH r = O paBHH

6. HaxoauM npoH3BogHbIE:
di(l4r) 2
dr’ (t+n*
coorne'rc'rne}mo 1; —-1; 2; .... dopmyna Max.uopena ager In{l+7) =
r——r2+ 2r3+... f"2+ + ..., enlalldn) = gmr

X e“""'m"'m"afs"' “; TPH MAJOM T e’“’" OT/IHYAETCH OT HCTHHHOTO
3HAYEHHs MHOXHTeJeM e ™ /2 B npHmepe § 8 Ha ¢. 96 m =50, r =0,02;

e~™r/2 = ¢=001 = (,09; omubKa 1%; m Moxer GHTh JIOGHM GOMBIIAM
YHCIOM, JHIb Gbl GHJAO MaAo mirs NMpH STOM MaiocTh mrd, mrd
obecnedeHa,

§19
1.y=°:_—z=l+2m+2z2+233+2a:‘ .2 y=In(l1+2)=
_ £ & _ _ 1 2
=z-S+3 -3+ 3. y—lnz—(x—l)—i(z-l) +

+ % (z—1)® - i(z —1)*+4.... B nepsoM H BTODOM mpUMepax DA
NPHrOXHE LAA BbiYHC/AeHHH, ecad |z] < 1; B Tperbem, ecan 0 <z < 2.
f)elz) = £(0)g(0) + [F(0)e(0) + £(0)f(0)]= + %[f”(o)e(o) +
+2f'(0)g'(0) + g"(0)F(O))e® + ... .
§21

t 1 1
1. 1. 2. —3 3. 3 4, c0. 6. 1. 6. 3

Tnasa IIT
§1
1. z=2%0"» ‘:'H’g_“b. 2. Tlycts OCHOBaHHE TpEYIOAbHHMKA
AC = qa, Bucora BH = h, nyeth DEFG — HcKOMH#E NPIMOYTOABHHK.
HMa nomo6ma (puc. 238) DE ng, o6osnauas DE = z, noaydaeM
.E: h~ f‘H, OTKyAa HlH = h( — ;). Tlnomaas npAMOYroJibHHKA
S(z) = xh(l - E) = hx — —E:ﬁ. Pewas ypasnenue S'(z) = 0, Haxomum
T = 2; Torpa H\H = 3 3. HcroMHIM npAMOYrofbHHKCM SBJAETCA

KBagpar, S = 2R2, 4. Paguye ocHoBaHus GaHKH r = 3 BHICOTA

14
2"
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3 4
I
a
E
B .,
A x *
A=G—HFC n ﬂ\lg
Puc. 238. Puc. 239.

ee H=2r B. t= M. 7. Bpema aeuxennn T = ”—ll-s/a§+F +

v¥+i’§
B +(c—x)2, rae ¢ = 4B, (puc.239). Ycaopue % =
T c—x X .
Raer = . 3ameuaft, 4T0 ——— = sine,
uval+a® oy f2 (ot o) V& +22
c—2a . sine
= -1 D10 — 3akon Cueans,

—— = ginp, HAXOAHM ——
VB + -2y Hnp e

T.€, TOYKA JOMKHA JBHTATHCH TAK, KAK ABHXXETCA uepe3 IpaHHUY JBYX
cpen, ceetorofi ayu. Jlas AokasaTenncTRA TOrO, MTO MH AefiC TRHTEJILHO

&1
nonyaeM MHHUMYM T', HOCTATONMHO BHNHCATE Ir’- Jlerko y6epursed, uto

&T
npu Beex ¥ Gyger —5 > 0.
P YA =
§2
Ltmin=3.2.[IpH2=0 Yuaxe =0. 3. TIpu 2 =0 pppax = 1.
§3
1. gz% 3. l . 4. 21t+41-1(:'m-—i §. aln2, rnea—xo.mmec'rao
KpacKH, HAyIee Ha QKPacKy eAHHHIL! TIOMATH. 6. n 7. 10=.
§4

x5 m-—-n — — =
1. —l 2. Em—on Jppm=n+v hm=Ih{n+v)=hn+

+in(1+3) = lnn+;———-+ Y mn(14)=2Em

;‘H“

-
2n?
l.gl_1,1.1 -

3. a) Oba cpegHHX 3sHAueHHS PaBHH 3 6) g—T Hzto 4, Ec

an T — neprox, 1o gonxno 6uits sin [w(T + t) + of = sin (ot + a), orxyaa
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ol +T)+o=ot+oa+2x of =25 T= %. Ho nepuoa ¢yskuum y?

papeH %= E. CrenoparespHo, Hafio HafiTH cpejHee 3HaueHHe (YHKUMH

y = sin®(et + o) Ha npomexyTke 0Tt =0 a0 t = 3:

T.sin’(mt+u)dt /e
p=t———— =2 [[g- g2+ o d =3
o

o

§5
1 1
1. 3=J\/1_Es‘+4 dz. 2. S = I\/I+Eﬁda:. 3 S =

0 0

1}
X I a? +—;% dz. 4, BunoaHAa yKasaHHY) 3aMeHy hepeMeHHHIX,

X

LR

JiTF
noyuum S = lr’ 5—1—!‘11 Haﬁneulg—le.J.jf’i =Iz’z;—i':‘ldz=

_ 1 _ dz
= I(H-?t?) dz = Z+J?TT' B nocnenuem HHTerpajie 3anymem
NOALHTErpalibHYK GYHKUHI TAK:
1 1 _ A + B
2-1 @=-DiE+1) z2-1" z+1

Uncra A uw B uHafineM, BHIOAHHB TNpHBeAeHHe K ofwmieMy 3HaMe-
Hateal0 H npHpasHse uhcauresH A(z + 1) + B{z — 1) = 1, otkyna

=1 =1
A=3 B=

dz _ . z-1
. OxoHuarensHO I;’T] =z+3 ]nm, NO3TOMY

2
_ L 2=V | i 1, Vitel —1
S = (2+§ ]nz—_H)I = 1+ - \/§ + Eln—___—l+eg+l -
Y2l
27 Va4

§6
1. Pas6uBas Ha yaactkn ot £ =0 jio 2 = 0,9 v or 0,9 no 2, maxonum

-2 09 , —09
Sl=1’043'32=e2-;e _€ -;e

+lj = 2 — dz. B nocaennem
2093 —e
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HHT @ MOXHO NoAoXMTh € =t. OxoHuaTeBHO NOJMYyUHM Sy = 2,624,
1+8 =3, 667 ITo Touno#t dopmyne Haxomnm S = 3,627, Omnbka
coc‘rame'r 1%. 2. §=1,146. 8. dauna AyTH OKPYXKHOCTH, O KOTOpOH

HAET peuk, €CTh
Rv2 Rdz e 172\ 372\t 5 rxN\®
= l VCEra| +3(2) +3() =) +

35 rx\8 _pl 3 5 35
+135(7) +'"]"‘”'R¢§(‘+ T+ et et et )
COOTBETCTEEHHO AAA YHCAA % MOMYUARM:

4 1, 8Y\_
a) umﬁ(l+ﬁ+m)-3,ll7,

4 1,3 , 5\_
6) 1m.,.‘5(1+T§+m+m)—3,133.
4 1,3 , 5, 3\ _
B) £ 2= (1+ 15 + 165 * a5 * Taag) = 138
§7

1. Tlpumem puamerp AB 3a cchb &, Touky A 3a Hayano Koopam-
Hat. CedeHie, NepneHAHKYIApHOE K AHaMeTpy AB, ecTh NpAMCYroabHREI

'rpeyronhnun CDE, ero naomazp (cMm. pic. 85) S{z) = lG'.D DE =

=3 Lope tga. Ho no ussectHofi Teopeme reomerpun CD? = AC.CB =
2R

= z(2R — z). Tosromy S(z) = E;n,-(mtz ~2)tge. V = [ S(@)ds =
0

= %Rstgu. 3 V=2n

§8
I. ymax =2 mpp 2 =0, gpin = —2 Dpa s = 2. 2. Maxcnuyuon H
MHHHNYMOB HeT. KpHBad mepecexaer och B TouKe £ = 1 + ¥4 ~ 34,
a otk ¥ B Touke ¥ = —15. 3, MakcUMyMOB M MUHHMYMOCB Her. Kpunan
nepecexaeT oCb & MexXAY ToukaMH £ =0 z = —1, a ock ¢ B TouKe y = 3.
4. Tpu xopus. 5. Tpu xopus. 6. Jipa kopua. 7. OauH Kopeub.

[nara IV
§2
L R e
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§3

1. Cm. puc.240. 2. Cm. puc. 241, 3. Cm. puc.242. 4. r = /2,
a=45%r=2v2, a=~45% r =32, a = —135°% r =4v2, 0 = 135°.
5. 2; 2v/2; 2v/2; 2/2. 6. A|(0 0), A2(2 3), A3(4 6) aexar Ha of-
HOM npsmoﬁ A;(O 0), A2(2,3), As(—2,—3) nemar Ha omHo#i mpsamoii;

A1(0,0), Ax(2,3), As(—2,3) e zexar Ha oamo# npamoft. 7. (o E)

G (- (). o o o o (328),
am/_)( 0,0 (-2.- a\/_);(a “‘/-) cM. pic. 244. 9. a) Jlza

2' 2 2 2’2
e (1) (3. (0250, o s (-39). (39)
(0 - ) 6) t-Ie‘m[:ve cayuas: (0,0), (a,0), “,1‘2[31), cM. puc. 245, 6;

09, @0, (3.-%%): ©0). (-.0). (-5.-252): 0.0, (-a.0),

a av3
(—5"2—)- 10. As(z1, -1), &t o0
Az(=z1, 1), As(~21, =), oM.
pHc. 246,
@ )
» Io L
. o X
G ®
(5o [ (M
Puc. 241
()
Y Yi

.}3
=
uﬁ
h\r"’
in
=)
(Y

Pnuc. 242, Puc, 243. Puc, 244,
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.Al .Ag
6 o
X
a o4 A
Phc. 246.
§4
1. Cwm. puc, 247,
§7
1. Cwm. puc. 248. 2. Cwm. puc. 249. 3. Cwm. puc. 250.
/) 5 1
3 Vi
¢ 2
5
1
AR N o ;
o\
3
2/, /13 6
Prc. 247, Prc. 248,

1. TNepsan Kpupana mpueesiera Ha puc. 251. 2, Cm. phe. 252, 3. Cwm.
puc. 253. 4. Hckomuil rpaduk — npaAMan ¢ = Z, HO He BCH MpAMad, a
TOABKO ee OTpe3oK oT £ = —1, y = —1 A0 £ = +1, y = +1, cm. puc. 254,
6. Cu. puc. 255. ¥k a 3 a Hu e. [lapaMeTpHyecKie ypaBHeHHs KPUBO# & =
=1-~sinf, y=1-— cost. )



h"

Y

a‘



Puc. 253, Pnuc. 254.

Y

Puc. 255,

ITnasa V

§3
1. T = 1660 ner. 2. 176,51, 3, 53,3r. 4. Mu 3Haem, uro N(f) =

= Noe“/‘. rae No — KONH4eCTBO BelllecTBa B HayalbHB® MomedT ¢ = 0.
Hac nHTepecyeT MOMeHT BpeMeHH ¥;, K KOTopoMy ocranock (100 - 1)% =

= 99% semecrsa: N(ij) = %No. Mostomy %Nn = Npe~*%, Or-
CIOfia HaXomuM %; ='t'1n%0’70. Jdna pamus T = 2400 ner, noatomy ) =
= 2400111% = 24 (roaa). AHAZIOTHYHO B TpeX APYTHX CAYHAAX HAXOAUM
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te rs 250 mer, 3 == 5BO0 Jger, &y = 11000 aer. 6. Tlyers B Hauans-
HHfl MOMeHT Bpemenu i = ( koauuecTeo atomos B 1012 aromop moponu
paeHo Nj, B moment £ = 10000 aro komuuectso pasHo 1. [losro

1 = Nye~10000/H400 oriyna Ny = e » 65. Axanorsuso Haxogum, 4o 1
ner Hasap Ny = 17 = 10%8!, Tloayuunca ssHo Hesenui! pesyabrar: B 1012
aToMoB TopofH comepxanocs 10'8! aromop pagua! Eme Gonee Hemenmit
PESYALTAT TOJYYHTCH, €C/TH NOACIHTHBATL CoaepXkanHe pagua 5. 10° zer
Hazap. HesemocTb pesynbrata HOKasnBaeT HeNPABHABHOCTH HCXOAHOTO
NPeANOAOKEeHHS O TOM, YTO HMEOLIeecs B HACTOANIEE BPeMA KOJIHUECTBO
pafEa MOXHO PACCMATPHBAThL KAK OCTATOK OT pacnajia pajus, BXOJAMBUIErO
B COCTAB 3eMJIH B MOMEHT ee ofpa3oBaHEd,

Inaea VI
§1

t t
1. A(t) = —h | v? dt, seawuma A orpuuavennia, rax xax [v?dt > 0.

to to
2. [puxeHHe Tela NepHORHYecKoe ¢ mepHomoM T = %:5 Tpebyercsa onpe-

FenuTh paGoTy 3a MOANEpHOAd. 34aMeTHM, YTO B TeueHHe nepsoll uer-
BEePTH NEPHOAd CKOPOCTh MOJOXKHTeAbHA, 4 motomy F = —A; Bo BTOpO#
YeTBEPTH HEpHONa CKOPOCTE OTpHUATeNbHA, nostoMy F = +h. B xax-
ROM W3 STHX NPOMEKYTKOB BPEeMEHH CHAA NMOCTOAHHA, 4 moToMy pabora
PaBHA TPOH3BEAEHMIO CH/IH HA NYTh, NPORREHHLIH TENOM 33 STO BpeMs.
Jlna nepsoft uerBeptd mepHoga A; = —hb. Illna propoit yersepru ne-

pHoaa As = h(—b) = —hb (ckopocTs crrpl-n.la're.ula.ua!).1t [lestomy paGora
3a noanepuoga A = A; + As = —2hd. 8. A = bfym fsinmutoosmltdt.
0

SToT HHTErpas JErXo B3ATh CAGAYIOUMM CrocoGoM. 3amuileM H3BeCTHbIE
Gopyyn

sin (et + ©it) = sin wgt cos w1 + cos ayi sin w;,

sin (wot — wit) = sin gt cos w1t — 008wyt sin @; £.
Cnoxus npaskle ¥ JeBhie 4acTH, NONYYHM

sin wgt cos @y £ = -;- [8in (wg + @y )¢ + sin (w9 — oy )¢].

ty
A= 300% { s (4 on)t s (g — o)t =
0

- bfom[ 1 1 _ co (wo + e Jix _ m(m—m)h]
2 loot+a@ = wo—ex wg + oy g — o )
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B caysae wg = oy moab3opathes KoHeuHo# ¢opMynoit Reapsa. OxHako B
BTOM cJy4ae sin wgt co8 myt = %sin2mot. OTKYAA
tn
A= [ gingunt dt = 22 (1 - cos 200t).
i
4, Pafora cunn conpotHBAeHHA Boszyxa A (t) = —%t‘. Pa6ora

cHAN TaxecTH As(t) = "—l;:tz. HOas waprxa: A,(1) = —0,00965,
Ay(10) = —96,5, A;(100) = —965 - 105 Ag(1) = 0,0177, A5(10) = 1,77,
Ax(100) = 177, ama nyam: A (1) = —1,18 - 1073 A(10) = —11,8,
Ai(100) = —118- 10° Ay(1) = 0,435, A>(10) = 43,5, A(100) = 4350

(pafoTa BupaxeHa B mKoyasx). B. 5‘-31’(—"92-:'12—5. Momroers W onpe-
aSp(w — v)°v
NpH Kakofi cKopocTH ¢ (TIpH BAaHHOM ty) MOI[HOCTH Ggfne'r MAKCHMAJBHOM.
Jlas sToro peurnmM ypapHeHHe - = 0. Moayuum v =y U e = %9 flcuo,
YTO 3HAYEHHE ¥ = Yy HaAC He HH'repecye'r, T4K KaK OHO 06])8[".881‘ MOIITHOCTS
B Hynb. MHTepecymoiiee Hac SHAYEHHE eCTh ¥ = -';9 (uuTaTens MOXeT NPOUS-

IeaseM, noasyack gopuynoi W= Fo, W = . Onpenenun,

BECTH HOJIHOE HCCAEIOBAHKE TI0 3HAKY d:_W) Tpu vp = 30 M/c, v = 10 M/c

MOIHOCTE Winax = 2,6+9,8-10° [Ix/ec = 2,6 -9,8- 10° Br = 3500 a.c.
8. PaGora cunul 3a nepuog A = exfaine, W = —chm sinc.

§3

1. Mpamyw, Ha Kotopoll pacnofoleHH 3apafbl, NpHMEM 33 OCh &;
TOMKY, B KoTopofl pacnosioxkeH 3apaj e;, IpUMeM 32 HAYaJo KOOPAWHAT.
3apaa ez nycTh pacnmosiodeH B Touke & = +24. PaBHoBecHe BOSMOXKHO

JAHIIb B TeX TOWKaX &, rme F = -%‘ = (). Ilycts £ — koopauHara 3a-

pme.TornaF:ﬂE——4-ﬂe—z, ecau 0 < & < 2a, T.e. ecAn sapaz e

2 (2a —x)
PACHONIONKEH MeXAY 34pAfaMK ¢ H e, F = -9‘—; - 4e_1e)2' ecau z < 0,
T

z (2a —

aF= 2,—? (—231-8—55, ec/H x > 2a. B nepeomM caydae ypashenue F =0
-z

Raer z; = 2a/3, x9 = —2a. Bropoi KopeHb z; OT6pachibaeM, TAX Kak

ZomxHe Guts > 0. B cayuasx £ < 0 u z > 2a ypasHenwe F =0

petleHuit He Hmeer. CaemoBaTesNbHO, MMEeTCA ORHO NOJOXKEHHe paBHOBe-

cua xy = 2a/3. Hecneayem touxy z; = 20/3. Jiaa storo noacuuraeMm

€2 & sroft Touxe. Ipouspens mopcder, yGexpaemcs, 4To ecld € > 0,

dz*
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&u

To — >0, paBHoBecue YycToifiuHBo; eciH e ¢ < 0, To papHOBecHe

da®

HeycToiiunBe. 2. HmMeeTcH 0gHO MOJOXKEHWe DAaBHOBECHA T BHE 3apAJApa.
EcaM cucTeMa KoopaMHar BeGpaHa TaK e, Kak B pelueHMH 3amadu 1, To
&1 = —2a. Ecau ee; > 0, To pasnoBecue ycrofiuusoe; eciu eep < 0, To
PABHOBECHE HeyCTOHYHBOE.

§4

1. YpasHeRHe ABMKEHHA -mﬂ = F; noaesysace TeM, uto npu £ =0
F d dz F F
v =0, HaxomuM ¥ = ;t. IestoMy i ;t, dr = Etdt, OTKYAa

i
Jda: = Ejtdt. Tak kaK npu ¢t =0 z = 0. Oxonyarenrho z = F e
m 2m

F 24 25us. YpaBrenue
2m gt? 2
t= ?x = 4,5 c

F
2m
DBHXEHHMA ecTh m

2 3. x = Tg+ ot +

%':- = mg, OTCIOA HAXONHM: T = T,

mpu £ = 100m. B. a) £t =3,6¢c, 6) ¢t =5,6c. OnpegenuM B KaxjoM
H3 CJIy4aeB CKOPOCTh B MOMEHT NpH3eMieHHA. B cayuae a) v = gt +vy.
Tlyctb ©; ecTb CKOPOCTh B MOMEHT MpHUSEMJEHHA, TOTAA Uy = giy + ty,
rae {, — Bpems mnpHaemieHus. Wa ypaBrenus v = gi + vy Haxomum

2. 2= w4+

T =yt + % Tlyets mapuk nafzer ¢ Bucotel H; Torga ¢ = H mpe

-+ \/vg + 2gH o

g
9TOMY ¥y = gta + 9 = /v +2gH. B cnyuae 6} v = gt - vp, ocTam-
HOEe AHANOCHYHO, KOHEYRAA CKOpPOCTh NOAYy4YaeTcA TaKAA XKe, KaK B a).

t = t,, nostomy 2H = gty + g2, oTkyza t; =

k
7. x=ﬁt3+vot. 8. a) x=—$cosmt, T=:, zm=m,
k4

Vpax = -f—. 6 z= it — — sinat. 9. IlycTs Hckomad CKOPOCTH
me me ' F

ecTh typ. TorAa SaKoH ABMIKeHHA Tesa & = zg + vyt — i) + Tﬁ(t —t)2

Mpu t =t & =z, NosTOMY T4 = To + Wt — to) + % (t1 — to)?, oTRYRa

w=22_ F (g ).

T h-d
§6
F\! . 2
1. K = ﬁtz =Flz-x) 2. K= 21rn“%-51112001&; Koax = 2;;0,.
2 2 — 2.2
3. K= 2L sn(wt+a) = 245 6. 2) A=4-1071x, W=
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=300m¢c 6) A=7-10" Ok, W = 520x.c. 8. Onpemesnum paboty
KaKRo# B3 CHA P OTAEABHOCTH. JIAA 3TOTO MpeABapHTEABHO OIpefequM

cKopocrb Tena. U3 ypaBHeHHn m ®_ + a(8 — ¢) = a@ Haxogum v =

dt
avaos G
—m+—t PaSota cuam F) et:'rbAl—-Jat(Ug+—t)dt—- 2 —ﬁ.
4
AranorayHo HAXORHM A2 — paGory cuam Fy. Ay = av;a + % Cocra-
BHM TPOHM3BEJeHHA HMIY/IbCA CHIL Ha CPEAHICIO CKOPOCTD
8 a
L= Iatdt= % A =Ia(s—t)dt= ";;’;
0 0
t a8
! (w+ o t)e .
P= = wt e
. o
I[U—T(W'Fﬁﬂg), Igﬁ-—-——(mﬂ* 02)

Buauo, uro (I} + I;)8 = A + A», xoma IiT # A, Lo # As, Kk
H Guno ormedeHo B §6. 7. B Hauane onbita Macca mm HMMeNa CXo-
pocTh vy (OHa ABUranach BMECTE C TOE3AOM) H KMHETHYECKYI0 SHEPrHI0

K= mT Tlocne peficTeMA 4elMOBeKa CHOPOCTh MaccH CTAiAa ¥ + vy,

P)
Ko = M;—_m_)_' e th = %— Hs3MeHeHHe XHHeTHUecKoif SHEpPrHH

2
AK =K, - K, = M - # 310 ecTs paboTa, MpOH3BEAEHHAN

Haj maccoil Moe3noM M desnoBexoM BMecre, Had Toro uTo6H ONpeneSaHTD
pa6oTy, NPOHSBENEHHYI0 Hag Maccoli m UYe/OBEKOM, 3AMETHM, YTO CKO-
POCTb MACCH IO OTHOLIEHHIO X 4eAoBeKy, eZymeMy B TOM 3Xe Ioesje,
Gbina paBHOM HYAI0 MO OMBITA H CTANA pabHOM v; mocde onbitd. [ToaroMy
my mvi P
pabora yesioBexa A; = -~ —0= —§- = om Teneps Jierko OnpeReaHTh
paGoty napoposa Ap: Az = AK - A} = mywn = vwFt. Ilochennnit pe-
3yNbTAT JIErKO NOJNYHHTL H M3 Apyrux coobpaxenwii. JeficTBHTeNbHO,
t

pabora napoBoaa Ap = JvF dt. Tax XaK CKOpOCTH ¥ = ¥y NOCTOHHHA, TO
0

¢
=1 ]th = ypF't. B. Jlo Hauasa onuTA CKOPOCTH MACCH M H CKOPOCTD

yeJioBeKa paBHH Hyao. IMocne onkra Macca m nmpuoGpena CKOpocTh v,
YyesioBeK npuoSpen ckopocTb vg. ONpefesHM STH CKOPOCTH M3 YpaPHeHwuil
du;

m 5= FuM %’ = —F, TaK KaK ecllH 4eNeBeK AeiicThyer Ha maccy m
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cunoii F, 10 macca m peficrayer Ba denomera cuacli —F. Haxopum
v = %, P = —%. Patiora, npousBefeHHas cuJofi F' Hap Maccoft m

H Hap denosexoM, ecth A = K| + Ko, rie K = < =T H3IMEHeHHe

KHHeTHYeCcKoi SHEPrHH MacCH m, K2 = E;ﬁ = -?Mt: — H3MEHeHHe KH-

—F%:;—-'—"-‘—) 9. HameneHne

2
KHHEeTHUECKOR SHepruH macch m AK,, = mvoy + T’ e v = —% b

HeTHuecKo#i 9Hepruu uesopeka. Orcioga A =

W3MeHeHHe KWHeTHYecKo#i SHepruu uenoBeka AKjps = Muyve + -M;lg, rie

F’tx(M+m)‘

__F oA
Y2 = ﬁt'A— 2Mm

§7

—..=_—L—.

dv B} —v’)
l!.l'

1. 3anuiem ypaBHeHHe Tak: OTKyZa (YYHTHBAA Ha-

uajanHoe yeaoeue v(0) = vp) Haxomum t =

_I.”xdv”s Hns tore uro-

B
vy
Ou BHIIOAHMTH I-IH'i'erHPOBaHHe, Hanobsannca'rb NOABHTErPANBHYI0 (YHK-
a
Wio B BEAC ———5 = o+ - ¥ ONpeleNuTL WHCAZ G H b

(cm. ynpasuenus K § 15 raaem 1), nocae yero ueTerpan Jerko Bsfth.
HMoayuum ln + =InA+ 2wt rae A= H IMoteHuupya, Haii-

vyt
v +v = ot
ReM o= Ae”" , OTKyAa v = leeml‘

Besmunna et >» |, nosToMy nAs Takmx i ﬁyne-r v =3 vy. [lepenumem
1:—;—-8_%. BHYHTaN M3 00eHX wactelt
et
A+ e—m:‘ )
MeHartese MOXHO mpeHeSpeur e~ 2* mo cpasnenno ¢ A. [Tostomy mpu
BeChMa Gonbmex £ v — v = —21:; e_:m ,HIL U — v = 2n(w—w) e~ Wt

20 | +w
Wy — W 2
_— L. ﬂ)lﬂ cAydaa conpe-
v+ % P
THBJCHHA, nponopuuona.llhnoro CKODOCTH, YpaBHéHHe ABHXEHHA HpHMET
BHJ, % =g— — v — % the Faq — Bu'ra.nmajoman cuaa. B atoM cayuze

APOHCXOXHT YCTAHOBJIEHHME CKODOCTH ¥ = E -2, l'lo 3axkoHy Apxumena

. Ilpn ouent Goabwux £

pernleHHe YpaBHEHHA B BHAE v = v

Ao ¥p, NOMy4HM v — v, = —29 Ilpu BeckMa Goapumx ¢ B 3Ha-

cpaeHuBad 210 ¢ (7.20), vaxoqum C =
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Fa=Vp'g, rne V — o6bem Tena, p’ — NAOTHOCTD CPEmH. Ta’K xax m=Vp
(p — naoTHOCT Tena), To Fa =mg-p'/p, n vy = %(l - %). Mpu o’ >p
teqo scnanBaer (v < 0), a mpr p’ < p — norpyxaerca (v > 0).

2. 2) Touka OCTAHOBKH Zg = % 6) Touka octaHoRKH z =~ 0,95, B) Touek

ocTaHoBKH HeT. 3. [Ipexie Bcero onpefiesuM nonokeHHe MakcEMyMa u(z).
TonyuaeM timsx & 9,5 npu o = 8/3. 3amevan, uto NeBan Bersh rpaduxa
YXOEHT BBEPX, 8 Npapaf — BHH3, MOXEM NOCTPOHTE OYeHb rpyfuifi rpadiuk
u(z). OgHaKo LAA pemeHHs 3aAauH AOCTATOYHO PACMOAAraTh TAKHM rpadu-
KOM. @) JIBe TOUKM OCTAHOBKH. ST0 — 3HaUeHWA HAHMEHLIIMX KOpHeH ypaB-
HeHusi ~x° + 422 = 6. Takoe ypaBHeHHe MOXKHO PeIHTh MHGO rpadiHHuecKH,
JAEG0 OpH NOMOINY OAHOTO M3 UMcAeHHHX Metozes. IMonyunm z) A2 -1,09,
oo == 1,57. Teno copepiaer koneGaHun MeXKAY TOYKAMH Ty M Bz. 6) OaHa
TOYKA OCTAHOBKH % ~7 —2,04. OnHako 2Ta TOYKA OCTAHOBKH pacroNOXeHa
Jiegee TOYKHM, H3 KOTOPOH BHXOAMT TeAO P Ha4aAbHHH MOMEHT BPEMEHH.
Tax kaK Ha9ajabHafA CKOPOCTh HAMpaBJeHA BAPABsO, TO TeAO yHAer enpago,
He NoGHBaB B TOYKe OCTAHOBKH. B) (OONMHA TOuKa OCTAHOBKH x == —2,04.
B stom cayuae teso npofiser BAeBO A0 TOYKM OCTAHOBKH, a 3ateM yHaer
Brupaso. 4. a) Touyex ocraHoBKM Her. Teno yfizer mnpaBo. 6) JlBe ToukM
OCTAHOBKH Ty = +4/9/11, 29 = —/9/11. HBHkenue Tena — koaela-

£
HHME MeXKAY TOUKAMH %) M %3, HJjaa a) t=to+J ;:3"1: dz. Han 6)
0
T z
20 4 20z° 20 + 20z°
t= ——dz <x,t=1 — — - dz
t°+°L 9—11z* R & < ! ;B[ 9—112° pH

Z1 < & < Ty, TRe {; — BpeMs AOCTHMEHHA Ti, H T.A. Caelgyer 3saMeTHTS,
YTO HHTErpajisl CCTAIOTCA KOHEYHRIMM, XOTH B TOYKAX OCTAHOBKH NOLLIHTE-
rpanbHaa (yHKIHA obpainaeTcs B GeCKOHEMHOCTb.

§9
1. a) z = 2sin¢t, 6) x = cost, 8) £ = cost + 28int. Dro pemenue
MOXHO sanucars 8 Bufe T = Ccos(t +a), rae C = /5, o = arctg (—2) ~
s 1,11, T. . ¢ = /5 cos (¢ — 1,11). Bo Bcex Tpex cayuanx T = 2x.

§10

1. ByneM cuurarh, 9r0 KoJeGaHWA NDOMCXORAT [0 3aKOHY & =
= Ccos (et + a); Toraa v = —Cosin (et + o). Bocnoasayemest cooTHole-

HHeM kCE = Fv, tae

Fy = —hjy], Fiv = ~hPpo| = —hC%%|sin® (ot + ).



Omesemut u pelienus 509

Tostomy kC % = —hC%P A, rae nonoxeo A = |sin>(at + a)|. 3amernn,
qTo sin(mt+ &) COXPAHSET 3HAK NMPH HIMeHeHWH ¢ oT ) = --:-, o ty =

= ?. npuyeM tg — & = % Tloaromy

A=t =0 j sin®(wt + or)dt.

—-aje

-1
=-1l-)dz=2
A= 1c!(l )dz = &
dC 4hc’m 4ha’
Moaromy b aai . O6o3HauuM s b, Torna E = —bC% or-
KyRa - = v Pemeuuem 9TOro YpaBHEHHS ABAAeTCA &= ——; -c—'éacﬂ
Bupaxas C uepes t, Haxoqum C = 1 +CCob¢ 3nech yepes Cp 0603HAYEHO

3Ha9eHHEe AMIUIHTYAL B HAJaAbHHA MoMeHT BpeMens i = 0; oHo onpe-
JenfeTcA M3 HavadbHHIX YcaoBuil. OTMETHM, YTO TaKOR JKe SaKOH MH
TONYIHIH ANIA 3aTYXaHHA CKOPOCTH B clydYae CONPOTHBJAGHHSA, NPONOPLH-
OHAJNBLHOTO KBAApaTy cKopoctH [em. dopmyny (7.12)]. 2. B stom cayuae
pafora sa ueTBepTh mepuofa paeHa —fC, MOBTOMY CpeHAA MOIIHOCTD

eCThb ..f()i =—fC 27“' TMoayuaem ypasHenue Jc'.G’E = _2f0m, OTKYAA
% = -m Orciopa C = Cyp - 2"::t KoneSanua npexpararca B Mo-
MeHT t;, Koraa craner C =0, nostomy ¢ = g}—? (npeanonaraercd, 4to

t > T). 3. Ilycty MantHeR npu z = 0 (oodo-
JeHHe PABHOBECHA) HMEET NOTEHUMAJBHYIO SHep-
THIO %, KMHETHYECKAA SHEPTHA B STOT MOMEHT
paBHa HyAw. OTKNAOHHMM MASITHHK HA HEKOTO-
pHA yroM; B pesyAnTare STOr0 NO TOPHIOHTA-
JM OH OTKJOHHMTCA HAa BeAWdHHy z (puc. 256).
B STOM MOJOXEHWH NOTeHIHAJbHAA SHEPrHs

w = g + mgz, rge z2=1—+/ —2%; guneru-

YecKasd SHepruf paBEa — ( dt) B npouecce ko- Pnuc. 256.
JeGaHufi cyMMa xnnernqecxoﬁ ¥ TOTEHIHANbHON SHEPTrHM He H3MeHs-
m (dz\? dz\2
etca, mostoMy ug + mg(l -~ VE — a2 ) + ?(E) = ug, HJH (E) =
= 2g(l — v —z%). Teneps Bocmoasdyemca TeM, uto z < I (koneGanun
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MajnHe), T.e. % <« 1. Bnaronaps stoMy V2 — 2 MOXHO 3anucatk IpH

nomomn psiga Maxnopera: VB — 2% = 1 - (?)2 ﬁsl(l - -;i;-) =]~

35 (Mb yaepxaaw ABa ujeHa paja). YpapHeHMe KoJeGaHMH NpHHAMaeT

(dx 2 -
BHX EE) =& BosbMeM oT ofiedx uacrtedl NpoHSBOAHYN MO &, MOAYYHM
dz &=z z dz &z _g

2 = 2z, 9T0 H eCTb YpaPHEHHe MAJBX

& =T O =
KoneaHu#t MaATHHKA,
§11

1. Us nepBoro ypapHeHHs cHCTeMH noiydaeM Cg cosa = &y — a. [Toas-
3ySich STUM, M3 BTODOrC YpaBHeHus HerpyaHo Hafitn Cpsina = b n% -

- % -7 z_o?__:a. BosBezs modyueHHHe COOTHOIIGHHA B KBajpar, MoJy-
amM CF = (bu% - :‘—; - 7’:“TT“)2 + (o ~ @) usBAeRas Kopemb, HaAXo-
p2_H_ *-¢
zuM Cg; tgo = — :':_a o
§13

1. 3amaua cBoguTCA K ONpefiefieHHI0 z K3 ypaBHewus In(142) =
= —“—1?: ~- Pemnu sro yparenne rpadutecku. Jlag atoro ompefeaun Ha

rpadure Touxy nepecevenns JuHuii y =In(l +2) uy = l?l-zzf Hs rpagpu-

Ka puc. 257 puaHe, uto 2 ~ 4, [To9TOMY Nmax = 0,650 2. & 30000 xm.

§14

1. Ona @ = 30° Zmex = 565 M, ymax = 81,5M; Ann ¢ = 45°
Pmax = 690 M, Ymax = 163 M; n1a1 p = 60° Zpa = 565 M, Ymax = 244 M.
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g
21% cos’ @
HOM & = 500 M HIeM g, NpH KOTOPOM ¥ ACCTHraeT MakcuMyMa. Jlaa sroro

dy

peltiaeM ypasHeHHe == = (), [Toayyaem tgop = o Ionbsydcs ToXLECTBOM

de
4
;}g; = tgZp + |, nomyuaeM oo.+2q) = %ﬁ Moabsyace STHM, HS

2. YpaBHeHHe TPaGKTOPHH HMeeT BHA ¥ = g — &2 . ITpu saxan-

2
YDABHEHUA TPAEKTOPHH HAXOZHM Ymay = % - %é Honaras wy = 80 M/c,

2 = B00 M, HAXOTHM Ymax = 135 M.

§15
1. TomMecTHB Ha42J10 KOOPAMHAT B LIEHTP TAKECTH CTEPIKHSA, MOMYyUAEM
ie 12 \
Iy= J Ppdz =p j a:2d$=p%;
-2 -1/

2
T2K KaK m = pl, T0 pesy/NbraT MOXKHO 3amMcark TaK: [y = m%. 2. Ilo-

MECTHM Ha4aJ0 KOOPIMHAT B TOYKY CTHKA KyCKOB DasJHYHOH [IOTHO-
CTH, TAK 4TO ANA NepBOro Kycka z < 0, a ana sroporo z > (. To-

pal3 —pill
T, = =% 2 _ 3. ~
R ZC = ST bea) 3. BuOpas cHCTeMy KOOPAMHAT COMACHO YKa
33HHI0, TONy4aeM Zg = %L, MOMEHT HHepIHM OTHOCHTe/BHO Hauafa
L . \ i
I=J:»:2p(a:)da:= GLT Tax kax m = %, T0 @ = %}; nosromy I = ____m2L :
0

HoLy=I-ml, rae ] =§L; orciofa Iy = Ti;.‘;_

§16
1. a) OGosHayum uepes L pAauHy MaaTHHKa. Mu 3HaeM, 4TO
_ [mga _2, , mb
® = (/=7 MPHYEM B HallleM Cayae I= 3 L I= = {cM. ynpaxuenus
K § 15). [Tosromy

YT R Y N
o=4/37 = . T—m—2ﬂ: 4g935,43ﬁ.

3navenne !, KOTOPOMY COOTBETCTEYET MAKCHMANBLHAS YACTOTA, OMpPefeas-
2

erca no ¢opmyne lpax = :—::-. Tax xax 8 HameM ciyuae Iy = ml—‘;'-, 10
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_ L _.jev/i8 _
lnax = ﬁ ToatoMy @max = T 3HAT Omax, HAXOAHM T =
mL}* mI} ml?

2x
st 9 ~ %

- =1 - 2 _
= 6) B srom cnyqael—aL,I—Io+ml =
. MuHHMAJNEHEH NepHol sAech OOAYUHTCA TOT JKe, YTO M B caAy-

%
L
uae a), ANA APYToil TOYKH NOABECKH, C TEM JKe SHAUCHHEM lmay.

m=

Irapa VII

§3

1. p=1,13py, p = 1,48py, p = 3,67py, THe pp — ZHaBIeHHe BO3AY-
Xa Ha NoBepXHoCTH 3JemiaH. 2. 3aBRCHMOCTh HABJEHHA OT BHICOTH Aa-

erca dopmynofi p = poe 84/ e b= % Hdaa remneparypu —40 °C

B - . 83-107.233
T=273-40=233, b=y

H= §= 6,6 ku. Jlaa Temneparypu +40°C T =313, b= 8,8 10° cu?/c?,

=6,6- 10° cM?/c?. B stom ciyuae

H =88km. 3. s ypasrenud % = —oTp Haxomrm T = —aTph 4+ C.

Ilocrosuuyo C onpefenum 3 yciosMa, uro npd h =0 T = T;. Tloayuum
C =Ty, noaromy T = Ty(1 — ah}). OcHoBHOE ypaBHeHHe AJd ONpeAe]eHHS
OACTHOCTH —p = —gp. Bocnosbayemca ypassenueM Knaneftpona p=p %;
_ . RTo(1 — oh)
NOACTABASA CiOna BupawenHe pna T, Haxomum p = P - Toao-

KHM %‘3 = by, Toraa p = pbo(1 — wh), oTKYyna p = bT(lp——uh)' Hudpe-

PeHIHaNBEHCE ypﬂBHeHHe NpHHHMAaeT BHA % = —'g' 'b;(l_guT)' HEPEHHIIIEH
dp gdh
ero TK: = = ——=2— . Bo3pMeM HHTE B or ofeMx wuacreil:
P _ Bo(l-oh) rpal

Inp= -&% In (1 — eh) + C. Torenuupys, nonyuaen p = (1 — ah)s/(B=)el,

Tak kak npu h =0 p=pp, 10 € = py, nosTOMY P = Po(l — h)&/ (te),
4. p=po(1 — 0,037 - 10-5R)%46; p = 1,13py, p = 1,44pp, p = 2,97m0.

I'nasa VIII
§2

1. Tok B cxeme yGuBaer no sakony I = Ipe~!/(RC) B Hn'répecym—
mui Hac MoMeHT BpeMenM £, [ = I%Ig, nosTOMY %Ia = Joe™0/(RO),
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OTKYRA i% = ¢~"/(RO), Jlorapupmupysi DOCAelltiee PABEHCTBO, HAXOLHM

In % = —%, oTkyna ¢ = RC ln% 2 0,105RC. Ioabaysch s1oil hopmy-
Aoft, HaxomuM ana R=100u §=1c; mu R=10Om ¢ =105¢;
ama R =10°Om #; = 105 ¢. MoMenT 3, KOrHa TOK yNazeT BABOE,
onpe,nenneu anagoruano: 0,55 = lpe~t2/(RO), orxyna 3 = 0,693RC. ITpu
=100 £ =693¢ npr R= 108 Om t9 =693¢ npu R =
109 Om & = 693 c. 2. BocnoabayeMca opmyaosi (1.11), momyunm
oc, + ¢r + 9c, =0, otxyaa ¢z = —(9g, + 9¢,). Tok B 1enn seiony oxu-
QG_L = C d@o‘, - Pr _ _m. ]_"[o;[yqa.

HakoB, nosroMy I = () dt % "R 7

deo dec, _ _ 1
&M ypaBHEeHHS —‘- = _RC (9o, + 90,5 —-—’ = _'ﬁc'_g(%' + ¢¢,). Cno-
KHB ITH YPABHEHHS, TOAYAM d(""’L; “"”) =% t9%: e nonoweno
GG

C= o+ G (Bequunsa C ectb eMKOCTb ABYX MOCAGNOBATEABHO COENH-

HeHHHX KoHaeHcaTopoB ¢ emkocTaMu Oy H (). Tak xaK ¢¢, + ¢¢ ?
npr t =0, To H3 noclexuero ypaBHeHus naxo,u,HM oc, +9c, = ae” (m}

Hcno, uro O d—?f Cy =2 d’c’ =0, wm -(C'wal Caog,) = 0. Tlo-

sroMy Clog, — Cogg, = A rae A — nocrosrHas. Ilosbaysch Havalb-
HHM YCHOBHEM ©¢, = @, 9c, = 0 npa ¢ = 0, naxomnu A = Cja. Hrax,

90, + 90, = ae~YFO) Cigg, — Cave, = Cla Orciofa HaXoiuM ¢c, =
e—t/(RC) = - —t/(RC) -
Cl+Cz(l+ ) 9c, aC+ (-1+e ). 3. Be

JHYHHH, omocnnmeca K KOHTYpY O yBe/udYeHUS BCeX JHHeHHHX pasme-
POB, OTMETHM HHagKCoM 1, mociie yBesHueHHA PA3MEPOB — HHIEKCOM 2.

Torae Ty = RiCi, Ty = RyGy, Cp = 222 = ”“&—wh&-ﬁ-

; ds dm
=pl_pnh _ B =R =8n0 =m0 =T
Ry P o pﬂzol—n.nosmuyTg—Rgz = "o 19 1-
TlocTonHHASA BpeMeHH He H3MeHHWJIach.
§8
1. cosa = —___ 2, Ilycrb pasHOCTE NOTEHUHAJOB Ha muia-

R+ R

CTHHAX KoHfeHcaropa paBHa ¢. Jlaa cxemul pHC. 198 o4+ oL + oo =0

HAH, YYHTHBAdA, 4T0 @ = —&;, L'ﬂr +o=2¥. Tak kak [ = C-d? TO

LC — Iy + ¢ = &. 3anmmem s10 ypasuenue B BHme LC 52— = —(p — &).
a? d’ P

Z

TMonoxum z = ¢ — &y; rorma ypaBuenue npunuMaer Bux LC i -z
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Ero pemenne ectb z = Acoswt + Bsinot, rae o = l/\/L_C [MosToMy
p=Acoswt + Beinwt + &. [ipa t =0 ¢ =0, I = 0. [loabsyach s1um,
HaxoauMm A = —&;, B = 0. OxoHuarensno ¢ = & (1 — cos wé) . Makcn-
MallbHOe 3HaYeHHe ¢ Noay4aeTcs npH coswé =—1, r.e. npu ¢t =nfo=T/2
(uepes NOAOBHHY NepHoaa KOAEGAHHE) Quare = 2&p. 3. Jueprusa emkocty
Wo = Ce?/2 = 4C&,/2 = 2C&,. Dueprrs, oTHanHAA HCTOUHHKOM HATIPA-

xeHus, W = ¢&; = Co8, = 2083.

§9
= -2 uy =B 2=L _
L I(t) = -7 e sinet, me A= 7, ‘“2‘Lc A2, Has
TpeX sajaRHNX ciydaeB noamyuum: I{(f) = —1,0025¢00%gint;

I(t) = —1,031e~0%5%5in0,97¢; I(t) = —1,15¢~%*35in0,87¢. 2. I(t) =
= Io(cosmt— % sinat Je™, popMyan aaa A H @ cM. 1. JIna sagauuux
cnyqaes I(t) = e~%%(— cost + 0,05sin¢); I(f) = e 025 (—c0s0,97¢ +
+ 0,268in0,97t); I(t) = e~%%(— cos0,86t + 0,585in0,86¢). 3. Ecin R
BEJHMKO, TG TOK Yepes COTIPOTHBJIEHHE MaJ, T. €. B OCHOBHOM TOK MAET Yepes
HHAYKTHBHOCTE. TloaToMy yeM Goapllle R, TeM GiHXKe aTa cXemMa K CXeme
puc. 196, roe ¢ = go cos(wt + «). Ecnu R BeanKO, TO MOXKHO CUHTaTh, UTO
B cxeme puc. 200 ¢ uMeer Takoll xe Bum, HO @¢ €CTH MEN/IRHHO MeHSOUIAN-

cs1 co BpeMeHeM BeauvdHa. BocnoabsyeMcsa cooTHOWeHHEM 5 = —P.Ho

P = RI}, rae I) ecte ToK, TeKymuit yepes conporusienne R, I) = ¢/R.

2 2 2 2 2
_¢ _nos(eita) p_ % w__ =
Tostouy P= - = 5 , P= o 1aK, —- = —op. 3ameqan,

_C% aw _ deo _ _ % dpp _ _ 1
yro W= 5+ HAKOMHM — _Cq’odt = 2R.O1‘cmna % = “3n0 %

= Ae~t/@RC). 5 — 1
Toatomy 9o = Ae s A RO
§10

L. oft) = et + it oft) = —0,03e~583% 1 103017, o(2) =
= —0,01e=%% 4 1,01e70%. 2, o(t) = e~ + 2e~t; of) = —0,37e~27%
+1,37¢~027¢,

Jobasnenue
§2

1. B6rusu Touku T = Tg pasiaraeM ¢yukuuio ¢{z) B pag ¢ ToY-
HOCTBIO fi0 MAaJHIX BTOpore nopajka: ¢{z) = cp('a:o) + o' (Zo)(z — T0) =
= ¢'(zo)(z — 2o). Takum obpasoM, o6osnauuB ¢'(2g) =¢, = — Tp = ¢,
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™Mbl noayauM 8(p(z)) = 8{cy) = ﬁs(y) = l},(—lﬁ 8(x — xzp). 2. Pyngunus

o(z) = sing obpamaerca B HyJb npu Zg = kx, k = 0 il ., F00;
Io'(zo)| = |coszo] = |coskm| = 1; nosromy &(sinz) = E 3(z ~ kx)
+oo k=—ca
n | w2)s(sinz)ds = 5 vikw).
—r k==o00c
§3
1. a) ¢(z) = 1 — 8(z — 1); 6) pewenue: y(4+0) = 1, y(—0) =0, cka-
¥ ]
yok y mpd = 0: Ay = 1; npu me y’(m)=—m; MOSTOMY
oKoHuaresbHo Y (z) = 8(z) — m.
§6

1, IMpupasunBas HyMO (paBHoBecHel) cymMMy npoexkuu#i cua Ha Ha-
OpaBlieHHe OCH Y, TOAYYHM AJs CJydad MaJbiX oTKJokewuift (y < I):

k i-
l—km k m __0 O'rcmnayl(:nl)—l/( 1—m|)=zl(ﬂzl)’

(2?1)/( I—zl)__-x(t;lm)’ Oz,
(l—x;)/(m, ;_,‘.l)=wlak;$). ngrsl

dra dyrxumn y(z, x1) 1 HasuBaerca QyHKuuell Ipuna safaum o crpyme.

TIpu npom3BosbHO pacmperesienHodt culie f(z) OTKJIOHEHHE CTPYHH HAETCH
1

dbopmynoh y(z) = I f(x1)y(z, 1) dz1. Ormerun, uTo ¢ NOMOMbIC PyHKIHK

0
IpuEa MH HawM pewlexne Aas GyHKUHH y(x), Daxe He 3HaA, KaKoMy

dy _ _f=)
3 k"’

y(0) =0, y(I) = 0). 2. O6mee peimenre ypasheHus 6e3 BHHYXKAawweH
CHJIH ecTb (t) = ¢ sinwd + ep coswt, @ = (/k/m, ¢ H ¢ — NPOH3IBOJb-
Hble KOHCTAHTH. Tak KaK 8~pYHKUHA OTAHYHA OT HYJA TOJIBKO NPA £ =1, TO
pellieHHe ypaBHeHus ¢ 5~00pa3HON CHJOH H COCTOAHHEM TOKOA MPH £ = —00

HMeeT BHJ,
o(t) = 0, -0 <<,
cisinet +escosad, T <t <400,

Y@, z1) =

YPABHEHHI0 OHA MOAYMHsETcA (3TC ypaBHeHHE HMEeT BUJ
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3-06pasHaf cHIa coofiaeT Telly eAMHMYHHIN HMIYJALC, NOSTOMY MNOKOA-
meecs TeJo mochie AelcTBHA S-CHAM NpHOGPeTaeT HayabHYR CKOPOCTD

A 1
t = -2 = m, HadallbHOE MOJOXeHHe OCTAHeTCA DAaBHHM HYJIO. Pemense
ypasneaun KoneGaHHil ¢ TaKMMH Ha4aJbHKIMH YCIOBHAMH B MOMeHT { =1

ecThb
0, -0 <t <y,
a(t,7) = sulm(t—-t). T <t < +oo.

Huave rosops, B npe,nu,nymeﬁ dopmyae

¢ = —-, =——

mao o
Pewenne 3agaun ¢ npoussoabHolt cuioft f(¢) maerca popmynoik

+o0

z(8) = j F)zt, v de= j F(0) 2 sinft — ) ds.

—00



NOCAECJIOBHE

OcHoBHasi UeJb, TIOCTAaBAeHHAA aBTOPOM KHHIH «Bhicmas ma-
TeMaTHka AJIA HAYHHAIMKX», — AaTh BO3IMOXKHOCTb HAUHHAIOMMM
(npexae Bcero IMKOJAbHHKAM H CTYA@HTaM MAAJINTHX KYPCOB) GHCTPO
BOUTH B KPYT HAeH 1 MaTeMaTHYeCKOro annapara BHCIIeH MAaTeMaTH-
KH, He 33JepPXXKHBAACh HA CTPOTUX 06OCHOBAHUAX H JOKA3ATE/bCTBAX.
Takoft nogxox NO3BOJHJA ABTOPY ¢ MOMOIbIO HPOCTEAMHX NOHA-
THil BHCIIEA MaTeMaTHKH PACCMOTPETh HHTepecHeiilne dusnueckne
fiBJICHHA B CAMBIX PasHHX o6JacTAX: OT MeXaHHKH A0 NPoLeccoB
B AIEPHOM peaKTope.

Bo3sMOXHOCTD YKa3aHHOTO PacCMOTpeHHs 06f3aHA YHUKAJbHHM
cnocoboctam . B. 3exanfoBEYa OGBACHATL CJOKHedHIIHe fBJCHHA
H JeNaTh OLEHKH Ha ocHOBe MpocTedmHX (PHIHUECKHX coobpaxeHu
H TIpocTefiliero MaTeMaTHYecKoro annapara. TakiM o6pasoM, KHUra
He TONbKO 3HAKOMHT ¢ OCHOBAMH BHICIIEH MaTeMATHKH, HO H Y4YHT
Ha NMPUMepax NMOAXOAY K PACCMOTPEHHIO CAOKHHX (PH3HUECKMX fAB-
JieHn#. B 9T0M OTHOIWICHHH (H3HYSCKHE NPHAOKEHNA B KHUTe GYAyT
HoJIeSHH He TOAbKO HAUHHAKIIMM, HO H NpenojasaTe/aM.

Co BpeMeHH mocneAHero, mATOTO, H3AaHUA KHUTH Tpollio Gonee
35 ner. Ho kuHry HM B Koeff Mepe Hejb3sl CUMTaTb ycCTapesiuedl.
Bonee Toro, ¢ roaaMu 6uijia 0COSHAHA LEHHOCTb KHHTA H ofnero
TIOAX0AA aBTOpa K 3HAKOMCTBY HaYMHAOWIMX ¢ BHCIIed MaTeMaTH-
Koi#t. 310, Kak oTMmeuaer akafiemMuk B. M. Aproann, npuanan paxe
€ro INaBHH{ ONNOHEHT H3 YWUCJAA OPTOAOKCANBHBIX MATEMATHKOB,
yNpekaBUIHA aBTOpa KHMI B <«HECTPOrOCTM» H3JoxeHus. «Ilepe-
uyuTaB TorAa <Bricinylo MaTeMaTHKy AJSA HAYHHAIOMMX», — MULIET
B.H. ApHoaba, — i yBUAeJ, KAK MHOTO M3 TOrO, YTO MATEMATHKH
MOEro MoKoJeHnA (¢ TPYAOM M IpeoAOJieBas OTPOMHOE COTPOTHB-
AeHHe) MHTAOTCA BHECTH B BuXOJOLIEHHOe W OMepTBeBIllee Npero-
JaBaHMe Hallell HAYKH, YXe COAepKaJoch B IEDBOM e H3AaHHH
yueGHHKa §1.B.»

U nanee: «BosppamieHne mnpenopaBaTess MaTeMaTHKH OT CXO-
JACTHKH (POPMAJIbHO-ASHKOBHX BHYHCAHTE/NbLHEX YHpaXHeHWH ...
K coflepXaTe/ibHOH MaTeMatHKke nie#t n nonstu#t HeloroHa, PuMana
H Ilyankape — mar a6coawoTHo HeoOxoaumuB. f. B. 6bl1 MepBHM,
KTO HAllleA MYXXeCTBO OTKPHTO 06 3TOM CKasaTb H BOBpeMs 3TO
OCYIICCTBHTDS.
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Cboe nosHOe coraacme ¢ nogxomoM f.B. 3eabmosnua K Tpe-
MOAABaHHIO BbiCIIeHi MATEMATHKH HaYMHAIOMHM BLIPa3H/ aKafleMHK
A. 1. Caxapos.

3ameyaTesbHYI0 XapAKTEPHCTHKY KHWMre Jaia 1npodeccop
A 1. MumkHe: «...uyutatenb BMH He TOMBKO 3HAKOMMTCS CO
CMBIC/IOM OCHOBEBHIX MaTeMaTHYeCKUX MOHATHH (a Takoe O3HAKOM-
JIGHHE JJIA TIPHKJAaJiHHKA BaxKHee (pOPMAJIbHBIX AOKA3aTe/IbCTB), HO
M YYHTCA 3TH MOHSTHA NPHMEHATDb K PelleHHI) peasbHHX — HMEHHO
peanbHHX, a2 He NoAOOPARHHX 33afau H3 sajavyHHka. 1o ¢ymecTsy,
f1.B. Hanucaa BBOAHHIA KYpC MaTeMaTHYECKOro MOJeJHPOBAHHS,
nepBHi B MHpOBO# suTepaType. YnraTesb yUHTCA He TONBKO pelaTh
YPaBHeHHS, HO M, UTO ellle CYLIECTBEHHER, COCTAB/IATbL KX H H3BJe-
KaTb BLBOAH M3 PellleHHs, YTOUHATH 06JacThb MPHMEHHMOCTH TeX
HJH WHHX YTBepXAEHHH; aHAJAW3UPOBATh PasMEPHOCTH W NOPSAKH
BEJIHYUH; COCTABASTh NMpUbAMKEHHHe QOpMYAH U aCUMOTOTHYECKHE
BHpaKeEHS H T.N. [lo BceM STHM NOBOJAAaM aBTOpP BHCKAa3HBAaeT
Gonblioe 4HCAO coofpaXkenHil, Ne/IAOIIHX KHHTY NOJAe3HOR He
TOMbKO INKOJBHMKAM H CTYJAeHTaM, HO, AyMai0, W HauHHAIOMMM
HecaenopareasM. OTMedy eille JKHBOA CTHJIb H3/0KEHWUA, AMEIOIIHR
XapaKTep pasresopa ¢ UnHTaTe/eM H soodue csoficteennniit . B, uy-
paBieMycs Jgioboro sanyactsas. (JlioGonutHo, uto BMH okasanace
B YMC/e ABYX KHHT, OXapakTepHsosaHHbX JI. Bepcom, npesuaenToM
AMepHKaHCKOrO MaTeMaTHUeCKOrO OOIEecCTBa, BO3IJIAaBJABLINM
OTAC/EHHEe MATEMATHKH HaUMOHajabHO# akageMWH Hayk CIIA,
KAK <«BECbMA HECTAHJAPTHHEe» H OKAa3aBIIMEe HA HEro BAHSHME
B €ro HHTEpPeCHOM KypCce MaTeMaTHUeCKOTO aHAMW3a, BblllefmieM
B pyccKoM mepeBoe B 1975 r. DToT nonesHuit Kype H3-3a MaJOCTH
THpaka IJIOX0 H3BeCTeH MpenojaBaTessM.)

K ckasansoMy Beimie TpyarO YTO-HHOYNL n0GapuTh. ITosToMy Ha-
CcTOflee U3JaHUE NMPAKTHYECKHU TIONHOCTBI) BOCTPOM3BOJHT TIOCTEH-
Hee, NATOe, M3NaHHe KHHMCH «BHiciias MaTeMaTHKa AJs HA4YHHAIO-
WHX» (He3HAUHTENbHEIE H3MEHEHH 3aK/IOYAI0TCS B TOM, YTO B KHH-
re «OcOBpeMeHeHb» 0G03HaUeHNs HHIUYECKUX BEJHUHH M YCTPAHEHO
BCe, UTO OTHOCHTCHA K YCTapeBIIHM CHCTEMaM efHHHL).

Axademux C.C. I'epuumeiin
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